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• 𝑋 = 𝑥1, … , 𝑥𝑛

• 𝑔: 𝒫 𝑋 → ℝ+

i  𝑔 ∅ = 0

ii  𝐴 ⊆ 𝐵 ⊆ 𝑋 implies 𝑔 𝐴 ≤ 𝑔 𝐵

• 𝑔 𝑋 = 1

• 𝒫 𝑋 𝑋

• 𝑋 = 𝑥1, 𝑥2, 𝑥3 𝒫 𝑋 = ∅, 𝑥1 , 𝑥2 , 𝑥3 , 𝑥1, 𝑥2 , 𝑥1, 𝑥3 , 𝑥2, 𝑥3 , 𝑥1, 𝑥2, 𝑥3

• 𝑔 𝐴 𝐴 ⊆ 𝑋



• 𝑔 𝑠1, … , 𝑠𝑛

𝑠𝑖 = ෍

𝐾⊆𝑋\𝑖

𝑛 − 𝐾 − 1 ! 𝐾 !

𝑛!
𝑔 𝐾 ∪ 𝑖 − 𝑔 𝐾 , with 𝑛 = X

• σ𝑖=1
𝑛 𝑥𝑖 = 𝑔 𝑋

• 𝑠𝑖 𝑥𝑖



• 𝑋

• 𝐴 ⊆ 𝑋 𝑔

𝐼 𝐴 = ෍

𝐵⊆𝑋\𝐴

𝑛 − 𝐵 − 𝐴 ! 𝐵 !

𝑛 − 𝐴 + 1 !
෍

𝐶⊆𝐴

−1 𝐴\𝐶 𝑔 𝐶 ∪ 𝐵 , with 𝑛 = X

• 𝐼 𝐴 𝐴

• 𝐼 𝐴 > 0

• 𝐼 𝐴 < 0



• ℎ: 𝑋 → 0, 1 𝑥𝑖 ∈ 𝑋

• ℎ 𝑔

𝐶𝑔 ℎ = න
𝐶

ℎ ∘ 𝑔 = ෍

𝑖=1

𝑛

ℎ 𝑥𝜋 𝑖 𝑔 𝐴𝑖 − 𝑔 𝐴𝑖−1

 𝜋 𝑋 ℎ 𝑥𝜋 1 ≥ ℎ 𝑥𝜋 2 ≥ ⋯ ≥ ℎ 𝑥𝜋 𝑛

𝐴𝑖 = 𝑥𝜋 1 , … , 𝑥𝜋 𝑖 𝑔 𝐴0 = 0

• ℎ 𝐶𝑔 ℎ 𝑛 2𝑛

𝑋



• 𝑔 𝑋 = 𝑥1, 𝑥2, 𝑥3

•



• 𝐴 𝑔 𝐴

• 𝑔 ∅ = 0



•



• 𝑖 𝐴𝑗 Δ𝑔𝑖𝑗 = 𝑔 𝐴𝑗 − 𝑔 𝐴𝑗\𝑖

•



•

•



•

• 𝐼 𝐴

•



TABLE I: Fuzzy Measure TABLE II: Example Data

•

•
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Min Max



•

•

Mean Median



• 𝑔 𝐴 ∪ 𝐵 = 𝑔 𝐴 + 𝑔 𝐵

•

Additive One Dominant Source



[2] M. Grabisch and M. Roubens, “Application of the Choquet integral in multicriteria decision making,” 

Fuzzy Measures and Integrals: Theory and Applications, pp. 348–374, 2000.

• Fuzzy integrals can also be used for multicriteria decision-making.
• This example from [2] is used to score individuals on four judging criteria, 𝑥1 to 𝑥4.



• A fuzzy measure can have an 
embedded OWA operator.

• In this example,

𝑔 𝐴 =

0 𝐴 = ∅
𝑈 0, 0.4 𝐴 = 1

0.4 𝐴 = 2
0.7 𝐴 = 3

𝑈 0.7, 1 𝐴 = 4
1 𝐴 = 𝑋

• Vertical striping can be 
observed in the cardinality 3 
and 4 sets.



[3] M. A. Islam, D. T. Anderson, A. J. Pinar, T. C. Havens, G. Scott, and J. M. Keller, “Enabling explainable fusion in deep 

learning with fuzzy integral neural networks,” IEEE Transactions on Fuzzy Systems (accepted), 2019, arXiv: 1905.04394.

• In [3], a fuzzy measure 
is learned to 
aggregate the output 
of 7 neural networks.

• The diagram shows 
this FM acts mainly as 
a min operator and 
could be represented 
as an OWA.

• All sources are roughly 
equal in importance.

• The data visitation 
histogram shows 
almost all the data 
used a single walk.



• We presented a weighted matrix visualization for understanding fuzzy measures.
• This technique provides detail into the interactions between sources and can 

help determine if the full expressive power of the full fuzzy integral is required.
• Although it’s possible to use an arbitrary number of sources, interpretability 

decreases with many sources.
• An interactive version that renormalizes subsets may be useful for large 

problems.
• Code is available on Code Ocean at https://codeocean.com/capsule/6663959.

https://codeocean.com/capsule/6663959
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