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ABSTRACT

Multicriteria decisioamaking problems arise in all aspects of daily life and form
the basis upon which higlevel models of thought and behavior are built. These problems
present various alternatives tdecisioamaker, who must evaluate the treafés between
each one and choose a course of action. In a sequential deneiarg problem, each
choice can influence which alternatives are available for subsequent actions, requiring the
decisionmaker to pla ahead in order to satisfyset of objectives. These problems become
more difficult, but more realistic, when information is restricted, either through partial
observability or by approximate representations.

Pathfinding in partially observable environments is one significant context in which
a decisioamaking agent must develop a plan of action that satisfies multiple criteria. In
general, the partially observable multiobjective pathfigdbroblem requires an agent to
navigate to certain goal locations in an environment with various attributes that may be
partially hidden, while minimizing set of objective functions. To solve these types of
problems, we create agent models based ooaiheept of a mental map that represents the
agent's most recent spatial knowledge of the environmeg fuzzy numbers to
represent uncertaintyVe develop a simulation framework that facilitates the creation and
deployment of a wide variety of enviroemt types, problem definitions, and agent models.
This computational mental map (CMM) framework is shown to be suitable for studying
various types ofequential multicriteria decisiemaking problemssuch as the shortest
path problem, the traveling salesmproblem, and the traveling purchaser problem in

multiobjective and partially observable configurations.
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1 INTRODUCTION

The partially observable multicriteria pathfinding problasn well-suited for
studyingmodels of agent behavior. In thigroductory chapter, we present the motivation
for investigating these types of problems and give an overview of the simulation framework
developed for this workRiVe list some of thenajor contributions of this worind provide

some potential applications

1.1 Problem Statement

Imagine a scenario in which you are tasked with finding the best tltoategh an
environment to some goal location. Perhaps there are mydthe to consideeach with
different attributeghat make them more or less desiradteading to your particular
preferencedrigurel.1 shows an example scene with three different rdoteboose from.
The shortest route goes directly over a hill, ibig steep and unpaved. The next shortest
route goes through a forest thmovides shade and has only a mild elevation change, but
the route is still unpaved and has a stream crossing with no bridge. The last route is the
longest, but it is completely paved and has almost no elevation change. Depending on how
you value factorsuch as the path length, steepness, pmaidquality, any one of these
paths could be considered the best chdxee you begin down one of the paths, you may
discover some new informationaihcauses you to reevaluate your situaséind develop a
new phn. For example, if you started down the forested path and found that the stream

crossing was flooded, you might choose to turn around and go a different way.



Route 1 - Through the Woods
- Somewhat Short Distance
- Mild Elevation Change
- Dirt Path
- Shaded
- Water Crossing

Route 2 - Over the Hill
= Shortest Distance
- Big Elevation Change
- Dirt Path
- In the Sun
- No Water Crossing

Route 3 - The Long Way Around
- Longest Distance
- No Elevation Change
- Paved Route

- In the Sun
- No Water Crossing

Figurel.1 Example environment with threéffdgrent path options to reach a goal location.

Now consider an autonomous agent faced with a similar scenario. This could be a
robot or drone that needsniavigate through an unknown environment to a goal location
while minimizing some set of objectifanctions such as distance, travel time, and risk.
The agent uses various sensors to observe the world arcamdl ¢onstructs an internal
representation of the environment in the form of a map. It uses this map to plan a course of
action that best satisk the predetermined criteria and begins to execute the plan. After
each movement action, the agent receives a new observation and updates its internal map
If the original plan becomes invalid or a better route is discovered, the agent develops a

new plan and responds accordingly.



Although the problem domain in this example is navigating through a physical
environment, these types of partially observable sequential multicriteria deialong
problems occur in many additional rembrld contexts. Theseclude optimalpacket
routing through a computer network with uncertain loads, making-tlermg business
decisions based on variable market factors, and designing optimal strategies for games with
hidden informationThese are all problems thete addressed by a decisimaking agent
(or agents) with ajiven set of goals and criteri&/hen the problem needs to be solved
autonomously, such as with a sgifided robot or a recommendation system, the agent
behavior should be defined in a structuaed explainable way that responds appropriately
for a wide variety of possible inputs.

Designingthe desired agent behaviors can be a challengoigean. Good training
data may not be available and what is available may be limited or incomplete. For many
applications, it is often preferable to simulate the problem domain to give the designer
complete control over the model. These results can then be appliedhvorhtontexts
for final evaluation. Using a simulated environment allows for the creafianvirtually
unlimited number of problem scenarios, each-funged to study only the relevant aspects
of the problemlt also allows the agent &asilyinternalize a representation of the problem
domain which can then be used to plan future actions.

The navigation problens an ideadlomain to studyartially observable sequential
multicriteria decisiommaking strategies. It is easy to visualize and understand the agent
objectives and to develop interpretable problem scenarios. These can be thoaght of
proxy problems for other domains that may not be as straightforwardto$thdg. agent 6 s
internal model of thenvironment igepreentedintuitively as a mental map, providireg

3



sense of spatial awareness that can help with planning. Spatial pralemny fasalso
been studied extensivelyithin the fields of mobile robotics and environmental
psychology. We cabuild uponthese existing models of wayfindifgghavior to create
simulations ofautonomous agents for the navigation problem domain.

The primary focus of this work is the definition and development of the
computational mental map (CMM) simulation framework. Tresnework allows for the
creation of pathfinding scenarios thast different agent strategies in multiobjective and
partially obsevableproblems. We design these problems as a type of resource collecting
game, where the agent moves within a grid world environsesgking out resources that
may not be initially visible, all while working to minimize a set of objective functions. We
show how the CMM framework can be used to study shortest path problems, the traveling
salesman problem, and the traveling purchaser problem with various agent pro#es.
result of each problem simulation is the path chosen by the agent for that sckrsiris.
there may not be athrdeoueprobtem iniguralnlssahgionstb or t h
problems in the CMM framework can only be evaluated using sstablished scoring
metric. For some applications, the solution paths themselves are a useful dataset that can
be used to anticipate how a given agent might act in a new situation.

The rest of this chaptgrovides an overview of the CMM framework and dsta
some of thenajor contributiongnd potential applications of this work. Cha@@rovides
a literature review of the background material that this work buifglsn. Chaptei3
describes the process for creating the grid world environments used to define the
pathfinding problems. Chaptdrintroduces the concept of the mental map, used by the
agent to represent the observed environment. Chagtfines the region graph, which
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usedto summarize the spatial properties of the mental map as a fuzzy weighted graph.
Chapter6 shows how this graph can heed to solve leasiost path problems in gridded
domainsand presenta greedy agent algorithm. Finally, Chapteoncludes this work by
summarizing the capaltiks of the CMM framework and proposing extensions of the

greedy algorithm for improved agent strategies on more complex problems.

1.2 The Computational Mental Map Framework

The computational mental map (CMM) simulation architecture consists of two
main compogents: an environment problem server and an agent program that interacts with
the server to solve a specified problefn. overview of the server/client model is shown
in Figurel.2. The server component is responsible for defining the environment.model
and i mplementing the physics of the worl d
actions. The client acts astbecisioamaking ageni and receives information about the
environment in the form of observatioms from the server. The agent uses these
observations to construct and update a mental map representation of the environment
which may be incompletearont ai n ot her types of uncertai
goal is to move through the environment and collect a certain number of predefined
resources while minimizin@ set of objective functiondJsing the information in the
mental map, the ageneédelops a plan that bris@ closer to satisfying the goabnditions

and sends the appropriate geqce of actions to the server.
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Figurel.2 Block diagram of the server/client architecture used in the CMM framework.

The environments aocedurally generated grid worlds with various terrain types
and elevationln some environments, a maes cavern map is generated to create walls
and pasageways that reduce visibility. Some example environments are shBigara
1.3. The CMM server maintains the location of the agent within the environameht
defines the locations of the resources. In shortest path problems, there may only be a single
resource (goal) lmation, whereas multiple resource locations are defined for the traveling
salesman and traveling purchaser problems. In the traveling salesman problem, each
resource is the same type, whereas in the traveling purchaser problem, there are different

types ofresources that the agent can choose from. Details regarding the creation of the grid

world environments are given in Chapger




Figurel.3 Examples of grid world environments from the CMM framework.

The agent can move through the environment in discrete steps to adjacent grid cells.
Each step has multiple costs associated witbefined by the environment attributes:
terrain type, elevation, and observabilifihe agent specifies to the server a direction to
move in and the server responds with an observation of the visible part of the environment
from t he agent ®agennusew thdse absetvatians to farindntal map
imageof the grid world, showing where resources and environmental features are located.
Chapter4 describes bw observations are computed in the grid world domain and
introduces the action graph, which is a fuzzy weighted graph that represents the movement
actions available to the agent and their cdstpurel.4 (a) shows an example of a mental

map and action graph where only part of the environment is observable.



(@) (b)

Figurel4 An agent 6 s me ntladcenania ghowing the aatian gephfajrgmd the region
(b). The action graph shows where the agent can move and the region graph summarizes this infor
high-level planning.

For some planning algorithniig large environmentthe action graph containgo
much information to procespiickly. To simplify the action graph and to provide a model
that more closely resembles human med#lspatial reasoningye developan approach
to group adjacent grid cells into regicarsd define a region graph that can be used for-high
level planning.Figure 1.4 (b) shavs an example of a region graph, where each node
represents multiple adjacent grid ces the agent moves, new parts of the environment
are observed and the region graph is recomp@édpter5 discusses therocess for
initializing and updatinghte region graph in the CMM framework.

We generalize thearious pathfindingproblem typess a resource collecting game.
The agent is initialized wh a list of demanded resources anelagent'sgoal is toplan a

route through the environment that willlleat enough of each resource type. When the



full environment is observable, the agent can develop a complete plan before actually
moving. However, if there are parts of the environment that cannot be seen initially, then
the agent may only be able to pooé a partial plan that is updated as new information is
discoveredFinding the leastost path between two grid cells in an environment is the
fundamental component of nearly all agent strategies. Ch@plescribes how an agent
can find a leastost path in a fuzzy weighted graph with multiple objectiVés.consider
both gridded environments and general graghd present a greedy agent strategy for
solving gendc resource collecting problems in the CMM framework

There are many variations that can be applied within the CMM framework to focus
on different aspects of the overall planning and optimization process. In general, these can
be divided into the paramesgethat control how the environment is created and those that
govern the behavior of the ageMhile this work focuses mainly on environment
generation parameters and a generic greedy approach for solvingoieigsath problems,
there are many additiohpotential applicationsChapter7 concludes with a summary of
the capabilities of the CMM framework and discusses some possible directions for future
work with more advanced agent behavidisese include strategies based on ant colony

optimization and Markov decision processes.

1.3 Contributions and Potential Applications

Two of the major themes of this work are multiobjective optimization and planning
under uncertaintyBoth areas haveeen significant research interest for a variety of
applications.Multiobjective optimization is sedfor designng products and systems,

making strategic decisions imconomic and business settings, and managing limited



resources andconflicting objectives Likewise, planningin partially observable
environments is a critical capability for mobile od® and decisiomaking agents.
Multiple methods and techniques have been developed to assess multiobjective problems
and to help a decisiommaker choose an appropriate solutiofhe vast majority of
multiobjective optimization methods avsedto addresgproblems with no uncertainty.

Also, most planning techniquese designed with a single objective or reward in mind,
reducing multiple costs to a single value before optimizugajor goal of this work is to
develop tools and methods that can be usesduidy multiobjective decisiemaking and
planning under uncertainty.

The CMM framework is designed to be a benchmark and simulation tool that can
model the behavior of a decisiomaking agent in various configurableesarios. The
problem domain uses paitdling in partially observable grid world environments to
provide a goal for each agent to pursue. While this allows for an interpretable explanation
of each example, these problems can also be used as generic templates for other
applications. For instancéhe environment creation process could be modified to produce
a specific type of fuzzy weighted graph thetches a realorld problem requiring a least
cost path solutioriChis could occur in the development of personalized navigation systems
or robotnavigation.Many of the methods presented in this work can likewise be extended
to other problem domainEor example, the process of computing a region graph of a grid
world environment could be used to develop image features for classification oranalysi

One potential application of this work is to provide an unlimited number of training
and testing examples of simulated agent behavior. This can be used to develop techniques
for performing anticipatory analysis, which is a desirable capability in tledligence
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community.Human behavior is difficult to predict, but an approximate motibehavior
can be learned by observing the responses of a deamsika in many different situations.
A richly attributed environmenith many feature valuesan helpto make sure that a
given agentds choices are unigue and di sti
game environment, pl ayer modeling all ows
actions and develop a more effective plan.

The CMM framework presented in this work is a starting point for developing more
complex models of agent behavior. We build upon existing models of cognitive mapping
and wayfinding, and begin with a foundation in procedurally generated environments,
fuzzy methods,and multiobjective optimization. These are introduaézhg with other

background concepts in the next chapter.
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2 BACKGROUND

The CMM framework developed in this work dmwupon many diverse
backgrounds. We begin this chapter with a review of cagnitiapping and its origins for
creating models of human wayfinding behavior. We next introduce fuzzy numbers and the
fuzzy weighted graph representation. Then, we discuss methods of procedural content
generation used to create the grid world environm&iéscontinue with a comprehensive
background on multiobjective optimization and end with a discussion on-based

models.

2.1 Wayfinding and Cognitive Mapping

Wayfinding can be described as the process of spatial problem solving. In the
wayfinding problem, adecisionmaking agentorients itself in an environment and
navigates to some destination. It uses landmarks and cues to determine its position and to
determine the best route to take. As the agent moves, it continues to update its plan using
any new infomation that is acquireddumans and animals routinely solve wayfinding
problems in their everyday lives as they move about their environments, working to satisfy
their goals and objectives. Autonomous agents are also beingngseasinglyto assist
peopk in making navigation decisions and to carry out actions without human input. Self
driving carsunmanned aerial vehiclesnd other mobile robotse just a few examples of
machines that must think on their own about how to solve problems of spatgat@vi

In general, wayfinding is a challenging computational problem that can be

compounded by a lack of knowledge or perfect information. Furthermore, a deuisken
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may have multiple conflicting objectives that cannot all be optimized simultaneously.
Within these partially observable mutibjective environments, an agent must decide how
best to navigate using only the information that is available. For humans, this process is
called cognitive mapping and it results in an information structure knoamantal map.
Although humans may not be optimal problem solften® a computational point of view

the concept of the mental map has proven to be a useful way to represent imprecise spatial
knowledge and develop navigation plans.

The CMM framework is iapired by the study of how a person might make
navigation decisions in an unfamiliar environment. The notion of using a cognitive map to
represent spatial information dates as far back as the seminal work of T@lotaran
1948) who established the now famous paradigm of studying deaisaiing behavior
by observing how rats move through mazes. His work helped establish the fields of
cognitive psychology and deaisi theory. Since these early studies, dozens of researchers
have proposed behavioral models to explain the way humans make decisions in physical
environmentgKitchin and Blades 2002Error! Reference source not found.shows an
example diagram of the general cognitive mapping process. An individual acting in an
unknown environment maintains a set of beliefs about the world that influence the values
or goals he or she wishes to achieve. These are combined with the most recent observation
of the world to form a spatial image of the environment in working memaiig.imhage is
stored for | at er use and also updates the
physical constraints are evaluated with the image to form a decision of the next immediate
action to take. When applied in the environment, this actiodymes a behavior that can
be observed in the real world and results in some new information presented to the

13



individual . The <cycle repeats indefinitel
changing over timeMany variations of this general framewdnave been developed for

use in various problem domains.

Information — Perception —— Values — Beliefs

i
f .
: v T
Real World 1« : Image —»  Memory
7'y l
|
: v
|
Behavior [« : Decision @ Constraints
I
}
|
I
|
I
}
|

ENVIRONMENT INDIVIDUAL

Figure2.1 Generative model of cognitive mapping adapted f(&itchin and Blades 2002An individua
observes the environment and constructs a mental image. This image is combined with other knc
produce a decision in the environment.

Amentalmaps t he mani festation of an individ
into a geospatial context. Mental maps are often studied by asking a person to draw a map
of their environment, or to relate spatial quantities such as the distance between two
landmarkgGould and White 1992Fa instance, a mental map of an urban environment
could be represented as a hierarchical structure consisting of paths, edges, districts,
landmarks, and noddg&ynch 1960) The cognitive distances within a mental map are
unique to each individual and can be based on a variety of factors, including the amount of
expected energy required to maleng a route, patterns in the environment, and symbolic

representations such as maps and road $@ypggs 1973) These individual differences
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lead to distortions in the map that may not necessarily align with ground truth data
(Coucleis et al. 1987)

In general, mentahaps may contain additional types of knowledge and reasoning
processes besides just spati al i nformati or
dictate important spatial decisions, such as the decision to move or not move, where to go,
which route taake, and the method of transportat{@adwallader 1976; Garling, Book,
and Lindberg 1985)n order to use a mental map for navigation, a person must first orient
and conflate his or her mental map with the veailld, identify an objective, and choose a
route to follow(Downs and Stea 197.7The PLAN model (Prototypes, Location, and
Associative Networkg)Chown, Kaplan, and Kortenkamp 199%3an example method that
implements this wayfinding process. In this modeh e v i sual recognitio
the scene is combined with the spatial Kno
The landmarks are related to each other with a spatial relational graph that describes their
relative positions. This attribudle gr aph can then be wused to

mental map.

2.2 Procedural Content Generation

The study of wayfinding problems is often hampered by the difficulty of conducting
controlled research experiments. Studies involving husnhjects are limited by available
time and resources, and usually consist of a relatively small number of datesampl
Designing appropriate problernwssolve can be a challenging and tiomsuming task for

a researcher, who may seek to use some automated methods for assisiagce game
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engine as aynthetic problem domaio study wayfinding problenealows forthe creation
of a nearly infinite number of environments and scenarios.

Procedural Content Generation (PCG) for
creation of game cont ent (Twgelubetd. POMIPC@Id or i
often used to produce content for games such as levels, maps, items, game rules, etc. A
Agameo in this context may refer to video
interactive experieme t hat iis i n some way fApl ayabl e. 0
content creation is that PCG allows a computer algorithm to perform a task that might take
a long time for a human designer. Furthermore, PCG can be parameterized in such a way
that thegenerated content exhibits a desired set of properties. A designer can use PCG to
enhance their own creativity by creating novel and unexpected solutions to content
generation problem&haker, Togelius, and Nelson 2016)

There are many differerpproaches to PCG that can be used to create specific
types of content. In this work, we use PCG to create environment maps that exhibit
desirable characteristics for the problems we wish to study. We focus mainly on two
common approaches: cellular autdenand fractal terrain. For cellular automata, we
consider both traditional and fashibased update rules. These are described in the

following sections.

2.2.1 Cellular Automata
A cellular automation is an iterative computational model that operates over a
diso et e domai n. Perhaps the most f(Gamoems ex a

1970)that simulates a grid of cells that can evolve into complex patterns demonstrating
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emergent behavior and selfganization. In the Game of Life, the domain is a flat grid of
cells that each can be in one of two statdive or dead. We define a neighborhood for
each cell, consisting of the eight neighboring cells, including those diagonally adjacent.
This is called the Moore neighborhood and is just one of many possible neighborhood
definitions. (Another possibilitis the von Neumann neighborhood, which consists of only
the four orthogonally adjacent cells.)
A simulation of a cellular automation iterates through a sequence ofistatéere

0 Tmindicates the time step. The initial statedefines the startingtate of each grid cell
as either alive or dead. For each subsequent time step, the new statewfia etefined
by the current states of the cells in its neighborhood. A transition rule can be defined as a
lookup table over all possible neighbood configurations, or more commonly as a
function of the proportion of neighboring cells that are in each state. Each rule gives rise
to a unique behavior that can be classified based on whether it converges to a stable or
periodic state, or if it exhibs chaotic nofrepeating behaviqPackard and Wolfram 1985)
In the Game of Life, the tran®n rule is specified using the following conditions:

1. Aliving cell that has two or three living neighbors survives to the next generation.

2. A living cell with more than three living neighbors dies from overpopulation.

3. Aliving cell that has fewer than twiwving neighbors dies from isolation.

4. A dead cell that has exactly three living neighbors becomes alive as through

reproduction.

5. A dead cell with any number other than three living neighbors remains dead.
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These rules are applied to each cell simultangaiesproduce the next generation. The
initial configuration of the cell states defines how the simulation will evolve. Various
patterns have been discovered that result in fascinatingly complex configurations, such as
blinkers, gliders, spaceships, andgaus(Berlekamp, Conway, and Guy 198Zhe Game

of Life can even be configured as a universal Turing machine that (given enough time and
space) igheoretically as powerful as any compui&hapman 2002)

Various types of cellular automata have been shown to be useful for procedural
content generation. One example by Johnson efsak a cellular automation to generate
two-dimensional cawike mazes in redlime for an infinite game magJohnson,
Yannakakis, and Togelius 2010h this approach, the two cell states represent floor and
rock. The grid is initialized to some random state where each cell has an equal likelihood
of being either floor or rock. The eight cells in the Moore neighborhood are evaluated for
each cell and ifitere are five or more neighbor cells that are rock, the cell is set to rock.
Otherwise the cell is set to floor. This single rule is applied simultaneeusiyes to
generate the cave map. For aesthetic reasons, rock cells that border a floor dedlede la
as walls and contiguous rock regions are assigned unique labels. By varying the size of the
Moore neighborhood, the rock threshold value, and the number of iterations, various types

of maps can be generated.

2.2.2 Fashion-based Cellular Automata
A cellularautomation can be defined with more than just two states for each cell.
One way of modeling this is with the use of fasHbo@sed cellular automatédshlock

2015) In this approach, we use the von Neumann neighborhood containing the four
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orthogonally adjacentetls and dQ "Qreal valued rule matri¥’, where'Qis the number

of states. The entry; in the rule matrix specifies the score that a cell of {eeeives if

it has a neighbor in stal@Each generation the cells are all updated simultafyeand the
total score of each cell is evaluated using the rule matrix. If the score of a cell is at least as
high as its neighbors, it remains in the same state, otherwise it adopts the state of the
neighboring cell with the highest score. Thiscausdssel t o ff ol | ow t he
neighborhood and results in large homogeneous regions that aresuiedl for

representing environment maps.

2.2.3 Fractal Terrain

While cellular automata are well suited for generating discrete environments
consisting of a fite number of states, we often require the terrain to consist of real values
to represent features such as elevation. Avelled grid used to represent elevation is
called a heightmap and is commonly used as a basis for artificial terrain. Random
heightnaps can be generated via several different methods including wvalgeadient
based interpolation such as Perlin no{&erlin 1985) or using ideas from fractal
mathematics to mimic the multiple scales of repegiatterns found in natu{®andelbrot
1983) Fractional Brownian noisgMandelbrot and Van Ness 196&)pvides the basis for
a random function that is useful for modeling natyratcurring time series and surfaces.
The diamonesquare algorithm (Fournier, Fussell, and Carpenter 1988 a
computationally efficient method for approximating fractional Brownian motion to

produce a twalimensional heightmapThe resulting fractal terrain exhibits random
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variations at multiple scales with large hills and valleys as well as small undulations on the

surface.

(@) (b) (€) (d)

Figure2.2 Visualization of thediamondsquare algorithm on &5 grid.

Figure2.2 shows an overview of the diamoesduare algorithm on &5 grid. The
algorithm begins by sampling random values for the four corner cells (a). The diamond
step then sets the center point loége cells to the average of the four corners plus an
additional random value (b). The magnitude of the random value is called the roughness
and determines the texture of the terrain. Next, the square step interpolates the midpoints
of the cells from the nevious two steps and adds a random value proportional to the
roughness (c). The original four cells defining a square have now been subdivided into four
smaller squares. The diamond (d) and square steps (e) are then applied to each of the newly
formed sqares recursively using a smaller roughness value (typically half of the previous
amount). These two steps repeat until the entire grid has been set. Note that the original
grid should be square with  p pixels on each sid&igure2.3 shows an example of the
diamondsquare algorithm progression on a 28%7 grid. Note that basic terrain features
are defined in the first few steps of the algorithm, with later stepsngeto refine the

terrain and add details.
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Figure2.3 A progression of the diamorghjuare algorithm generating a fractal terrain.

As an alternative to midpoint displacement algoritlsmsh as the diamorgfjuare
algorithm, successive random additions can also be used to generate fractal terrain with
similar characteristiceMusgrave, Kolb, and Mace 1989 this approach, several noise
functions are generated at multiple levels of detail. These are then summed together using
a weight that is inversely proportional to the level of deRagure2.4 shows an example
using multiple octaves of white noise, scaled to match the output size of the terrain. Each
octavet is generated by creating an image wgjth pixels in each dimension containing

random values. These images are scaled to the sizee dintal output using bilinear
interpolation and summed together using a weight-effor each octave to produce the

combined noise function. The resulting image can represent a heightmap that is
qualitatively similar to the terrain generated using dieemondsquare algorithm. The
method of successive random additions is simple to implement and allows for additional

control over the characteristics of the noise function at each scale.
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Octave 7 Resulting Noise

Figure2.4 An example of the successive random additions method for generating fractal terrain.

2.3 Viewshed Analysis

Problems of visibility arise in many application domains, including computer
graphics, robotics, and computational geom@yrand 2000)In geographic information
systems (GIS), the visibility problem is expressed as determining the viewshed of a region
from a given location. For an elevation model represeatd regular square grid,
viewshed analysis is used to find the grid cells that have a direct line of sight (LOS) from
a specified observation point. These cells comprise the viewshed region and can be used
for many applications including planning the ggenent of communication towers or
watchtowers, path planning, and strategic def¢rsagnklin and Ray 1994; Floriani and

Magillo 1994)
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The viewshed region for a given popin a raser grid elevation modét consists
of all pointsv where a straight line can be drawn frgnto v that is entirely above the
terrain inE. Many algorithms have been proposed to compute the viewshed region, most
based on sweeping ragisreveld 1996; Fishman, Haverkort, and Toma 2009; Haverkort,
Toma, and Zhuang 2009y parallel processing approach@hao, Padmanabhan, and
Wang 2013)Algorithm 2.1 gives an overview of an unoptimized approach for computing
the viewshed called R3 that evaluates all grid cells independentlis the radius of the
viewshed, then this methkl takegO(r®) time to evaluate each grid cell sequentially, but it
can be implemented in parallel to reduce the computation time. Our own algorithm is

detailed in Sectiod.1and builds upon the method presented here.

Algorithm 2.1 Viewshed Analysis

GET_VIEWSHED R3E, X4, Y1, h)

[* Precompute the elevation angle to each grid cell */

(n,m) Y size ofE

AY n3 mgridinitalized to 0

for each &, yo) | {(%¥2) |2 An@D »0MB (X, y1) b, Vo)f
A

AlY,, X Yy OA1l i

[* Evaluate the visibility of each grid cell */

VY n3 mgridinitalized to 0

for each ke, y2) [ {(%e, y2) |y An @D »©Om}
VY CHECK_VISIBILITY (A, X1, Y1, X2, Y2) /I Algorithm 2.2
V2 %] Y [v>0]

9: return V
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The algorithm begins by precomputing the elevation angle from the observation
point to each grid cell in the terrain (linegll. We assume that the elevation of a grid cell
is represented by its center point and that the observer is standing athhabgke the
observation poinp = (x;, y1). The horizontal distance to a grid cel (., y.) is computed

as

Q W W W o h (2.1)
and the vertical elevation difference is
Q Owhy Ol B (2.2)
From this we compute the elevation angle as
~Q

& OATB (2.3)

For a grid c# v to be visible from the observation pomtthe elevation angle fromto v

must be greater than the elevation angle fpotm any grid cell on a line fromp to v (see
Figure 2.5). Most viewshed algorithms that operate on discrete grid elevation models,
including R3, are approximate in the sense that there is no notion of partial visibility for a
grid cell. (A cell iseither entirely visible or entirely hidden.) We use a raytracing algorithm
to identify the grid cells that intersect the line frprto v and consider only the elevation
angles to these cells when determining visibility. The commonly used Bresenham line
drawing algorithm(Bresenham 1965% unacceptale here because it does not return all
cells that intersect the line. Instead, we use the Amanatides and Woo algorithm
(Amanatides and Woo 1987Ayhich is givenin Algorithm 2.2. The CHECK_VISIBILITY

function that implements this algorithm is applied to all grid cells in the enveohand
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used to construct the final viewshed (line® i Algorithm 2.1). All points with a visibility

greater than @re marked as visible in the viewshed.
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Figure2.5 Viewshed analysis of the grid celkE (x,, y,) from the observation poipt= (x;, y.). (a) shows
line drawn fromp to v and all grid cells that the line intersects (shaded). These cells are evaluated
any obstruct the line of sight (LOS). The variakiéstY, tDeltaXandtDeltaY are used by the Amanatic
and Woo line traversalgorithm inAlgorithm 2.2. (b) shows the elevation profile of the shaded grid ce
(a). For a grid cel to be visible fronp, it must have a clear LOS from the observation point, set at a
h above the elevation gt If the elevation angle of any grid cell betwgesaind v is greater than the elevat
angle fromp to v, then the LOS is obstructed and the cell is not visible. The striped cells are not v
this example.

Given the vectorp andv from the origin to the points = (X, y1) andv = (X, y»),
the vectr representation of the line going frgmnto v is defined ap + tu, whereu =v i p.
The Amanatides and Woo algorithm works by increasiingm 0 to 1 and identifying all
the grid cell boundary crossings of this vector. These occur at the regular infiealX
andtDeltaY. tDeltaXrepresents the amount thancreases between vertical cell boundary

crossings and is computed as

Q N
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whereQ w w andQ ® . Likewise,tDeltaY represents the amount thHat

increases between horizontal cell boundary crossings and is computed as
OQa 06 &g P8 (2.5)

These values are computed in line$ &f Algorithm 2.2. Line 5 computes the value todt

the first vertical crossing as

Q
0 — gs (2.6)

This varidle will be updated to always store the valué af the next vertical crossing.

Line 6 computes the value péat the first horizontal crossing as

Q
o6 — Py 2.7)
qQ C

This variable will also be updated to store the valu¢ aff the next horizontal crossing.
Lines 78 determine the signs ak anddy (+1,11) and save these agepXandstepY
respectively. These values will be used to increment the current cell location, saed as
andY, and initialized tow andy, on lines 910. The main loop (lines 119) of the algorithm
repeats untilX, Y) is equal toxX,, y.). Each iteration, the vai#estX andtY are compared

to see if the next boundary crossing is horizontal or verticeX i less thany, then the

next crossing is a vertical boundaryt¥as incremented byDeltaXandX is incremented

by stepX(lines 1314). Otherwise, the néxrossing is a horizontal boundary, 86is
incremented byDeltaY andY is incremented bygtepY(lines 1617). If at any time the

current grid cell X, Y) has an elevation angle from the observation painty() that is
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greater than the elevation aegif the target pointx{, y.), then the target point does not
have a clear line of sight from the observation point and the algorithm returns 0 (lines 20
21). Lines 1819 handle an edge case where there is an infinite wall obstructing the line of
sight. F such a wall is detected, the algorithm returbswhich is handled as a special case

in our own algorithm in Sectiof.L If the target point iseached, then that indicates that
there were no grid cells along the path that obstruct the view from the observation point,

so the algorithm returns 1 (line 22).
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Algorithm 2.2 Amanatides and Woo LinEraversal for Visibility

CHECK_VISIBILITY (A, X4, Y1, Xz, Y2)
kY %- %
2 Y yo- v

3: tDeltax¥Y — p
4: tDeltaYY — p
5. tXY — -
6: tYY — -

7: stepXY sign(k)
8: stepYY sign(@y)

9: X ? X1

10: YY v

11: while (X, Y) >, v2)(

12: if tX<tY

13: tXY tX + tDeltaX
14: XY X+ stepX
15: else

16: tYY tY +tDeltaY
17: YY Y+stepY
18:  if AY,X] = NIL

19: return -1

20:  if ALY, X] > Ay, X
21: return O

22: return 1

2.4 Least-Cost Paths inFuzzy Weighted Grapls
The shortest path problem is one of the fundamental problems in graph theory that

finds use in countless applications. These include finding the optimal path between two
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points on a map, routing information through a computer network, and determiningga ser

of actions that can solve a sequential decision problem. In general, solutions to these
problems minimize some notion of the cost that is associated with each possible option. In
many cases, the true cost of each solution component is unknown, qersddet on
multiple factors. For instance, when choosing a route between two locations in an
environment, a decisiemaker may have various objectives to satisfy such as minimizing
the total distance and the maximum slope. The lengths and inclinatioraciofpath
segment may only be partially knowne to limited visibility leading to some uncertainty

as to which path to choose. In these situations, it can be useful to model the problem using
fuzzy cost values and a multiobjective framewBkick, Keller, and Popescu 2014)

To representraagent'snental map, we use a graph structureitiadelsthe spatial

and semantic attributes of the environment. We define the structural component as a graph
"Owith vertex setv "O and edge sé® "O. Each vertex ¥ w "O represents a location or

state, and edges represent possible actions or movements between locations. In a directed
graph, the edge sS& O P ® 'O & "O consists of all ordered pairs of verticeshy

that are conected by an edge. An ed@e O "O has both a starting vertéx 3 4! 2Q

and an ending vertax  %. $Q. A pathr through the graph iepresented an¢ -tuple

QB v OO0 wheren. Q0 3412 for'Q pB R p. The starting and
ending vertices of the path are denoted as3 4! 2@ andd %. $Q respectively.

The seth i is definedas the set of all paths between verticeand 6. Each edge is

assigned a feature vector that represents the attributes efivironmentA multiobjective

problem can have many feature dimensions, whereas a-sinigletive problem will only
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have one dimensional features. The feature values are crisp numbers when the environment
is fully observable, but fuzzy numbers are duge partially observable environments to

represent uncertainty.

2.4.1 LeastCost Path Problems

A standard weighted gra@ssigns a realalued weight) to each edg@~ O "O.

The meaning of the weight value is arbitrary, although it typically represents some measure
of the edge length or cost associated with including the edge in a path. The shortest path
problem is defined as finding the pat@f8 FQ ~ O i between two erticesi ando

in a grapiOsuch that the sufd 0 is minimized.There are several algorithms that are
commonly used to solve shortest path problems.

Dijkstra's algorithm(Dijkstra 1959)can be usedn graphs with nomegative
weightsto find a singlepair shortespath, or a tree of shortest paths to all vertices from a
single source, known as the singleurce shortest path problem. The alpon works by
expanding a search tree from the source veal@igysadding theedge with the minimum
weight. A naive implementation operatesingos (whereswsis the number of nodes),
but this can be improved # $Os sl 9@ (wheresOsis the number of dges) by
using a mirpriority queue such as a Fibonacci héggedman and Tarjan 1984; Fredman
and Tarjan 1987)If an admissible heuristic is availablBussell and Norvig 2009}he
algorithm can be improved to select edges that minimize the sum of the edge weight and
the estimated remaining distance to the gbhils algorithm is called\* (Hart, Nilsson,
and Raphael 196&)nd is commonly used to solve pathfinding problems where the path

weight corresponds to total distance.
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If the graph contains negative edge weights, the BelRmad algorithm &lso
sometimes called the BellmdordMoore algorithm)(Ford Jr. 1956; Bellman 1958;
Moore 1957)an be used to construct the shortest path tree from a single source and can
detect negative cycles (path loops that have negative teiglhttherebyemoving a lower
bound onte minimum cost of a path)he BellmarFord algorithm operates by iteratively
relaxing an upper bound on the cost to reach each vertex from the source. In the worst case,
it operates i) II0s , but it can terminate early if no changesde&ected.

For some applications, we may need to find the shortest paths between all pairs of
vertices. This is called the giairs shortest path problem and it can be solved by finding a
shortest path tree from each vertex using one of the above algarithi@rnatively, the
Floyd-Warshall algorithm(Floyd 1962; Warshall 1962% specifically designed to solve
this problem and does so by iteratively relaxirgp@ SwSmatrix containing the shorte
pathdistances between each pair of vertices (and optionally a second matrix containing the
predecessor of each vertex). The Fldydrshall algorithm runs id S0s  andrecursively
computes for each triplef@@Q N sos the shortest path betwe&fand "Qusing only
verticespf8 hQ

The optimal path in some contexts is not always the shortest path. For instance, to
optimize traffic flow in transportation and computer networks, it can be useful to identify
the maximum capacity roufgiu 1961; Pollack 1960)sometimes called the bottleneck
shortest path) that maximizes the minimuamight edge in thegih. A related problem that
we consider is finding the minimax pa®erman and Handler 198%yhich minimizes the

maximumweight edge in the path. This can be used to find paths that avoid certain high
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cod areas. In general, a leasist path is a path that minimizes some measure of the path

cost and may refer to either a shortest path or a minimax path.

2.4.2 Fuzzy Numbers
Partially observable environments introduce uncertainty into the wayfinding

problem. Fuzy setgZadeh 1965are a way to model certain types of unceitathat arise

in the representation of partially observable environment features. A fuzzy narRber

is a normalized convex fuzzy set with a membership funttioh © mip that specifies

the degree to which a real numbe¥ 5 is included in the sdi. Fuzzy numbers provide

a way to represent uncertainty in the true value of a number and to express linguistic

approximations such as fAabout 30 or dAnear|l

numbers include triangular and trapezoidal membershipitunsstwhich are defined by 3

or 4 parameters respectively. We use triangular fuzzy numbers throughout this work to

demonstrate our approach, but other representations (such as trapezoidal membership

functions or a list of alphaut endpoints) could be usaden deemed appropriate by the

problem domain. A triangular fuzzy numbiiis defined by a duple4 Odfuito, where

the interval ¢fto is the support for which & T and ®is the single point where

“ @ p.Ilts membership function tefined as

T
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The arithmetic operators ( z, 3, -), as well as other functions such as
mi ni mization and maxi mization, can be defir
principle (Zadeh 1975a; Zadeh 1975Bhe result of a functiofQdhd operating o two
fuzzy number® ando is given as

R Q OCEE] EfT oh o 8 (2.9)

In this work, we focus mainly on the summation and maximization operators for triangular
fuzzy numbers. The summation of two triangular fuzzy numbers is derived from Equation
29as

4 Okfofo 4 OBRohd 4 O oy wh w8 (210
The summation of two triangular fuzzy numbers will always resul new triangular
fuzzy number. However, because maximization is a nonlinear operator, the maximum of
two triangular fuzzy numbers may not be triangular Egare2.6). To keep the practical
requirements of the CMM framework simple, we seek to maintain a consistent
representation for all fuzzy numbers. Therefore, we define an approximate maximization
operator that gives a triangular fuzzy number,

i A@n O&hbho M O o
e (2.11)
4 OEA@dho H A@dho H A@hw 8

This approach maintains the true definition at the endpoints and peak of the fuzzy number,

but may produceifferent values at the intermediate points.
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Figure2.6 The summation dfivo triangular fuzzy numbers 4 Odicho andd 4 Orifrfu is show
as4 Ogfphp . The true maximum db andd is not a triangular fuzzy number, but can be approximal
4 Odfrfu .

In a leastcost path problem, the goal is to find a solution that minimizes some set
of objectives. By representing the value of a solution as a fuzzy number, we can capture
some oft he wuncertainty in a solutionds true
difficult to assess whether one solution is better than another. While there is no universal
definition for the ordering of fuzzy numbers that proves satisfactory for all (sese$or

instance(Wang and Kerre 2001a; Wang and Kerre 20Q)1@e adopt the following

intuitive definitions.

Definition 2.1.Letd 4 O&khohd andd 4 O&hohd be two triangular
fuzzy numbers. We say that is lessthanorequalto 6 0 ifandonlyif

(® & andw® @ and® ®).

Definition 2.2 Letd 4 O&khohd andd 4 O&hohd be two triangudr

fuzzy numbers. We say that is strictly lessthad 0 0 ifand only ifo

O and(® Worw wor®d ).

34



There may be many solutions for a given problem with no single solution that is
less than all others. 5§ M6 andd MO , then it is not clear which of the two fuzzy
numbers should be preferred (assunng o0 ). When a decisiomaker is required to
choose one of these, we can employ a weighted centroid defuzzification scheme to produce
a crisp value for each solution that can be ranked directly. The centroid of a fuzzy number

0 is defined as

o 9929 (2.12)
L 0w '
For a triangular fuzzy numbdr Odfudto , this evaluates to
\ p e 5 i
of p W W w3 (2.13

The weighted centroid is defined by a control parameter ritp that specifies the
optimism/pessimism of the decisiomaker. A value of  Ttindicates extreme optimism,

in which the fuzzy number is defuzzified to the smallest possible valdevalue of, p
indicates extreme pessimism, where defuzzification results in the largest possiblévalue,
A value of, 1@ gives a balanced approach using the centroidhe crisp weighted
centroid value is linearly interpolated between these points as

- © ¢ of dh , ™
0 0§ e, ™o ah , T®8 (2.19)
Using a constant value for a decisiormaker can defuzzify multiple fuzzy numbers using
the weighted centroidipproach and compare the resulting crisp values. If two fuzzy

numbers result in the same crisp value when defuzzified, they are considered equivalent.
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2.4.3 The Multiobjective Fuzzy Leastost Path Problem

The fuzzy shortest path problem (FSPP) was first andlipgeDubois and Prade
(Dubois and Prade 1980Who extendedhe classic FloydVarshalland BellmanFord
algorithms for graphs with a single fuzzy weight assigned to each edge. A drawback of this
early approach, however, was that a fuzzy cost could be obtained without an associated
path to go with it. Many papers hawsince been written on the topigth improved
algorithms for pecific variations of the FSP.g.(Klein 1991; Okada and Soper @)
Cornelis, De Kesel, and Kerre 2004; Moazeni 2006; Hernandes et al) 2idmproved
algorithms for specific variations of the FSPP. Typically, the problem is treated as a single
objective optimization, although due to its fuzzy nature, there bwaynultiple non
dominated solutions. A defuzzification method is usually required to provide some
recommendation to a decisiomaker.

The multiobjective shortest path problem (MBPP) likewise has received
considerable attention in the optimization litera (e.g.(Martins 1984; Loui 1983;
Guerriero and Musmanno 2001; Tarapata 20@Jhe of the common applications of the
MO-SPP is in designing and using transportation networks, where travel time, distance,
and other criteria may dictate which routes are considered opfilmede objectives are
typically in conflict such that there is no single solution that outperformshadtstin this
case, multiobjective decisiemaking techniques should be used to help the deemnsader
choose a solution.

We define a general fuzzy weighted graph as a gi@ghlat hasa weightvector of

fuzzy numbers assigned to each edge.each edg@~ O "O, we define a feature vector
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3Q "OQMHO Q ,where eacliO Q is a fuzzy number that represeat$eature
attribute of that edgand a is the total number of featureBeatures are defined as
components of a multiobjective cost function that are intended to be mininfined.
instance, a vector might have one feature that represents distance and another that
represents slope or travel tinie the CMM framework, ach featire is assumed to be non
negative with zero being the minimum possible value. By using a vector of fuzzy numbers
to represent edge weights, a fuzzy weighted graph can model different degrees of
uncertainty for each component of the multiobjective costtiomcWhen there is no
uncertainty, the fuzzy numbers are reduced to crisp values.

A pathnp QB AQ in a fuzzy weighted graph is a sequence efdges, each
with an associated weight vectgiven asg ‘Q . We compute an aggregated cost vector
=N O MM 1 forthe path by either summing or taking the maximum value
of the feature components of each edge.Aet | B i  be an indicator vector where
I Ttif feature"should be aggregated by summation and p if feature”should be
aggregeed using maximization. For features where the decisiaker considers the total

feature valuer 11, the aggregated value of featlfiis
0 n "0Q 8 (2.15

For features where the decisioraker considers the maximum feature vafue p , the

aggregated value of featutes

0 n I éﬁﬁ@eQ 8 (2.16)
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Note that the aggregation method may be different for each feature. For inatbeatare
measuring the total distance traveled would be aggregated using summation, whereas a
feature measuring the steepest slope segmeng aqrath would be aggregated using
maximization.

Given a fuzzy weighted grap®with a starting vertex ¥ @ "O and an ending
vertex ON w 'O wherei 0, the multiobjective fuzzy leastost path problem (MO
FLCPP) is defined as finding a pajht 0 i o that minimizes the aggregated cost vector
=) . When the summation operator is used for aggregation, this is called the shortest path
problem. When the max operator is used, it may be called the minimax path problem. We
use the term leastost path to refeto the general case that mlagve mixed aggregation
methods.The MO-FLCPP may not have a single solution that minimizes each cost
componend 1 simultaneously fofQ pfB hi . Multiobjective optimization techniques

should therefore be used to héle decisiormaker choose a solution.

2.5 Multiobjective Optimization

Many realworld problems involve several criteria that influence the decision
making process. In these problems, a decimi@iker must optimize multiple objectives
simultaneously. Typicallythe objectives conflict in some nontrivial way, forcing the
decisionmaker to make some tradeoff between various possible solutions. Multiobjective
optimization is the study of decision problems with more than one objective. This section
presents an oveiew of the multiobjective problem setting and defines several methods

that allow a decisiomaker to select an optimal solution.
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2.5.1 Multiobjective OptimizationProblem Definition
Formally, a multiobjective optimization problem (MOP) is defined as

i ETEI HUA QomBHQO
OOAEABONOI @17
where we haveQ ¢ realvalued objective functiondfn © s that are to be
minimized (Miettinen 1999) A decision vectod @M ho represents a potential
solution to the MOP ana) P 51 is the feasible region defined by the problem constraints.
We sometimes use the termdscision vectomnd solution interchangeably. A decision
variablew may represent some characteristic attribute of the solution, or some component
of a complete solidn. For example, a complete solution to the multiobjective -path
planning problem is some path through an environment space and the decision variables
represent the various path compongnts

We assume that no single solutiach minimizes all objective fuctions
simultaneously, otherwise there would be no conflict between the objectives and the
problem could be solved using traditional singhgective methods. In the usual case with
multiple conflicting objectives, we cannot determine a single optimatisnland are
required to examine the tradeoffs between solutions in the objective spaddie subset
of the objective space that forms the image of the feasible ragismcalled the feasible
objective region and is denotedas “Hm) . Elements ofy arecalled objective vectors

and are denoted by or6 A M , whered Qo for all 'Q phB hQ Each

objective valuax represents some quantifiable feature of the decision vector that is to be

! The details of the decision vector representation for paths will be discussed further in 6hapter
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minimized. Note that a feature that is to be mazedican be represented in this framework
by defining 0 Elp A Figure 2.7 shows a graphical representation of the

mapping of a solution from decision spacebjective space in a MOP.

Xz f(®)

(™

X1

Decision Space Objective Space

Figure2.7 Mappingfrom decision space to objective space in a multiobjective optimization problerr

2.5.2 Pareto Optimality

Consider two solutionsdp ld N m and their corresponding objective vectors,
6 "Hb andd HO . Ifa & for some objectivéQthend is the preferred
objective vector (and is the preferred solution) based solely on obje¢@rfegd  a
for all 'Q ptB hQanda & for at least one indeQthend is said to dominat®
because it is at least as goodasn all objectives and it is better thén in at least one
objective. Similarly, we say that dominate® if 6 dominate® . A solution that is not
dominated by any other solution in the feasible region is called Pareto optimal, named after
the Fenchiltalian economist and sociologist Vilfredo Pareto, who pioneered the notion of

preference ordering in terms of ordinal utility rather than cardinal uispers 2001)
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Definition 2.3. An objective vectod” N ¥ is Pareto optimal if there does not exist
another objective vectdr™ ¥ such thatr ¢ forall"Q ph8 hQanda & for

at least one indeX

Definition 2.4. A decision vectod® N mis Pareto optimal if there does not exist
another decision vectas ¥ m such that’Qo  "Q¢° for all Q pf8 hiQand

"Qd Q4" for at least one indeR

The set of all Pareto optimal decision vectors forms the Pareto optintal¥td the set
of all Pareto optimal objective vectors forms the Pareto fbofAn illustration of the
Pareto optimal set and corresponding Pareto front for @bjextive problem is shown in

Figure2.8.

Pareto optimal set

Pareto front

o, Pareto optimal

o Pareto optimal
decision vector

objective vector

o Non-optimal

o Non-optimal
decision vector

objective vector

i

Decision Space Objective Space

Figure2.8 The mapping of solution vectors from decision space to objective space shows which
belong to the Pareto optimal set in decision space and the Paretin fobjective space.
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2.5.3 Scalarization

We are not usually satisfied by simply determining the Pareto optimal set of
solutions (or an approximation thereof); most problems require the denisiker to
actually decide upon a single solution. In general, multiobjective optimization problems
are ®lved using the method of scalarization, in which a scalarizing fun€e® a is
defined over the multidimensional objective space that maps any given objective vector
into a single nomegative real value. The decisioraker then chooses the solutioom
the feasible region that minimizes the scalarized objective value. We define the resulting
singleobjective optimization problem as

554 E A B ONBOT 219
Oncethe problem has been scalarized into a single objective, we can use traditional
optimization techniques to find a solution.

Before scalarizing the objective space, it is usually advisable to normalize the
output range of each objective function into a cammange. This helps to ensure that
each objective is treated equally and that the natural scale of the objective values does not
bias the decision toward certain objectives. One common strategy is to normalize the range
of the Pareto front into the uniypercube. This can be accomplished by defining the ideal
and nadir objective vectors for a given multiobjective problem. The ideal objective vector
is defined a®H¥ o8 ", where oV I'éN ETo for 'Q pB RQ This point
represents the best gmble objective value in each dimension, although it is almost

certainly outside of the feasible objective region. In contrast to the ideal objective vector,

the nadir objective vectd' Af"epresents the upper boundary of the Pareto front and may

42



or maynot lie within the feasible objective region. While the ideal objective vector is
straightforward to define, the nadir objective vector is often unknown until the problem has
been solved. For a given approximation of the Pareto optimal ®¢tve defire the nadir
objective vector a8' AA & AB R A2 whered! A4 (!N Ao for'Q phB hQFigure

2.9 shows two examples of the Pareto front and the associated ideal and nadir objective
vectors. Note that the ideal and nadir objective vectors form a bounding box around the

complete Pareto frd, which may be disjoint.

f(x)

&

..------- Nadir objective vector (znad)

----- Pareto front  -——ecoo_

.-------- Ideal objective vector (z*) ---.__

{“}1"()() T -7 .

> 1(x)

Figure2.9 Examples of the range of the Pareto front. The ideal objective vector represents the r
attainable value of each of objective and the nadir obgatector rpresents the upper boundary of
Pareto front.

Given the range of the Pareto front defineddfyand 8 AAwve normalize the objective
function values into a common rangép by defining
Qo 4

dl AA GW

a Qo AET'D phB B (2.19)

The normalized objective vectors are then defined as "Ho G . These
vectors are used in place of the original objective vectors for the scalarizatputation,
although the decisiemaker may still prefer to be presented with the original units when

comparing alternatives.
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2.5.4 Method of the Global Criterion

If the decisioamaker considers all criteria to be equally important, we can use the
method of the global criterion, sometimes also called compromise progrartdeiegy
1973) In this method, the decisianaker picks the solution from the Pareto optimal set

that minimizes the distance to some ideal reference point. We use tinetric to measure

the distance from the idkobjective vector and define the scalarization function as

& A&‘) a (2.20

¢

where eachd represents a normalized objective value from Equait@ andr Tt

Because we only need to find the solution that minimizes the scalarized value, thanexpone
- can be dropped without affecting thetcome Common values af are 1, 2, andlb. The
0 -metric is also called the TchebycHefietric, and the equivalent scalarization function
can be expressed as

ah A (2.21)
Figure2.10shows the difference between the, 0 -, and0 -metrics. Each metric results

in a different interpretation of the objective space and correspondingly selects a different

solution from tle Pareto front.

L An alternate spelling is the Chebychev metric.
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Figure 2.10 Different metrics applied in the global criterion method. The decisiaker chooses t
solution on the Pareto front that minimizes the distance to the ideal objectivedfedtbe contours of ea
0 -metric are shown at the minimum value that intersects the Pareto front.

2.5.5 Method of Weighted Metrics

A decisionmaker will usually wish to express some preference for certain
objectives over others. The method of the glatsdkrion can be extended to include a
weight term for each objective indicating its relative importance. Doing so effectively
scales the objective space so that different points on the Pareto front are measured to be
closer to the ideal objective vectdrssume that the decisienaker has defined a weight

vector _Mh suchthat Tforall'Q pM8 hQandB _  p. We define the

weightedd scalarization function as

"l bs a h (2.22
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forn Tt If  p, the scalarization function is equivalent to a weighted sum of the

objective values,
¥ 9 s _as8 (2.23)

The weighted sum is one of the earliest and most commonly used scalarization methods
for multiobjective problems as it maintains the linearity of the problem if the objective
functions are lineaiGass and Saaty 1955; Zadeh 19€3) ¢, the scalarization function

uses Euclidean distance and becomes the method of least squares,

"Q 05 a 8 (2.24)

Whenn Hp, the scalarization function is equivalent to the Tchebycheff method,
‘@S i r{}hg@s (2.25)

The Tchebycheff scalarization function favors solutions toward the middle of the
Pareto front, whereas the weighted sum approach tends to result in solutions near the edges.
In fact, if the shape ohe Pareto front is concave, the weighted sum approach can only
return solutions at the extrema points of the Pareto front, whereas the Tchebycheff method
can find any Pareto optimal solution with some setting of the weight vé@btovman
1976) To illustrate this, consider the example&igure2.11. The top row shows a convex
Pareto front that has been scaled with three different weight vectors. The solutions closest
to the origin are indicated for both the weighted sum and Tchebycheff approaches. Note
that the Tchebycheff solution is closer to the midpof the Pareto front than the weighted

sum solution, which moves closer to the endpoint with the larger weight value. The bottom
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row shows another example with a concave Pareto front. In this case, the weighted sum
approach cannot select a solutionhivitthe concave region because the endpoints are
always closer to the origin regardless of the scaling applied by the weight vector. In
contrast, the Tchebycheff approach can return solutions within the concave region because

of the way the distance measorent is computed.

Az2, A2z, 22,

| Convex Pareto Front |

Q
A1zy Az, bz
Ar7, 1,27, A273
= N E B
e R E b
£ | B
2 E ]
2 i 3 i
= b E 4
Ay i 7
L i 3 ]
gl = i
=] _ 1
(=] E S i
U — E N ~ -
i Az 3 Ai1zy ] A7y
— Pareto front “@, Weighted sum solution ? Tchebycheff solution

Figure2.11 Comparison of the weighted sum and Tchebycheff scalarization approaches. The weig
can only return extrema points when the Pareto front is concave, whergéabd¢hgcheff approach can fi
any Pareto optimal solution.

2.5.6 Ordered Weighted Average Approach
The final method we consider for scalarizing an objective vector is the ordered
weighted average (OWA) operat¢¥ager 1988) The OWA operator is a flexible

aggregation function that lies somewhere between the min and matarpelt allows for
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a more natural interpretation of the scalarization function by defining the degree to which
each of the criteria need to be satisfied. At one extreme, the max operator acts as the logical
Aand, 0 requiring alimumcdegree ef sdtidiactiono At the ahier s 0 me
extreme, the min operator acts as the | o0gi
The mean operator lies in between these two extremes and optimizes the average
satisfaction of all criteria.

To applythe OWA operator to a normalized objective veétor & 8 hx , we
first apply the criteria preference weights _ 8 h_ and define a scaled objective
vectorH &M Rd where® _a for all Q plB hQ The elements oHare then
sortedin descending ordexd B 5  wherecd is the'@Hargest of thed values. The
OWA operator is parameterized by an additional weight véttor 0 8 i)  where

0 mforall’Q pfB AQandB 0  p. The OWA scalarization function is defined as
A7l & 8 (2.26)

By changing the OWA weight vector, the OWA operator can be made to represent different

aggregation functions. The following are some notaplerators.
 Average0 -forall'Q pHB hQ This method is equivalent to the weighted sum

scalarization approach. All criteria are weighted equally (after scaling).
1 Max: 0 pand 0 1 for all '‘Q p. This method is equivalent to the
Tchebycheff scalarz at i on approach and acts as ¢t

criteria must be satisfied when using this method since the scalarized value is
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equivalent to the objective value of the least satisfied criteria (the largestf the
values).
1 Min: 0 pandd0 mforallQ Q@ This method acts as the
and requires only a single criterion to be satisfied. The scalarized value is equal to
the most satisfied criteria (the smallest of dh@alues). In practice, this method is
rarely used for multiobjective optimization because it does not consider the

satisfaction of any other criteria otheaththe most satisfied criteria.

2.6 Multiobjective Evolutionary Algorithms

Evolutionary algorithmsare well suited to solvenultiobjective optimization
problems.These algorithmgreate a population of potential solutions and use genetic
operators such as selectiocrossover and mutation to iteratively improve the best
individuals until a suitable solution is fourid.a multiobjective problemhere may not be
a single optimal solution, but rather a set of Pareto optimal solutions. The goal of a
multiobjective evolutionary algorithm (MOEA) is to return a set of solutions that closely
approximates the true Pareto optimal (f@tnseca and Fleming 1995; Zitzler, Laumanns,
and Bleuler 2004; Zhout@l. 2011) There are several strategies that can be employed to
modify an EA for a multiobjective problem. Typically, the algorithm needs to define the
fithess of an individual solution and specify how the selection, crossover, and mutation
operators should workiVhereas a single objectiiéA returnsonly a single solution, an
MOEA needs to maintain population divers#g that the solutions are well distributed
over the entire Pareto front. Additionally, there should be enough solutions to provide

adequate coveragd the entire Pareto front. This can become a challenging issue when
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there are many objective$wo of the most influential MOEAs are the nondominated
sorting genetic algorithm (NSGA) (Deb et al. 2002and the multiobjective evolutionary
algorithm based on decomposition (MOEA/Q)ingfu Zhang and Hui Li 2007)

NSGA-1l uses dast nondominated sorting approach to partition the population of
0 solutions into multiplenondominated fronts such that no solution dominates another
soluion in the same front, and each solution in ff@s dominated by at least one solution
in front™O for 'Q p. The solutions within each front are then sorted based on crowding
distance, so thatolutions that are more separated receive a lowdteff) rank.Each
generation,a new population is generated using binary tournament selection, and the
combined parents and offspring are sorted using the nondominated sorting approach. The
top U individuals survive to the next generation.

TheNSGA-1I algorithmachieves very good performance on problems with a small
number of objectives, but suffers from the curse of dimensionality indirgbnsional
spacesMost solutions are nondominated in mashjective optimization problems, which
weakens the seleut pressure of the nondominated sorting approkanthermore, an
exponentially greater number of solutions are required to model allmwnsional Pareto
front. These issues have given rise to a class of rohjggctive evolutionary algorithms
(MaOEAs) (Ishibuchi, Tsukamoto, and Nojima 2008; Li et al. 20XBhe of the key
difficulties of MaOEAs is the visualization of the population, which can be usadtoate
methods and to observe the evolutionary pro¢eesand Yen 2016)SeveralMaOEA
algorithms have been proposed, including NSBAJain and Deb 2014)-MOEA (Deb,

Mohan, and Mishra 20055rEA (Yang et al. 2013)HypE (Bader and Zitzler 2011and
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MOEA/D (Qingfu Zhang and Hui Li 2007)Of these,the decomposition strategy of
MOEA/D has proven to be particularlgdapable to many problem domains and
algorithmic variantgTrivedi & al. 2016)

The generaMOEA/D approachs outlined inAlgorithm 2.3. The method requires
the definition ofd evenly spread -dimensional weight vectogs 8 ff , representing
scalarized singl®bjective problemsThe method maintains a populationibfsolutions

o B ho , whereo is the current solution to sutgblem QA solution® is evaluated as
0w Qw BHQ @ ,whereQw represents the value af against objectivéQ

A reference pointb & 8 ld  maintains the ideabbjectivevector discovered so far
and ascalarization functiofQy h» provides a measure of how well soluti@solves
subproblem’Q The algorithm maintains an external populatior) that contains the
nondominated solutions found during the search.

The first step of the algorithm creates inigalutions to each of the subproblems
and computes the neighborhood of each weight vector. In the second step, each weight
vector is evaluated and a new solution is created using crossover and mutation operators
on the solutions in the neighborhood. If n&say, a problerspecific repair or heuristic
can be applied to improve the solution. The new solution is then compared with the current
solutions of the neighboring subproblems and it replaces the old solution if the new one is
better. The objective valsef the solutions are compared and used to update the external
populationof nondominated solutiongvhichis returned at the end of the search.

The decomposition approach allows MOEA/D to be applied to problems where a

singleobjective optimization stragy is readily available. For instance, the multiobjective
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shortest path probleO-SPP)can define several weight vectors to scalarize the problem
as aset ofsingleobjectivesulproblens, and then use a shortest path algorithm such as
Dijkstra's algorihm tofind solutions to these subproblems. The MOEA/D algorithm can
be used to find the Pareto optimal set of solutions to theS®R@ before requiring a

decisionmaker to give any specific preferences.
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Algorithm 2.3 MOEA/D

Input:
1T MOP
a stopping criterion
0 : the umber of subproblems considered
{ B i :&-dimersional objective weight vectors
“Y the size okach weight vector neighborhood
1 "Qa scalarization function

Output: ‘00
Step 1)Initialization:
Step 1.1)SetO0 n

Step 1.2)Computed 'Q "0 HQ as the“Yclosest weight vectors to each we
vectorf for'Q ph8 )

f
f
f
f

Step 1.3)Generate an initial populatiab F8 fro and set@ O
Step 1.4)Initialize the reference point ¢ M8

Step 2) Update:
For'Q pf8 hj, do

Step 2.1)Reproduction: Randomly select two indicé8andafrom 6 “Qand generate
new solutionwfromw andw

Step 2.2)improvement: Use a problerspecific heuristic omoto producew
Step 2.3)Update ». Seta | EBHQw for'Q prB M
Step 2.4)Update neighbors For each index® 6 Q if Qw f v "Qw ¢ h»,
thenseto ®and@ Ow
Step 2.5 Update f |t
Step 2.51) Remove alvectors fromO Othat are dominated BQ
Step 2.52) Add "0 to ‘O Oif no vectorsin ‘O DdominateOw .

Step 3) Stopping criteria:If the stopping criteria has been satisfied, then stop and
00 Otherwise repeat Step 2.
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2.7 Intelligent Agents

A software agent that acts with purposeful behavia pnoblem domain may be
describeds intelligento some degreé\s environmentgsychologists developed models
that could be used to explain human and animal behavior in real world environments,
computer scientists worked to implement analogous models that could be used in simulated
environments. The field of artificial intelligenggew around the concept of developing
intelligent agents that behave autonomously to maximize some notion of s{iRasssl|
and Norvig 2009)There are several classes of intelligent agents, ranging from the simple
reflex agents used in muligent models, to learning agertattcan operate in unknown
environments. The general agent model is very similar to the cognitive model used in
Figure2.1Error! Reference source not found. Agents have a set of actuators that define
the actions they can perform and a set of sensors that receive percepts from the
environment. The agent 6s ac twhiohmapsaarceptsdef i n
into actions and can be realized in various ways. For example, the agent function might use
a lookup table or fuzzy rule base to decide which action to take. More complex agents can
maintain some notion of the current state, and mayniplemented as a finite state
machine. The most advanced agents can adapt to unforeseen events and can learn the
utilities of their actions.

In the physical world, intelligent agents have been designed to control mobile
robots using a variety of cognistvmodelgLuke et al. 2005; Eliashberg 2002; Busch et al.
2007; Blisard and Skubic 2005; Phillips and Noelle 2005; Skubic et al. .2b04dme
instances, the environment isttknown completely and the robot must construct a map of

its surroundings as it exploréshrun 2002) The simultaneous localization and mapping
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(SLAM) problem can be defined as determinineth r obot 6 & arddatheat i on
environment magx from a sequence of observatiofig;. SLAM has been typically

treated as a probabilistic problem that uses Bayes rule to maximize the posterior
distribution 0 & Frbgi:q given sequentially definedupdates for the location

0 @ ¢ha  andthe map & LofE 4 .

2.8 The Traveling Salesman Problem

The traveling salesman problem (TSP) is a combinatorial optimization problem that
has received wide attention in the fields of operations researctiheoiktical computer
science as a benchmark for exploring issues of computational comihgpegate et al.
2007) In its canonical form, the problem is to find the order in which an agent should visit
a set of cities separated by known distancessst® minimize the total distance traveled.
Several variations of the TSP have been prop@Setin and Punnen 200#)cluding the
probabilistic TSP(Jaillet 1985) physical TSP(Perez, Rohlfshagen, and Lucas 2012)
partially observable TSEBuck and Keller 2016)and the traveling purchaser problem
(TPP) (Boctor, Laporte, and Renaud 2003; Riemdesma and Salaz&onzélez 2005)
The TPP can be considered a generalization of the TSP, where an agent must visit a set of
known market locations with various prices §oods in an order that allows it to purchase
a given list of items at the lowest price whallsoaccounting for the cost of travel. This
form of the problem can be parameterized in many ways to create simpler problem types
suchas the resource collesg TPP. In this variation, each market offers a single type of
resource and the agent needs to collect a set number of each resource type by visiting the

appropriate markets in the shortest distance possible. An even simpler variation that can be
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expressedh this form is thek-TSP in which the agent only needs to visdf the market
locations.

One application of the TSP and the TPP is to create problems that can be solved by
agentbased system&omputer simulations have been used in many domains tp tsteid
complex problems that often arise as the result of physical processes or agent interaction.
The latter case is the subject of study in agpasted modeling, which seeks to explain the
collective behavior of a population of autonomous agents thatlmatleal systems by
obeying simple ruleéBonabeau 2002By using agents to represent individual decision
makers, complex systems can be created that show emergent béralimnd and Miller
1991) In the context of human geography, agemsed moels have been used to study
evacuation scenarios in disaster situati@sller, Popescu, and Gibeson 2012anhd
utilized concepts such as bounded rationality to guide agent befRomescu and Keller
2012)and rumor spreading models based on social netwdese et al. 2012)A related
field is that of multiagentsystems, which focuses on using an interacting group of
intelligent agents to model problems that are too complex for an individual @jant
and Hussain 2011)n the area of computational intelligence, agesged models have
been used to solve optimization problems using techniques such as ant colony optimization

(Dorigo, Maniezzo, and Colorni 1998hd particle swarm@ennedy and Eberhart 1995)
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3 CREATING GRID WORLD ENVIRONMENTS

In this chapter, we introduce the grid world environments used in the CMM
framework. The environment®ntain various attributes and a@nstucted using several
differentmethods. These environments provide the problem structure for studying various

aspects of multicriteria and partially observable decisnaking in later chapters.

3.1 Grid Worlds

The CMM frameworkpresentedn this workuses grid worlds exclusively as the
problem domainA gridded environment providesdructure and regularity that simplifies
many of the practical issues of representing a physical environtmeat.grid world
problem, the environment spaceis discretizednto a regular grid of cells so that cell

@p V. is the cell in rowCand columnQThe world contains a single decisioraking
agent located in cetb ; . The agent can move to adjacent célls  , @ f ,
®F L,Or® j by travelling up, down, left, or right respectively, so long as the
adjacent cell is traversab/e r estri ct the agentdéds movemer
ensure that each step is of equal lengthich simplifies the resulting analysiEach cell
has a set of attributes that descriltbe local state of the environment. In the CMM
framework, we define the following attributes for each grid @Il :

1 /ow.0N mip indicates if the cell is traversable. A valuerohdicates that the

cell contins a wall, wheregsindicates that the cell is open and the agent can move

into it.
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 4%2 21 yo.M D indicates the type of terrain in the cell, wherés the set of all
terrain type& In simple environments, there may only be a single terrain type (e.g.
> [ PAT Q) Aldwevkr, we can model more complex environments by
including additional types of terrain such@d /. @/ A A A I QABOQA O
etc.
T % %e6! 4 XyN Tip is a continuousalued attribute that indicates the height of
the grid cell.ln our work, the domain is restricted to the unit interval.
 2%3/ 52 #8371 D indicates which resource type, if any, is present in the cell,
whereT is the set of all resource types. It may begnable to associate a single
resource type with each type of terrain, although this is not a strict requirement.
Note that in our work we assume that each grid cell can have a maximum of one
resource type.
In the following sections, these attributes aemeyated independently as a sehéf m
matrices where each grid celb; references theorrespondingnatrix index "@iQand
p ‘Q ¢andp 'Q a. In practice, these matrices are used to look up the attribute

values of any grid cell in the environment.

I We could implicitly include cells that contain walls as an additional type of terrain, however we separate
them in our notation to better indicate where the agent can travel and to aid in the computation of visibility.
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(b) (d)

Figure3.1 Examples of grid world problem domains generated in the CMM framewa) A cavelike
occupancy grid environment with a single resource. (b) An environment with three different terra
and multiple resources of the same type. (c) An environment with akedd elevation heightmap ¢
multiple resources of the e type. (d) A synthetic world environment combining multiple terrain
with elevation and containing several different resource types.

The gridworld environment model is a flexible problem domain that can be adapted
to create many interesting scanarSome examples @frid world problems generated in

the CMM framework are shown iRigure3.1. Simple occupancy grid environments can

59



be created by defining a siegregion type with constant elevatioNultiobjective
problems can be created by definingltiple region types aridr an elevation heightmap

The different resource types provide goals for the agent to pursue while moving through
the environment. While these environments can be defined manually, either-asdfted
models or based on reabrld data, our focus in this work is on the generatand study

of purely synthetic environments using procedural methods. The various approaches used
by the CMM framework to generate environmeate described over the next several
sections.

Grid worlds are discrete domains that can simplify the representation of
environment attributes, but they can also add significant overhead to the memory
requirement and computational burden in large problems. We address this issue in two
ways. First, weiinit the size of the grid world environments to relatively small dimensions
(typically between 3030 and 108©100)to prevent an exponential grdwin the number
of grid cells. Second, we propose an approximate representation of the complete
environment byclustering similar regions together using superpixels and working within
this reduced domain. This latter approafdrms the basisfor the region graph
representation of themental map anavill be discussed in more detail in ChapterThe
remainder of this chapter is dedicated to explaining how a complete discrebagge

environment model is geneeak from an initial random seed.

3.2 Generating Caverns
The first (am sometimes only) attribute layer we define is the occupancy grid that

specifies which cells are traversable by the agent. Simple problem spaces can be defined
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with few or no obstacles, but the problems become more interesting as the environments
are filed wi th walls and passageways that I i mi
extreme case, the environment could be a complex maze that is challenging even for a
human to solve. Stataf-the-art path planing algorithms make solving mez and other
fully observable occupancy grid environments somewhat trivial, but when the environment
is not completely visible, these obstacles serve to limit how much the agent can see. We
model the occupancy grid layer as a 2D cavern map, generated usithgjar automtéon.
These maps have an organic quality with both winding passageways and large open regions
containingnonuniform random structure that leads to interesting shqost problems
and visibility constraints.

The general outline of our method for cregtithe occupancy grid is given in
Algorithm 3.1. The process begins by initializiagpn 3 mgrid with random values, where
each grid cell is assigned a value of 1 with probabpitsnd a value of O with probability
17 po (lines E4). The algorithm then iterates throukisteps of cellular automation rules
represented by tHeeLLULAR _AUTOMATA functionin Algorithm 3.2. The rules are applied
simultaneously to all grid cells and are defined by two paramegesgrqd, wherer, Orq.
For each grid cell, weheck to see how many of the eigiells in the 3® 3 Moore
neighborhood around each cate set to Uf this number is greater than the birth ratg, (
the cell is set to 1. Otherwise, if it is less than the deatliregtéhe cell is set to 0. Between
each generation, we apply an optional mask to constrain the cellular growth to a specified

region (line 7). This is used Wwen creating certain typed terrain in environments that
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already have an occupancy grid layer defifidae border cells are always set to 0 between

generations to ensure that the world is fully encldied 8).

Algorithm 3.1 Cave Environment Generation

GENERATE_CAVE_ENVIRONMENT(N, m, Po, I'v, I'd, K, mask opt)

1: WY n3 mgridinitalized to 0

2: foreach{,j) I {(i,j) |iOA@10 j@®m}

3: if r~U(0, 1)Opo  // With probability o

4: W[i,jlY 1

5. for kiterations

6: WY CELLULAR_AUTOMATA(W, I, rq) /I Algorithm 3.2
7 WIi, j] Y 0 for all cells wherenaski, j] = 1

8: WIi, j] Y Ofor all cells wherei( j) is abordercell

9: if opt.makeConnected

10: while (# of connected components\ivl) > 1

11: ZY he smallest connected componientV

12: Z'Y ZA[010;111;010] // Image dilation
13: if opt.method= difated

14: WY maxW, Z')

15: elseifopt.method= fAr andomo

16: YY Z@xZ

17: (i, )) Y random grid cell wher¥([i,j] =1

18: W[i,jlY 1

19: WIi, j] Y 0 for all cells wherenaski, j] =1

20: WIi, j] Y Ofor all cells wherei( j) is abordercell
21: WY REMOVE_DIAGONAL PASSAGESW) // Algorithm 3.3
22: return W

62



Algorithm 3.2 Cellular Automata

CELLULAR_AUTOMATA (W, I, I'q)

1: (n,m)Y size ofW

22 WY W

3: foreach{,j)i {(i,j) |iOA@10 jOm}
4 NY {(uV)]i-1 u@i+1@j-1 vOj+1D(u,v) ilj) dW[u,v] =1}
5 if IN|>rp

6: WTi,jlY 1

7 elsaf [N| <rg

8 WTi,j]Y 0

9: return W'

In most cases, we want every open location in the environment to be reachable so
that the agent can acquire all the resources. This is controlled by an options parameter that
specifies if the environment is to be connected and which method should be ossdet
it connected. The two methods are referred tdilase andrandom In both approaches,
the environment map is refined iteratively until there is only a single connected component.
On each iteration, we identify the smallest connected component consisting of a contiguous
set of 4connected open cells (with a value of 1) and call this inZageénereZ[i, j] = 1if
cell (i, j) is part of the smallest connected componentZjidj] = 0 otherwise(line 11)

We then comput&' by dilating Z with a 4connected mask that sets any celZito 1 if

one of its 4connected neighbors inis 1(line 12) If the method is set tdilate, then the
entirety of the newly dilated region is setlt@line 14) For therandommethod, onlyone

of the newly opened grid ceils set to 1chosen randomlffines 1618). The dilate method
operates faster than the random method, but can produce irregular open regions if the

smallest connected componentasge. In contrast, the random method produces a more
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uniform appearance, but operates more sloBd&gween each iteration, we perform a clean

up step by setting all cells in the mask and on the border to zero (lin26).19

We also remove anyassageways that are only connected diagonally using the
REMOVE_DIAGONAL _PASSAGES function presented inAlgorithm 3.3. This procedure
checks each grid cell to see if it is part of a diagonally connected passage and if it is found
to be so, the cell is filled in and set to 0. This improves the visual appearance of the
environment andhelpsthe visibility computabn, which is discussed further in Section

4.1.2 Several examples of cave environments are showigure3.2.

Algorithm 3.3 Remove Diagonal Passages

REMOVE_DIAGONAL_PASSAGESW)

1: (n,m)Y size ofW

2: changedY True

3: while changed

4: changedY False

5. foreach{,j)i {(i,j) |ioa-1@2 jOm-1}

6: if W[i,j] =19
((W[i- 1,j- 1] = L@W[i- 1,i] = 0OW[i,j- 1] = 0) U
(W[i+1,j- 1] = L@W[i+1,j] = 0BW[i, j- 1] = 0) U
(W[i- 1,j+1] = L@W[i- 1,j] = 0BW[i, j+1] = 0) U
(W[i+1, j+1] = 1@WIi+1, j] = 0BWI[i, j+1] = 0))

7 Wi, ] ¥ 0

8: changedY True

9: return W
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Figure 3.2 Examples of cavern maps generated ugitgprithm 3.1. A wide range of map types can
created by vaing the input parameters. These examples588e&0 grids with all locations set to
reachable.

3.3 Region Partitioning

The grid world environments can be partitioned into discrete regions to aid in the
generation of additional features and to simplify thental map representation. Our
method for partitioning the environment is based on the SLIC superpixel clustering
algorithm(Achanta et al. 20125LIC stands fosimple linear iterative clusteringnd is
an adaptation of thé-means algorithnfior producing superpixels in color imagefyhe
version of SLIC used in this work is modified slightly from the original method used on
color imagery and is designed for use in grid world environments. Instehceefolor

channels, we usenelevation maypo group similar grid cells. Distances are also computed
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with respect to the cave wall boundaries. If no elevation map is provided, only spatial
distance is used in determining region boundawésinclude the referece to an optional
elevation map here since this procedure is used idgfieition of region boundaries for
themental map representation in ChagieHoweversince a region map may be needed

to create an elevation map in Sectid, the elevation map is not required to define the
region partitions. An overview of thegen partitioning method is shown Egorithm

3.4.

Algorithm 3.4 Region Partitioning

PARTITION_REGIONSW, E, r, We,T )

1: CY TABU_SAMPLING(W, r) /l Algorithm 3.5
2: CY ADJUST CLUSTER CENTERYE, C) /I Algorithm 3.7
3: (n,mY size ofW

4: RY n3 m3 |C| matrix initalized tdb

50 eY b

6: for Vi iterations

7 for kin 1 to |C|

8: (u,v) Y CI[K]

9: R[ é, KE&Y, GRID_DISTANCE(W, u, v, 2r) // Algorithm 3.6
10: L,eY AssIGN CeLLS To CLUSTERYE, C, R T, We) /Il Algorithm 3.8
11:  if (e- €)¥e<]

12: break

13:  eY ¢

14: CY GET ReGION_CeENTERYL) /l Algorithm 3.9
15: LY Fix_OrRPHANSC, L, R) I/ Algorithm 3.10
16: return L

The algorithm takes a cave wall mapand an optional elevation m&pas inputs,
along with a cluster separation radiysan elevation weighting parametes, and an

improvementolerance threshofd. We starby sampling evenly spaced cluster centers.
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standard SLIC, this is accomplished by sampling on a grid at regular intervals. Because of
the irregular nature of theawern environments, this could lead to some narrow
passageways being missed and having no local cluster center. Instead, we use tabu
sampling togenerate the cluster centefdgorithm 3.5 shows the procedure for tabu
sampling in a cavern maphe algorithm takes eavern mapV and a separation radius

as input.To begin, all open grid cells are added to a set ofl \wmple indices (line 3).
While there are still grid cells in this set, a random location is sampled and added to the list
of cluster centers (lines-7). After sampling a new cluster centere compute the grid
distance from that location and remove aalfs within a specified radiusfrom theset of

valid indices (lines 8.0). This ensures that no two samples are too close to one another.
By continuing until there are no more valid locations, we obtain a set of samples that span
the entire gridFigure 3.3 shows several examples of tabu sampling using this approach

with different values for the separation radius.

Algorithm 3.5 Tabu Sampling

TABU_SAMPLING(W, 1)

1: kY O

22 CY empty | i st

3 1LY {(i,)) |WI[i,j] = 1} /I Get the set of valid indices
4: while |I|>0

5 kY k+1

6: @,j) ~1 /l Sample a random grid cell in |
7: CIKY @, ))

8: DY GRID_DISTANCE(W, i, j, ) /I Algorithm 3.6

9: for each ¢, v) I {(u,v) |D[u,v] Or}

10: 1Y 12 {(u, v)} // Remove from |

11: return C
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r=32 r=16 r=8

Figure3.3 Tabu sampling on a 380 grid with different values for the separation radius

The computation of grid distance on line 8 of fhwsu_SAMPLING function is
detailed inAlgorithm 3.6. This function serves many roles throughout this work and will
be revisited in Chaptés for computing edge attributes for the mental map representation
of the environmentlhe input arguments are a cavern réand a reference location ),
along with a maximum distance parametgs. The algorithmis based on the approach
preseted by (Lee 1961)and operates as floodHill, breadthfirst search that radiates
outward from the starting locatiomo summarize the predure, we begin by initializing
amatrix D to infinity (lines 12) thatwill store theshortest patlyrid distance fromi( j)
that obeys the wall boundarigs.distance counted is set to 0 and we initialize tlogen
andclosedsets, adding the starting location to tpenset (lines 35). While theopenset
is not emptyandthe distance counter is less than the maximum yalaeset the distance
of each grid cell in thepenset to the current distance counter value (linené)raove the
cell to theclosedset (line 10). We then identify the neighbors of this cell that are not walls
and have not yet been added to ¢lesedset (lines 1412). These locations are collected
in thefrontier set, which replaces thapenset after k the previous cells in thepenset
have been evaluated (line 13) and the distance counter is incremented by one (line 14).

Thisalgorithm works as a flood fill method using breafitkt search to label each location
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in the environmeniThe maximum distnce parameter allows the search to terminate early,
which can greatly reduce computation time when only close distances are @eckdll
cells have been evaluated and dpenset is empty, the algorithm returns the distance

matrix D.

Algorithm 3.6 Grid Distance

GRID_DISTANCE(W, i, ], Omay)

1: (n,m)Y size ofW

2: DY n3 mmatrix initalized toHb

3: dY O

4: openY {(i, )}

5: closedY n

6: while Joper}> 0 @d Odmax

7: frontier Y n

8: for each ¢, v) | open

o D[u,V ¥ d

10: closedY closed (u,V)

11: NY {-@,v), (u+l,v), (u, v- 1), (u, v+1)}
12: frontier Y frontier® {(u,v)| U, v)I N@(u,Vv)T closeddW[u,Vv]=1}
13:  openY frontier

14:  dY d+1

15: return D

After the initial cluster centers have been defirtedy can be moved into a local
minimum of the elevation gradient if an elevation map is provided. If no elevation is
provided, the initial cluster centers are used without adjustrA&gdrithm 3.7 shows the
procedure for updating the set of cluster cerffausing an elevation mdp. The first step

of this algorithm [ine 1) is to compute the gradient Bfwhich we denote as the matfx
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ElementF[i, j] is defined as thenagnitude of theentral difference for interior points such

that
00 "0 "0AQ h xEAOA (3.1)
DAQ ™Mz 0OWQ p OAQ p h (3.2
OAQ ™z 0Q phQ 0Q phQs (3.3

For exterior pointsand points where one of the neighbors®iQ is undefined, the
gradient is computed abe singlesided differencaising only the defined values. For
instance, if0"Q phQis undefined, bu®"Q phQ'0"AQ p ,andO@Q p are defined,
then"O "@Qkeeps the same definition as Equatid® but™O "@Qis defined as

"0AQ 00 phQ 06308 (3.4)
Once the gradient matrix has been computed, the algorithm cycles through each cluster
center and moves it to the location of the minimum gradient value with# 3a
neighborhoodThis helps prevent clusters from being located on natural regiomdaries

and generally improves the stability of the algorithm.

Algorithm 3.7 Adjust Cluster Centers

ADJUST CLUSTER _CENTERYE, C)
FY BE
for kin1to |C|
(.1)¥ Cld i “
GY {(uv)|i-1 u@®iI+1Jj-1 vO@j+1}
uvY (uvi GstF[uvl F@,v]" (u,v)i G
CIKY (u,v)
return C
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At this point we begin the main loop &lgorithm 3.4 anditeratively assign all
grid cells to the nearest cluster center and then update the cluster center locations. This
outer loop can be repeated until tblester assignmentdo not change, or until some
improvementthresholdis reached. In practice, we have found it useful to scale the
maximumnumber of iterations to be proportional to the effective cluster size, which is

determined by the separation radiusn our experimets, we usepii as he maximum

number of iterationgnd 0.01 as themprovementtolerance threshold. The first step
during each iteration is to precompute the grid distance values for each dibsta.are
stored in then 3 m3 |C| matrixR, wheren andm are the dimensions of the environment
and [C| is the number of clusts. This reference distegn matrix is updatedach iteration

with newclustercenterlocations and allows for quick distance lookups for each grid cell.
Note that the call to th&rID_DISTANCE function on line 9 oAlgorithm 3.4 uses 2 as the
maximum distance parameter to reduce computation time, which assumes that cells will
not ke assigned to clusters greater thast2ps away.

The next stepof the main loogs the assignment afach grid cell to the nearest
cluster center. This is accomplished the AsSsIGN CeLLS _To_ CLUSTERS function in
Algorithm 3.8. This function starts by initializing a distance matixand a label matrik
(lines 13). The distance matrix will store the distance from each grid cell to the nearest
cluster center and the label matrix will store the index of the nearest cluster Eenter.
each grid cel(i, j) and each cluster centgr, v), we compute bothspatial and an elevation
distance. The spatial distari@eis computedrom the grid distance reference matand

normalized by the cluster separation radiéne 7). The ekvation distance is computed
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as the absolute difference between the elewvaif the two grid cellandis multiplied by

a weighting parameteve (line 8).Note that since the elevation values come from the range
[0, 1] the unweighted elevation distance is also restricted to the unit interval. If no elevation
map is usedywe canbe set to zero. The two distance measures are combined using the
Jb-normto give the overall cluster distand€line 9). The index of the cluster center with

the smallest distance to a given grid cell is stored in the label rhadnd the distance to

this cluster center is saved in the distance max(bhnes 1112). After all clusters and grid

cells have been evaluatdte error is computed as the sum of all f@inite distances
between grid cells and their assigned cluster centers. This erreraradthe label matrix

are therreturned to the main algorithm.

Algorithm 3.8 Assign Cells to Clusters

AsSIGN CELLS To CLUSTERYE, C,R 1, We)

1. (n,mY size ofE

2: LY n3 mmatrix initalized to 0
3: DY n3 mmatrix initalized toHb
4: for kin1to|C|

5 (u,v) Y C[K]

6: foreach{(,j)1 {(i,j) |iOA@10 j@®m}
7 ds¥ R, j, K Tr

8: de Y wex|E[i,j]- E[u, V]|
9: dY Q 0Q

10: if d<D[i, ]

11: D[i,j]VY d

12: L[i,jlY k

13: e Y B'O "QQfor all (i, J) such thaO "W H
14: return L, e
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Onceall thegrid cells have been assigneaclusterlabel we can check if the error
term has improved significantly from the previous iteration. Line&3 df Algorithm 3.4
check to see if the improvement is less than the error tolerance threshold and break out of
the main loop if it is small enough. If not, then the main loop continues andenthe
GET_REeGION_CeNTERsfunction toget new cluster centers at the centroids of each region
Algorithm 3.9 gives the pseudocode for this procedune begin by initializing a new
emptycluster listC (line 1). We thenloop over eachiegion labelindex and identify the
grid cells that belong to each regi@ime 4).1t should be noted that this algorithm assumes
tha there is at least one cell in the label najpr each indexXin 1, ..., max(). Next, we
compute the centroid of thegion rounding to the nearesell (lines5-10). If this cell is
not already part of the regipwe move theegioncenter to the cell closest to the centroid
that is already labeled as part of thgion(lines 11-12). Thelist of regioncenters is then

returned to the main algorithta be used as the new cluster centers

73



Algorithm 3.9 Get Region Centers

GET_REGION_CENTERYL)
1: CY empty list

2:

tY 0

3: for kin 1 to maxt)

* Get the grid cells that belong to this region */

4 SY {(i,i) IL[i,jl=K
I* Compute the centroid of the region */
5: (c,c)Y (0,0)
6: foreach (,j)I S
7 aVY c+il|S|
8: GY ¢+j/|S|
9: Y O ™
100 gY © ™
/* Move the centroid to the closest cell in the region if not already in the reg
11:  ifL[c,q] ki
12: @, c)Y (i,)l Sst. Q ® 0w N ® 0w
boaQ N Y
[* Save the region center */
13 tY t+1
14:  C[]Y (c,0)
15: return C

Themain loop inAlgorithm 3.4 continues until the maximum number of iterations

has been reached e improvement threshold has been met. A final-postessing step

is performed to remove orphaned gralls that are not connectedaaluster center. This

is done by theéFix_OrRPHANS function in Algorithm 3.10. The function takes the current

cluster center&, the label matrid., and the reference distance maffyas input. The
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algorithm loops repeatedly until it can be verified that there are no remaining orphans. For
each cluster, we identify the main conndctmmponent by using th&rID_DISTANCE
function seeded at the cluster center with theclaster cells acting as walls (linesl).

Any grid cells that were labeled as part of the cluster thmttwere unreachable by the
GRID_DISTANCE function are marke as orphan cells (line 1Zyor each orphan cell, we

get the 4connected neighboréine 15) and check to see which of these have different
labels from the label of the orphan cell (line 1Bhone of the neighbor cells have different
labels, then thelgorithm moves on to the next orphan cell and will eventually return to
this cell after the other orphans have been processed (lirfl®) Ihelabel of theorphan

cell is then set to the label of the neighboring cell with the smallest distance tayihalori
cluster center (lines 120). After the outer loop of thEeix _OrPHANSfunction can verify

that none of the clusters contain any orphans, the updated label matrix is returned to the
main algorithmNote that we do not explicitigheck for race condiins that could lead to

an infinite loop. In practicehis is very rare and is best resolved by restarting with a
different random seed or separation radibsme examples of the final cluster labeling

using different values of separation radius are shov#igure3.4.

r=32

Figure 3.4 Results of the regiopartitioning algorithm on a 5®0 grid with different values for tl
separation radius
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Algorithm 3.10 Fix Orphans

Fix_OrRPHANYC, L, R)

1: (n,m)Y size ofL
2: hasOrphang&’ true
3: while hasOrphans
4: hasOrphang false
5: for kin1to |C|
6: (u,v) Y CIK
[* Get the orphans for this cluster */
: SY {(i,)) IL[i,j1=K
8: BY n3 mmatrix initalized to 0
9: for each (,j)I S
10: B[i,jlY 1
11: DY GRID_DISTANCE(B, u, v, Hb) I/ Algorithm 3.6
12: OV {(i,))16.j)I S@D[i,j] = H}
[* Assign each orphan a neighboring label */
13: for each (,j)1 O
14: hasOrphangf true
15: N\f -4)), (i+1,j), @,j- 1), (i,j+12} )
16: GY {(uv)|Uuv)l N@L[u vl BLGV] Ki
17: if |G|=0
18: continue
19: uv)Y (uvi GstRuv,K ROV, K" (u,v)I G
20: L[i,jlY L[u,Vv]
21: return L

3.4 Creating a Heightmap
A heightmap provides a reahlued elevation attribute for every grid cell. This can
adda sense afealism to the problem domain and give a new set of features that influence

how the agent makes decisiof$ie heightmaps for the grid world environments are
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generatedising the method of successive random additions. This apprdaa$eid on the
fractal errainmethods presented in Secti®2.3 Several random noise layers are created
using thePARTITION _REGIONSfunction at multiple scales. These are combinedve tipe
overall heightmap.

Algorithm 3.11 gives a overview of theGENERATE_HEIGHTMAP procedure. The
algorithm takesas input a cave wall mayy andtwo control parameterg andq, which
influence the overallshape andexture of the heightmapThe algorithm starts by
initializing the elevation maE to zero and the scafactorto one (lines 43). The main
loop of the algorithm repeats while the sdaletoris less than the largest dimension of the
grid world. At the end of each iteration, the scale factor is doubled (lineAt Me start of
each iteration, the environmentpartitioned into regionproportionalto the current scale
factor (line 5). Each labeled region is then assigned a random value from the uniform
distributionU(0, 1) (lines €10). This effectively creates a random noise imBRgs the
current scaleFigure 3.5 and Figure 3.6 show several examples of random noise images
generated alifferent scales with and without a cave wall mispte that because we use
thePARTITION_ReGIONSfunction to define the region boundaries, the individual regions at
larger scales will not cross tlgells marked awalls. This allows high and low regions
be separated by onlythin wall, which isa difficult effect to achieve with other image
scaling methodsEach noise imagR is smoothed using a mean filter ir3&3 window

(lines 1114). This is repeategitimes, with larger values @fproducing smoother terrain.

The imageR is then multiplied by a scale factor and added to the current elevation

mapE (lines 1516). Larger values gb produce more homogeneous noise, as all scales
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begin to be weighteequally. Smaller values pfgive sharply distinct regionas the larger
image scales dominate the overall elevation mdier all iterations have completed, the
elevation map is normalized to the range [0, 1] and retuvigdre 3.7 shows the effect of

p andq on the generated heightmap.

& 4
| s 5
L} oy
AR <l Y
B .l
s=1 s=2 s=8 s=16 s=32

Figure3.5 Random noise images at different scales on*®&8@rid with no cave wallgq = 3)

w . ) ’i
=
- L
s=1 s=2 s=4 s=8

Figure3.6 Random noise images @ifferent scales on a 580 grid with a provided cave wall mafg = 3)
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Algorithm 3.11 Heightmap Generation

GENERATE_HEIGHTMAP(W, p, Q)

1:

2:
3:
4.

(n,m Y size ofW

EY n3 mmatrix initalized to 0
sY 1

while s<nUs<m

/* Create a random elevation map at the current scale */

5: LY PaRTITION_ReGIONSW, E, s, 0, 0.01)
6: RY n3 mmatrix initalized to 0
7 for kin 1 tomax(L)
8: r~u(o, 1)
9: for each {,j) I {(i,}) IL[i,j]=K}
10: Rli,j]Y r
[* Smoothing */
11: for g iterations
12: foreach{(,j)1 {(i,j) |iOA@10 jOmMBWi,j]=1}
13: GY {(uVv)|i-1 uDi+1@j-1 vOj+1}
14: R[i,j] Y meanR[u,V]) forall (u,v) i G
/* Add to existing heightmap */
15 foreach{,j)1 {(i,j) |ioOa@10 jOmM@Wi,j]=1}
16 0'@QY 0'GQ 'Y 'AQti
17: sY 2s /Il Increase scale
18: Y ——m8 // Normalize
19: return E

/Il Algorithm 3.4
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\ : 5

p=5,9=0 p=5,9=3 p=5,9=10 p=5,9=50

Figure3.7 Heightmaps generated on @50 gridwith different values op andq using the same randt
seed. Small values pfgive more uniform regions, whereas larger values produce more noise. As g in
the heightmap becomes smoother and sharp boundaries are eliminated.
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3.5 Defining Terrain Types

The terrain feature of the grid world environments provides a discrete tttifiia
agents can use in the decisimaking processThere are several ways thie terrain
feature can be generated depending on the desired characteristics of the problem
environment. We consider four different problem types in this work. The fiestardly a
single terrain typeppen_spaceand is used when studying singlejective problems in
cavern maps or when elevation is the only relevant environment fdattines case, there
is no need to define additional terrain typ&ke secongroblemtype uses two terrain
types,meadowandforest and is used mainly to study-tibjective problems where one
type of terrain is preferred over the other and in some +objéctive problems. The third
problem type addwaterto themeadowandforestterraintypes and is used to demonstrate
problems that have directional terrain transition preferences, where the agent prefers to
move from one type of terrain into another. The last problem type utilizes all the procedural
content generation methods discussed simulates a realorld environment with five

terrain typesmeadowforest water, rock, andsnow

3.5.1 Binary Terrain Environments

In the binaryterrain environment problem type, we define two types of terrain:
meadowandforest The meadow represents oppace where the agent can move freely
and the forest offers concealment that may be desirable to some Ayent®gin by
constructing a cave wall map using the cellular automata mefr®ection3.2 The cave
walls provide the mask for generating the forested region, which is also created using the

GENERATE_CAVE_ENVIRONMENT function.If the initial probabilitypo usedto generate the
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cave wall map is set to fhen the wall map mask is set entirely to open space except for
the border cellsin this case,he problemis focused entirely on the terrain and the
heightmagf provided.

Algorithm 3.12 gives the procedure for generating the binary terrain fitagcall
to theGENERATE_CAVE_ ENVIRONMENT function on line 1 returns a binary map where the
Awal | s o0 rfergsttegrairetypé and theeopen space represaeiadow Because
the output of this function is binary and we wish to indicate three types of gridvwealls (
meadow andfores), we remap the indices by subtracting teerain index from 2 if the
grid cell was open space in the original cave wall map (lin@s Bhe resulting matrixd
maps 0 to walls, 1 tmeadowand 2 tdorestand can be added as an attribute layer in the
grid world environmentSeveral examples of binary environments are showigime3.8.
One interesting parameter the optmakeConnectedetting. If set to true, thmmeadow
terrain will be completely connected, such that an agent could get fromeagdowgrid
cell to any othemeadowgrid cell without ever going into the forest.nfakeConnecteid

set to false, the agent may be forced to go through at leasfe@steerrain.

Algorithm 3.12 Generate Binary Terrain

GENERATE_BINARY _TERRAIN(W, po, ', I'd, K, OpY)

1: TY GENERATE CAVE_ENVIRONMENT(N, M, Po, I'b, rd, K, W, Opt) /I Algorithm 3.1
2: for each {,j) I {(i,]) |i OA@10 jOMmB@WMj, ] = 1}

3: TH,1Y 2- T, j]

4: return T
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Po= 0.5, Po= 0.5, Po= 0.4, Po= 0.5, Po= 0.6,
n=5rg=3 nh=5rg=3 n=5rq=3 nh=5rg=3 rh=5r9=3,
connected, dilate connected, random not connected not connected not connected
po= 0.5, po= 0.5, po= 0.5, po= 0.5, po= 0.6,
h=4,rq=3, nh=4r4=3, n=4,rq=3, nh=5rg=3 =05 rqg=4,
connected, dilate connected, random not connected not connected not connected

Figure3.8 Examples of binary environments containfogestandmeadowterrain types. The top row sha
the binary environments in grid worlds with a cave wall map generated using pargedessr,=4, r=3,
k=10, and the dilate connection method. Blo&om row shows binary environments created without a
wall map.

3.5.2 Trinary Terrain Environments

For the trinary environment problem type, we aduderto theforestandmeadow
terrain typesWe usefashiorrbased cellular automasaich as the one presed in Section
2.2.2to generate the three terrain typ&le outline of our approach is givenAigorithm
3.13. We start by sampling an initial terrain type from a prior distribugefor every grid
cell that is open in the cave wall mép(lines %4). For trinary terrain environmentd; is
a multinomial distribution over the domain {1, 2, 3}, indicating the probability of a grid
cell starting asneadow forest or water respectively. We then apply the fashioased

cellular automation rels fork iterations (line ). Algorithm 3.14 gives the pseudocode
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for the FASHION_BASED CELLULAR_AUTOMATA function The first part of this function
computedhe scoe of each cell that has been assigned a terrainusipg a supplied rule
matrix R. For each cell, we examine its 4 adjacent neighbors and lookup the score value
R[i, j] that corresponds to a cell with terrain é&yghaving a neighbor of terrain typeThe
sum of these scores for each neighbor gives the overall score for the cellalCthee
scores have been computed, we set the terrain type ofopaahgridcell to that of its
highest scoring neighbor. If alcbas a higher score than any of its neighbors, it keeps its
current | abel. I n this way, the cells #fAfol
Figure 3.9 shows several examples of the fasHo@msed cellular automatar
creating trinary terrain environments. The resulting patterns are highly dependent on the
rule matrix and the initial distrition of terrain types. It can be difficult to anticipate the
type of pattern that any given rule will produce, and it may take several tries to generate a

valid environment containing at least some cells of every terrain type.

Algorithm 3.13 Generate Trinary Terrain

GENERATE_TRINARY_TERRAIN (W, Po, R, k)

[* Sample the initial terrain type for each cell */

1. (n,mY size ofW

2: TY n3 magridinitalized to 0

3: foreach{,j) i {(i,j) |iOA@10 jOMBWMi,|]=1}

4: T[i, j] ~ Po /I Sample a terrain type from the initial distribution

5. for kiterations

6: TY FASHION_BASED CELLULAR_AUTOMATA(T, R) /Il Algorithm3.14
7: retun T
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Algorithm 3.14 FashionBased Cellular Automata

FASHION_BASED CELLULAR_AUTOMATA(T, R)

o

9:

10:

11:

[* Compute the scorfor each cell */
(n,m) Y size of T
SY n3 magridinitalized to 0
foreach () I {(i,j) |iOA@10 jOmMBTi,jj ¥ O
N? ({_ 1’j)’ §i+1’j)!(i’j_1)’ (I!J’+1)}
foreach¢,v)| NstTuv] | O
9i,j1Y i,j]+'Y YA Y6

* Assign the terrain type of the highasoring neighbor to each cell */
for each (,j) I {(i,j) |iOa@10 jOMGT[i,jj J O

NY A{’jo’(i"l!j)l (i+1,j),(i,j'1), (I!J+1)} )

uv)Y (uv)l Ns.t.S[u,v]2 S[u,v]" (U,v)Il N

T[,j1Y Tu, V]

return T

85



0 e 0 e @ 0  TphRiTe 0 e
™ T T8 W T TR T TE TP p TR TR

Y mo md T Y ™ ™ e Y ™ m o™ Y m o p
T T@ T ™ T T X TR T @ 8@ P

Figure 3.9 Examples of the fashiebased cellular automata algorithm for creating trinary te
environments. The top roshows the results dhlgorithm 3.14 using a cave wall map generated us
parameterg:=0.5, r,=4, r¢=3, k=10, and the dilate connection method. The bottom row shows 1
environments created without a cave wall map. The initial distribi@nd the rule matriR are the san
for each column.

3.5.3 Full World Environments

The last environment type we presaithulates a realorld environment with
optional cave walls, elevation, and five terrain typesadow forest water, rock, and
snow For this type of environment, we have hambsensome ofthe parameters after
careful experimentation to ensure consiste The pseudocode of our approach is given in
Algorithm 3.15. We b@in by creating a cave wall mag using the suppmd parameters
for the GENERATE_CAVE_ENVIRONMENT function (lines 12). Next, we create a heightmap
E using theGENERATE_HEIGHTMAP function (line 3). The lowest elevations should be

filled with water, but we would like for the above water elevations to irestaled in the
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range [0, 1]. Lines % achieve this effect by scaling the elevation map by a factor of 1.2
and then subtracting 0.2. Any grid cells that result in an elevation below zero are marked
as water cells and the elevation is set back to zeéndlicate sedevel. The gradient of the
heightmap is computed on line 6, which is used in the next step to initialize the terrain map.
Lines 715 describe how the terrain map is initialized. We construct the prior
distributionPo independently for each grid c€il j) from a set of unnormalized values. A
constant value of 0.8 is assignedPtfil] representingneadowPo[2] representforestand
is given avalue op 'O "@Qto give greater weight to lower elevations. Terrain t§pe
used to represemtater, which is handled separetely, B3] is set to 0Pg[4] represents
rockand is given a value proportional to gguare root of the heightmagpadient so that
steep slopes have a higher chance of being initializedregt Po[5] representsnowand
is given a value ofO "@Q to strongly favor high elevations. These values are normalized
and used to construct a multinomial distribution from which the initial terrain type is
sampled.
The terrain is updated using thesHION_BASED CELLULAR_AUTOMATA function
for 10 iterations using the rule specified on line 16. This simplendieates thameadow
andforestterrain types prefer their own types and each gives half weight to the other. The
rock andsnowterrain typegive full weight to themselves and each other. The third row
and column is set to zero to ignore ti@terterrain type since it has already been defined
with the heightmap. After each iteration, the terrain type for each grid cell where the
elevation is ero is set tovater. After the terrain has been defined, the cave wall map,
heightmap, and terrain map are returned to be used as attribute layers in the grid world

environmentSeveralfull world environmenexamples are shown Fgure3.10.
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Algorithm 3.15 Generate Full World Environment

GENERATE_FuLL_WORLD_ENVIRONMENT(N, m, po, I'n, I'd, K, OPt, p, Q)

o a kR w

/* Create the cave wall map */
maskY n3 mgrid initalized to 0
WY GENERATE_CAVE_ENVIRONMENT(N, M, Po, I, r'd, K, mask opt) // Algorithm3.1

/* Create the heightmap */
EY GENERATE_HEIGHTMAP(W, p, Q) I/l Algorithm3.11
for each {, j) i {(i,1) LI 0on @10 jOm}
E[li,j]Y | A@O0'QQz pg 1&
FY BE /I Compute the slope of each grid cell

/* Initialize the terrain map */

7: TY n3 mgridinitalized to 0

10:
11:

12:

13:
14:
15:

16:

17:
18:
19:
20:

21:

for each (,j) 1 {(i,)) |iOA@10 @MW, j] =1

Po[1] Y 0.8 Il Meadow

P2l Y p 'O'AQ /l Forest

Po[3] Y O /I Water (handled separately)
Pof4] Y — /I Rock

Pof5] Y 'O0"@Q /I Snow

PoY Po/sumfo) I Normalize

T[i, j] ~ Po /I Sample a terrain type

/* Create the terrain map */

op T® TUOTTOTU
@ p T oM T
RY i momomo
17t nm T p py
g™ TP Py
for 10 iterations
TY FASHION BASED CELLULAR _AUTOMATA(T, R) I/l Algorithm 3.14
foreach (,j) I {(i,j) |iOA@10 jOmMGE[,|]=0}
Ti,j1Y 3 Il Set water terrain type
return W, E, T
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Figure3.10 Examples of full world environments generated ugigprithm 3.15. The top row uses a ce
wall map generated using parametpgs0.5, r,=4, rq=3, k=10, and the dilate connection method.
heightmap generation parameters @2 andg=3. The bottom row shows examples without any cave
map.

3.6 Resource Placement

The last attribute layespecifies the resources that are present in the environment.
The resources represent goal locations that the agent needs to visit to satisfy the problem
requirementsThere are many ways that the resources can be placed in the environment
and some problems may require a different approach from the methods preseni&fe h
consider three general classes of problems: Shortest path problems (SPP), traveling

salesman problems (TSP), and traveling purchaser problems (TPP).
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In shortest path problems, the agent must navigate through the environment to a
single resource lation, choosing a route that minimizes its objectives. To initialize the
problem, we onlyneedto place the agent and a single resource. One straightforward way
to accomplish this is to use tabu sampling witgorithm 3.5 to sample many possible
locations with some minimum separation, and then select two locations that are reasonably
far apart. For instance, a SPP can be initiallgedsing tabu sampling to sample locations
with a5-cell separation rads and then placing the agent at the sampled location closest to
the originand the goal at the location farthest from the origin. This applieaimple to
implement, but may not utilize the entire environment space. An alternative is to compute
the allpairs shortest path distances between every open grid cell and place the agent and
the goal at the two locations that have the maximum distzeteeeen them. This requires
a graph representation of the environment, which will be discussed further in Chapter
Figure3.11shows an example cavern environment with the SPP initialized using these two

approaches.
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Figure3.11 Examples of shortest path problems cavern environment using the tabu sampling app
(a) and the longest path approach (b). The agent is shown as a red circle and the goal is a blue cr

In the traveling salesman problem, the agent must plan a mirtoatroute that
visits a sebf knownwaypoints In some variants, the agent only needs to visit a certain
number of waypointd-or this type of problem, we can again use tabu sampling to sample
the desired number of waypoinasd one additional point to use as the agent starting
location This ensures thdlhe agent andll the waypoints meet some minimum separation
distance Depending on the specifics of the problem, we can choose to restrict the valid
sampling area to onepg of terrain, such aseadowWhen usingelewation as a feature,
some hteresting problemsan be createbly placing waypointat extrema locations in the
environment.Placingthe agentn a relatively flat location at a middle elevatibelps
maximizete di f ference bet we e n,pdrticidarlyafgrdyrsamgef p o s s |
the waypoints need to be visiteigure 3.12 shows twoenvironments with the TSP

demorstrating these approaches.
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Figure3.12 Examples of traveling salesman problems initialized using the tabu sampling method in
terrain only (a) and using extrema locations indtevation (b). The agent is a red circle and the wayg
are blue crosses.

The last problem type we consider is the traveling purchaser problem. In the CMM
framework, the TPP is presented as a resource collecting proléemaus resource types
are distibuted throughout the environment and the agent is required to collect a specified
number of each typ&Ve use five resource types; one for each type of temdaime full
world environmentJust as with the TSP, tabu sampling is usesataple the resoce
locations, with each terrain type handled independertiiyeach type of terraime create
a mask that leaves only grid ceti§ that terrain type and sample the resources using a
separation distance of 10 fareadow4 forforest 8 forwater, 2 forrock, and 3 forsnow
For meadowandforest we sample resource locations until 100% of the feasible area has
selected. Fowater, rock, andsnow we sample 50%, 5% and 20% respectively. Other

values can be used, but these were found to create suitablerps for this workThe
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agent location is sampled from an open location imteadowterrain type Figure3.13

shows two examples of full world environments with TPP.
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Figure3.13 Examples of traveling purchaser problems in full world environments. The agent is a re
and the other symbols represent different resource types. Each tysewfte is restricted to a specific t
of terrain.

3.7 Summary

This chapterdescribed how the grid world problem environments are procedurally
generated in the CMM framework. The environments are represented as multiple matrices
representing the attributes each grid cell, including the presence or absence of a wall,
the type of terrain, the elevation, and the locations of any resources. Not all properties need
to be defined, depending on the problem being studied. dazenvironments can be
created byonly using the cave wall layer and discrete problems can be created by using
only the terrain layer. Adding an elevation layer introduces a continuous fézdtican

lead to interesting agent strategies. Finally, the full world environment uses ladisef t
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layers to simulate a synthetic rembrld environment, although an agent need not consider
all of the environment attributes when deciding where to go.

Each environment presents a problem for an agent to solve, designed as a resource
gathering game.nl the simplest problem type, there is a single resource (goal) placed
somewhere in the environment for the agent to collect. The traveling salesman problem
can be simulated by placing several resources of the same type throughout the environment.
It may beworthwhile to consider a problem in which the agent only needs to collect one
or a few resources, to observe how different destinations are compared. Finally, if the
resource types are different, the problem is modeled as the traveling purchaser pnoblem,
which the agent needs to collect a certain number of each resource. To decide which
resources to pursue and the routes to take, the agent needs to develop a working model of
the environment and understand the cost of each movement action. The nest chapt
introduces the mental map grid and defines the fundamental features that the agent can use

to evaluate problems in the CMM framework.
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4 THE MENTAL MAP GRID

The grid world environments defined in the previous chapt@ride rich problem
domainsforstudyig agent movement and planning. The
how the agent sees and interprets the environment. This chapter introduces the mental map
that formalizes how the agent observes the environment and assigns costs to each
movement actionThese costs arepresented as features in an action graph, which defines
all possible actions that the agent can take. Later chapters summarize this information and

use it to develop plans that guide the age

4.1 The Mental Map

The CMM framewaok consists of two basic components: the simulation server and
the agent. The server is responsible for defining the grid world environment using the
procedural content generation methods presented in Ct&agibe server also provides
information about the environment to the agent in the form of observaliomg&nowledge
that the agent accumulates through these observaisossored in a mental map
representatio of the environment. This mental map contains the only informdtatrthe
agent can usw® develop a plan that will solve the specified problem. Initially, the mental
map is empty and represents complete uncertainty about the environment. As the agent

moves, it discovers new regions and adds these to the mental map.
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Formally, the server provides a grid world environmentonsisting of several
attribute layers as defined in ChapBefFor each celtoy .. , the following attributes are
defined:

f OPENON TID,
1 4%221 p.N D,
T % %6! 4)yN Tip,and
1 2%3/ 52#¥87T° n.
D is the set of all terrain types andis the set of all resouectypes.In our examples,

) mphchoithy  representinghe terrain typesvall, meadowforest water, rock, and
snow Likewise,T  miphchoftfu , where 0 indicates no resource an8 ihdicate the
resource that appears in the respective terrain tgparactice, these attribute layers are
stored as 3 m matrices. &v,. 8Y. 80, and. 8Y for the open, terrain, elevation, and
resource attributes respectively.

The agent maintains an internal representation of the environment as a mental map
' _Eachgrid celfovy ' has the same attribute properties andoneadditional attribute,
/" 3%26@¢ Tip (represented as the mathg indicating if the grid cell has been
observed by the agent (1) or not (0). Initially, 3 %2 6d»$ TforallcoN ' and the other
attributes are undefined. As the environment is revealed to the Agent2 6@ ss set to
1 for the grid cells that have been obsenestl the other attributes adefined agqual to
the corresponding values.inWe assume that a grid cell is either fully observed, in which

case all other attributes are defined, or completely unobsearvedich casethe other

attributesareundefined.
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Algorithm 4.1 shows théNITIALIZE _MENTAL_MAP function used at the beginning
of the simulation to initialize with a specified size afi 3 m, and with terrain type3
and resource types. The size of the map is saved'in& £ (i 2), the terrain and
resource types are saved for later use (lines 3 aathd the other attributes are initialized
to default values. The position of the agentd / i©set to NIL (line5) and a map of all
visited grid cells is initialized to zero (lir®. The visibility matrix! &uis initialized to
zero (line7) and the otheattribute layers &vo,! 80,' 8Yand' 8Yare initialized to
NIL (lines 8-11). Lines 12 and B initialize the region labels & and the local region
v g I AA] ZTReSeare lused to construct the region graph and will be discussed further

in Chapters.

Algorithm 4.1 Initialize the Mental Map

INITIALIZE _MENTAL_MAP(N, M, D, T)

'Y empty structure
L8 EY A m)

r®Y D

8T Y T

' & /YONIL

v @ F OF @A Wgridinitalized to 0

' &Y n3 mgridinitalized to 0

' 8 Y n3 mgridinitalized to NIL

1 80V n3 magridinitalized to NIL

8YY n3 mgridinitalized to NIL

8YY n3 mgridinitalized to NIL

& Y n3 mgridinitalized to 1

g7 AAT XA A€ /Adridinitalized to 0
- return !

A e =
RAw kRO
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4.1.1 Creating Observations

At the start of the simulation and after each movement action by the agent, the
server provides an observation of the environment to the agebservatiort has the
same form asthe mental map , but contains only the immediately visible image of the
environment. In contrast, maintains a record of everything that has been sieee the
start of the simulation and remembers what the environment looks like in places that are
no longer visibleSince we assume that the environment does not change during the course
of the simulationportions of the mental map that have been olesebut are no longer
visible are considered to be accurate.

The observatiomata structure is assembled usilgorithm 4.2. The first step in
this algorithm is to determine the visible region. There arevaygs to do this that are
controlled by theopt.obsModeparameter: using the line of sight viewshed method or
declaring the entire environment to be visilifeve use the seeca method, then we can
bypass the visibility computation altogether and declare all cells to be in the visible region,
V (line 10). This is useful for studying problems with@urty uncertainty arising from
visibility. Using the first method, the visibleg®n is computed from the viewshed (lines
3-8), whichwill be discussed nexiVe return to the definition of the overall observation
structure in Sectiod.1.3 Figure4.1 shows several examples of the observations computed

at the current agent location in @ifént environments.
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Algorithm 4.2 Get Observation

GET_OBSERVATION(. , &, &, 0pY)
1: (n,m)Y size of

I* Get the visible region */

2: if opt.obsModes fivi ewshedo

3: EY. &

4: EL. 8> =0U. 8Y=2]Y NIL

5: Ela, a] Y . 8Ja;, a]

6: for opt.kiterations

7: EY E*G /I Apply a 3 3 Gaussian blur

8: VY GEeT_ViEwsHEDXE, &, ai, opth) /I Algorithm4.3

9: else

10: VY n3 mgridinitalized to 1

11: V'Y VA[010;111;010] Il 4-connected viewshed neighbor:
122V'Y VA[111;,111;111]] /I 8-connected viewshed neighbor:
13: V[V'=1@. 8Y=2]Y 1 /I Mark adjacent forest cells as visible

[* Get wall observation */
14: WY n3 mgrid initalized to NIL
15: W[V=1Y 1
16: WV'=1@. 8 =0 Y O
17: W[y, ¥ Y O for all cells wherecy, » is abordercell

/* Create theobservation structure */
18: ' Y empty structure
19: &0 /O (ai, &)
20: "8 Y [W=0UW=1]

21: "8 Y W

22: 180Y . &0

23: 1 80[+80=0] Y NIL
24: " 8YY . 8Y

25: 8Y["8&v=0] Y NIL
26: "8YY . 8Y

27: v 8Y[v80=0] Y NIL
28: return v
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Figure4.1 Examples of observations in various environments computed Akjogthm 4.2 andAlgorithm
4.3. The top row shows the full environntenand the bottom row shows the observatioat the curret
agent location (shown as a red dot). The environment values are observed within the visible region ¢
everywhere else.

4.1.2 Viewshed Computation

If the server is configured e the parially observable viewshed method, then
the visible regionV/ is computed using th@éeT_VIEWSHED function inAlgorithm 4.3. The
elevation majk that is sento this function has cells that completely obstruct the line of
sight such as walls and forest terramarked as NIL(lines 34 of Algorithm 4.2). The
forest terrain in our model is designed to be traversable by the agent, but with restricted
visibility, sothese cellare marked as NIL i&. For theGET_VIEWSHED functionto work
properly,the currehagent locatiorshould ot be marked as NIL, so line 5 @gflgorithm
4.2 copies thdrueelevation value at the agent locatiato E. The qualitative appearance

of the viewshed region computed B¢T_VIEWSHED can be improved by first applying
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Gaussian smoothing t. This removeslevation noise and resultsamore continuous
viewshedregionthat is less sensitive to the discretized heightn@yr implementation
convolves a3?* 3 Gaussiarfilter G with the heightmap 80 for opt.k iterations,while
maintainingthe NIL values(lines 67). We found that repeated applications of small filter
sizesproduced more pleasing results than large filters when accounting for the NIL values.
At this point, the smoothed elevaiton nfas passed to théeT_VIEwSHED function with
the agent locatiorg(, a) and the height parametapt.h(line 8).
TheGET_VIEwWSHEDfunction is given irAlgorithm 4.3. It follows the basic premise
of the R3 viewshed algorithm givenAtgorithm 2.1, but is optimized to avoid computing
the line of sight to every grid cell. The function starts by computing the elevatimAang
from the current agent locatida every grid cell, and copying the NIL flag for cells that
are marked NIL in the elevation map (lineg)LRather than evaluating the visibility of all
grid cells at oncehe function starts at the agent location aodks outward. We initialize
the visibility mapV and a processed m#&pto all zeros (lines 8). The visibility map is
then set to 1 at the current agent location and this cell is added to the current working set
C (lines 1011). The algorithm then cyes$ through the main loop (lines-22) while the
current working set is not emptyines 1316 get the next set of cells to proceNswhich
are determined as the neighbor€oEach cell irCis also marked with a 1 in the processed
map, P. Lines 1722 check the visibility of each cell iN that has not already been
processed. The variablan line 19 is computed usinglgorithm 2.2 and is either 1 if the
grid cell is visible from the agent location, O if it is not visible; arif the line of sight

encountered an obstruction marked as Nfilv. = 1, it is updatd in the visibility map. If
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vi -1, then the cell is added @and its neighbors will be evaluated on the next iteration.
If v =-1, then this cell will not be evaluated further. This allows the algorithm to stop
looking in a direction that has a wallforest cell that obstructs the line of sight regardless
of the elevatiort. The algorithm can only stop looking in a direction once it encounters
such a cell, because there is always the possibility that a distant mountain ricgaas

beyond a hiddervalley. Figure 4.1 shows several examples of the viewshed region

computed in different environments.

1 A more accurate visibility model ight account for tree height in a forested region and allow the agent to
look over a forest cell if the elevation permits. This would allow the agent to observe an entire forest region
on a distant mountainside, for instance.
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Algorithm 4.3 Get Viewshed

GET_VIEWSHED(E, X4, Y1, h)

o

10:
11:
12:

13:
14:
15:
16:

17:
18:
19:
20:
21:
22:

23:

[* Precompute the elevation angle to each grid cell */
(n,m) Y size ofE
AY n3 mgridinitalized to 0
for each ., yo) | {(% ) |y AN@O x20M DB (s, Y1)
if E[y2, Xo] = NIL
Alyz, %] Y NIL
else

Ay, %] Y OAT

5¢
y

VY n3 mgridinitalized to 0
PY n3 mgridinitalized to 0
V[y, %] Y 1

CY {(x, y)}
while [C| > 0

/* Determine the next set of cellsgmcess */
NY n
for eachk y) | C

Ply, XY 1

NY N° {(X' 11 y)’ (X+11 y)’ (X1 y- l)’ (X’ y+l)}

[* Check the visibility */
cCY
for each k,y) I Ns.t.Ply,x]=0
VY CHECK_VISIBILITY (A, X1, Y1, X, Y)
VIy, x] Y [v>0]
ifvz 0
CY C {(xy)}

return V

)d,z, yZ)I

/I Algorithm 2.2
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4.1.3 Finalizing the Observation

Returning to theGET_OBSERVATION function in Algorithm 4.2, we have now
defined the visible regiorl. We use this as a mask to define which cells have known
attributes inthe observation structure and which cells arenobserved andharked as
NIL. Some heuristicare usedo update the knowledge in the observation for cells adjacent
to the visible region. First, we define two dilations\otising both 4 and 8connected
neighbors (lines 112 of Algorithm 4.2). We want to make sure that the cells adjacent to
the agent location are always visipbéyen in forest terrain, so line 13 marks these cells as
visible inV. Next, we create thebservatiorwall mapW from the environment wall map
. 8o and the visible region. Line 14 initializ&#gas a grid with all cells marked AHL to
indicate completaincertainty. Line 15 marks any cells in the visible region as being
traversablepen space ilWV. Becausehe edges of the visible region include cells that are
adjacent to walls but not the walls themselves, we use-tma@ectecheighbors of the
visible region to identify which wall cells to include in the observation. Any cells in this
expanded visible ggon that are marked as walls in the environment wall map are marked
as walls inW (line 16). We also mark the border cells of the environment as walls to prevent
the agent from moving off the edge of the map (line 17).

Lines 1827 of Algorithm 4.2 create the actual observation structire The
observation consists of several information layers and the current agent positamiswh
stored as' & / (ihe 19).The visible region of the observatio@ois defined as any cell
that has been identified as either open space or a wall. Note that this may be somewhat
different from the visible region computed using@®&_VIEwWSHEDfunction since we use

addtional heuristics to determine where the walls are. The observation wall map is saved
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as" & and the remaining attribute layers are saved ubmgalues from the environment.
Any cells that are not marked as visible in theepbation visible region' & are set to
NIL in the elevationt 80, terrain 8Y and resource 8Y attribute layersThe complete

observation data structuyeis returned on line&

4.1.4 Updating the Mental Map

After receiving an observation from theerver, the agentlentifies any new
information awl updates its mental mapn example is shown ifigure4.2. Algorithm
4.4 givestheUPDATE_MENTAL_MAP procedure that takes an existing mental map structure
' and an observation and integrates the new information frominto! . Lines1-2
update theagent position and the map of visited locations. Line 3 identifies the grid cells
that have new informatiowlefinedas cells that are visible in the observation but have not
yet been observed in the mental m@ihese cells are saved asd A and are used to
avoid recomputing regions and features that have not changed since the last observation.
The newcells are marked as observed! in&o (line 5) and the corresponding attribute
values are copied from the observation to the mental mash8). Line 10 applies some
heuristicsto the cave wall attribute layer to mark additional cells as walls based on
inference rules. These are given in ®w&ve_WALL _HEURISTICS function in Algorithm
4.5. After updating the known wall locations, lind ipdates the region labels to remove
the label from any cell that is known to be a wahe UPDATE_ MENTAL_MAP procedure

ends by returning the updatetntal map structure on lin@.1
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Figured2 Updating the ment al map from an observa
observation. The agentdés path is shown in re
west. The previous observation is highlighted and previously observed cells are darkened.
observation returned by the server atthe tiggrs new posi ti on. (c) Th
integrating the new information from the observation. The new observation is highlighted and pr
observed cells are darkened.

Algorithm 4.4 Update Mental Map

UPDATE_MENTAL_MAP(* , )

1 PiouvE ¢ i

2. ' BEOF &GAhIAT 1

3. newY {(i,j) | 8&[i,j]=1@" &[i,]] =0}
a: v g A¥ new

50+ go[new Y 1

6: ! 8o [new Y &b [new

7: ' 8[new Y 80[new

8: ' 8Ynew Y v8Ynew

9: ' 8Y[new Y "8Y[new

10:' 8o Y CAVE_WALL HEURISTICY' 8&0) // Algorithm4.5
11: ' &' 8 =0]Y O

12: return !
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Algorithm 4.5 Cave Wall Heuristics

CAVE_WALL _HEURISTICIW)

9:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

21:

/* Fill in unreachable areas */

Uy {(i,j) |WI[i,j] = NIL} /I Get all unobserved cells
L Y 4-connected component labelinglof

for kin 1 to max()

ZY {(i,j) IL[, i1 =K

DY ZA[010;111;010] I/ Image dilation
BY {(i,j)|Z[i,j]=0@DI[i,]] = 1} /I Get the boundary cells
if W[i,j]j=0forall (,j)i B

W[Z]Y 0

[* Fix diagonals */
(n,mY size ofW
foreach (,j) 1 {(i,j) |iod-1@ [jOm 1}
if W[i,j]=08W]Ji+1,j+1] =0
if W[i+1,j]=1
WIi, j+1]Y 0
if W[i,j+1] =1
WI[i+1,j]Y O
if W[i, j+1] = 08W]Ji+1,j]=0
if W[i,j]=1
WI[i+1,j+1]Y 0
if W[i+1,j+1]=1
WI[i,jlY 0

return W

There are two main heuristics applied by @&e_WALL _HeurisTicsfunction in

Algorithm 4.5. The first seeks to fill in unreachable areas that have been surrounded

completely by walls such aselexample irFigure4.3. These cells are inaccessible to the

agent, and are therefore assumed to be wall cells. Line 1 of the function identifies all

unobserved wallalls that are currently labeled as NIL. Theghnected components are

107



identified on line 2, and for each one we apply an image dilation to identify the boundary
cells of this unobserved region (line} If all the boundary cells are marked as walls,
then there is no way for an agent to access the cells in the unobserved region, s® they a

marked as walls (lines-8).

@) (b) (©

Figure4.3 Filling in unreachable areas with walls. (a) Anobserved region (gray) is surrounded by
cells (black) and is inaccessible to the agent. (b) The boundary cells (marked with red dots) of the ul
region are checked and if they are all walls, then the unobserved region is filled in. (d)e@ha fiegion.

The second heuristic is used to improve the wall boundary on diagonal edges.
BecauseAlgorithm 3.3 removed any diagonal passages during the generation of the cave
wall map, the agent can assume that there will be no diagonal passages in the environment.
This means that if two diagonally adjacent grid cells are both observed to be wall cells and
one of the two cells between them is observed to be open, then the other cell must be a wall
to prevent the creation of a diagonal passage. Lis& &oply this rule to the entire map

and mark cells that meet these criteria as wAlisexample is showmiFigure4.4.
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Figure4.4 Fixing diagonal boundaries. (a) The wall layer of a mental map beforgyfdiagonals. Opt
space is white, walls are black, and the unobserved cells are gray. (b) Locations that match the
diagonally adjacent wall cells with one open and one unobserved cell in between are marked in re
unobserved cells in #se patterns are marked as walls.

4.2 The Action Graph

The mental map structute is stored internally as a set of raster image layers,
representing the agent déds knowl eddewewf, t he ¢
for planning future actions, it is useful to represent the mental map as an attributed weighted
graph. We begi by defining theactiongraph™O that is the most granular representation
of the knowledge stored in . In Chapter5 we will introduce the region graph, which
summarizes the information ii®© for distinct regions in the environmeiidach vertex in
“O represents a grid celthere the agent can be locatediedges represent the movement
actions betweenadjacent grid cells The vertex set is defined as O
ON! s/low.G p” /" 3%26@s$ Tr, which represents every grid cell that has
either been observed to be traversable, or has not yet been observed and therefore may be
traversableEach vertex) ¥ @ "O inherits the attributes of the grid cell associated with

it. Adjacent grid cells are connected by a directed &ge 60 whereofb ¥ @ "O and
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the cell represented liyis adjacent tahe cell represented iy We denotes 41 X 6
as the starting vertex anel $Q 0 as the ending vertex of edgeThe set of all edges
in the graph forms the edge $2tO . Figure4.5 shows the action graphs computed from

mental maps of two example environments.

Figure4.5 Examples of the action graph for two mental maps. All grid cells that are not walls are ii
as vertices, regardless of observability. Adjacent grid cells are connected with edges.

Consider asingle edgéd  6fb N ‘OO where6 represents grid cedb ando
represents an adjacent grid adll If a grid cell is observed, then its attributes are known;
otherwise the attributes are marked as NIL. We denote the terrain type®fasll , the
elevation (height) 8§, and the observability & , where Q¥ phc . (Note that we us@®

to represent elevation to avoid confusion viita notation for graph edges.)

€ /" 3%26@$ (4.1)
4221 .h & p
.)h ¢ m (42)
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Q

% %6 ! o h 3
/0/6'4XUE € p (4.3)

) E T
The attributes of grid ceth are defined as the paio FQ and the attributes of an edge
can be written as the pair of pairsp FQ h 6 AQ . For notational convenience, we
define'® and® as the starting and ending terrain types of an €@ge,and'(BQ as
the starting and ending elevations, & and(& as the observability of the starting
and ending cellsWe occasionally drop th@prefix when referring to only a single edge.
The terrain, elevation, and observability®@fand @ are used to define several features
"QQ for an edge’Q Multiple edge features are combined into a feature vector
HQ QOB HRQ Q , where'@Qm a  for all Q phB ha. We assume that each
feature maps into a nemegative real number to aid in the formulation of agent objective
functions, which will be défied so that edge features are minimizZdute next two sections
give several possible feature functions that an agent can use to dfin&Ve first
considerthe case in which both grid cells are observed, resulting in a crisp feature vector

with no uncetainty. Then, we show how these features become fuzzy when one or both

grid cells are unobserved.

4.3 Crisp Feature Functions

In the case where both grid cells of an eflgee observed (.8 & P),
the attributes are known exactly and the resglfeaturevector contains no uncertainty.
The following subsections define several crisp features for action graph edgesdge

feature’QQ may depend only on some of the cell attributes, so for notational clarity, only
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the required arguments are inddd in the following feature definitiong\n example

showing the computation of these features is given in Settié

4.3.1 Distance Feature
The simplest feature we consider is a basic measure of the distance the agent has
traveled. We denote this feature™®s For a single edge in a uniform grid, the distance
feature is defined as a constant value,
"Q p8 (4.9
The distance feature is independent of the grid cell attributes and can be applied in any

environment.

4.3.2 Terrain Type Features
In environments with multiple types of terrain, we can define a separate feature for
each terrain type. These features indicate how much of each type of terrain is represented

by an edge. For terrain tyffewe denote this feature & , definedas

oo Qo

... mh o Qo

Q o mh o o 0 (4.5)
ph 6 Mo @

There are four possible cases considendtere each cell either is or is not of tarrgpe

“QEquatiord.5 can be expressed more compactly as
2 o 2o 0 2o (4.6)
C C
where the notatiorf evaluates to 1 if the condition in the brackets is true and 0 otherwise.

A terrain type feature is computed for each terrain e . The feature will be 1 if both
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grid cells ae of type'@nd 0 if neither grid cell is of typ&If only one grid cell is of type

“Qthe feature will evaluate to 0.5.

4.3.3 Terrain Transition Features

In some circumstances, it may be important for the agent to consider the transition
between differentypes of terrain (e.g. when getting into or out of a boat at the edge of a
lake). For these types of features, we define a transition rdatrixitp 2 ®2whered
is 1 if the transition between two grid cells is from terrain tigpe terrain typeCand 0
otherwise. If the direction of the transition is important, we can use each elemesd af
separate feature. We denote these directional terrain transition featidgssasd define

them formally as

n~ ph o6 Qo6 10
Qo0 i | GEAOXBOA “7)
This can also be written as
"Qro0 o O To 08 (4.8

If the direction of the transition is unimportant, we can reduce the number of features by

accounting for symmetries. The symmetric terrain transition features are denddegd as

where we assumbat’Q “Gand they are defined as

ph o Mo 1
Qp 0 ph 6 ™Mo 1Q (4.9)
m T OEAOxBOA
Again, this can be writtem square bracket notation as

~

0 o 6 o QO o To Q8 (4.10)
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Table4.1 shows the difference between the terrain type features and the terrain transition

features for alpossible combinations of terrain types for the two cells.

Table4.1 Crisp terrain type and terrain transititgatures

0 0 Q Q Qrp Qr Qp Qro Qro Qro Qro
0 0 1 0 1 0 0 1 0 0 0
0 M |05 05 0 1 0 0 1 0 0
0 "MQ|05 O 0 0 0 0 0 0 0
0 "Q |05 05 0 1 0 0 0 1 0
ko] Q 0 1 0 0 1 0 0 0 1
ko] NMQ| 0 05 0 0 0 0 0 0 0
00 Q |05 O 0 0 0 0 0 0 0
00 ko] 0 05 0 0 0 0 0 0 0
00 MQ 0 O 0 0 0 0 0 0 0

Note that we define a separate directional terrain transition feature foregath
type pair "fiQ and "@Qwhereas we only need to defitiee symmetric terrain transin
feature for the pair@iQwhere’Q "QAlso, note that the seffansition feature¥) ;, and
"Qroare not quite the same as the terrain type feafuresince the terrairtransition
features can only take binary valuemwever, an agent need only use one of the terrain
based feature sets because the same information is simply distributedsagife=®nt

number of featuredzor O terrain types, there afe terrain typefeatures) directional

terrain transition features, ard— symmetrical terrain transition features.

4.3.4 Elevation Features
Whereas terrain is a discrete feature type, the difference in elevation between two
grid cells is a continuous feature domairecRll that the elevation values of tsiarting
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and ending edge celise given a¥2 andQ. The absolute difference in elevatifam the
edgeis a feature that we denote"®&and define as
MO S0 0S8 (4.11)

Often, an agent will want to differentiate between an uphill slope and a downhill slope. To
account for this, we define the uphill slope feat@eas

o RQ T A@hiQ Qh (4.12)
And the downhill slope featui€ as

QQRQ 1 A@hQ Q8 (4.13
Note that the features are always fm@gative to ensure that the objective values never go
below zero. The uphill and downhill slope features are complementary and at least one of
them will always be zero. The absolute elevation difference feature nefsrese
combination of the two directional elevation difference features, so an agent will usually
only use either jusiQ or the pair'Q: and Q. Figure 4.6 shows (ots of the elevation

difference features for all values'&f and’Q within the allowed range oftp .

Figure4.6 Plots of the elevation difference features. (a) The absolute elevation difféqeibgthe uphil
elevation differencé&. (c) The downhill elevation differenc&s.
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4.3.5 Other Features

We limit our study in this work to the above features, but thigdiby no means
exhaustive. Many different problems can be expressed in this framework so long as it is
possible to compute a feature for each edge based only on the attributes of its vertices. For
instance, one could compute additional features in thiecgrment such as proximity to a
wall or the amount of terrain that is visible from a grid cell and develop edge features based
on these environment attributes. We should mention that features that depend on multiple
edges, such as the curviness or uniggsrof a path might be more difficult to use in this
framework. These types of features would be more suitably defined over paths rather than
individual edges, which would require different agent strategies than the ones presented

here.

4.3.6 Example

Figure4.7 shows four examples of the edge features computed between two grid
cells. Each example shows a pair of cells representing a single edge going fronttik left
to the right cell. The colors indicate the terrain type with light tan representing terrain type
1 (meadow)and green representing terrain typéd@est) The numbers inside each cell

indicate the elevation, and the computed features are dhelow each example.
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05 | 07

thb=1 =1 t,=2 t,=2
t,=1 t, =2 t, = t, =2
h, =05 h; = 0.4 h, =1 h,; =0.2
h, =0.7 h, =0.1 h, = h, = 0.6
fa=1 fa=1 fa=1 fa=1
fiy =1 ftay = 0.5 ftay = 0.5 fray =0
fezy =0 fe(z) = 0.5 ftz) = 0.5 fe) =1
ft{1,1} =1 ft{l,l} =0 ft{l,l} =0 ft{l,l} =0
ft{1,2} =0 ft{l,z} =1 ft{1,2} =1 ft{l,z} =0
ftz2y =0 fti22y =0 fti22y =10 frzy =1
ft(l,l) =1 ft(1,1> =0 ft(1,1) =0 ft(1,1> =0
ft(l,z) =0 ft(1,2> =1 ft(1,2) = ft(1,2> =0
ft2z1) =0 fe(21y =0 ft(z1) = frz1y =0
ft22) =0 fe22y =0 ft(2.2) =0 friz2y =1
fh=02 fh=03 fh=1 fh=04
fnr = 0.2 frr =0 far =0 frr = 0.4
=0 frn =03 fa=1 fn=0

Figure4.7 Four xamplesdemonstrating the computation of the feature functions considered in this work
for a single transition between two grid cells. The light tan region represemats type {meadow)and the
green region represents terrain typ@da2est) The numbers in each cell indicate the elevation value.

The distance featur€ is a constant 1 for each of the examples. The terrain type
features ' Q RQ are either phit, 7ip , or T®® depending on if the pair of cells
is all of terrain type 1, 2, or both. The symmetric terrain transition features
"Qn RQy RQy  are either pidit, mipht, or TiTdp , with the single nonzero element
indicating which pair of terrain tygs is present in each example. Likewise, the directional
terrain transition featuresQ  f1Q 1 AQ 1 A1Q 1 & each have a single nonzero element
that indicates the appropriate configuration of the two terrain types. The absolute elevation

difference featuréQ is simply the absolute difference in elevation between the two grid
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cells. The directional elevation difference featur&HQ, indicate the direction of the
slope and have one element equafXand the other set to zeran agent couldise various

subsets of these features to define its objedtimetions, which will be discussddrther

in Chapter6.

4.4  Fuzzy Feature Functions

We now consider the case in which onebaoth grid cells of an edgeQ are
unobserved (i.e&  mand/orC® ). When this occurs, we introduce uncertainty
into the feature vector, which now needs to capture the range and distribution of possible
featurevaluesgiventhe unobserved attributdsuzzy numbers are wedited for this task,
as they can represent a range of values with different weights specifeechbsnbership
function. A fuzzy numberd P s is anormalized convex fuzzy set withmembership
function* ¢ © ip that specifies how well a numbér & is represented b§. We
use triangular fuzzy numbers in this work for their relative simpli€tr.a valuew™ 5,

o~

the membership function of a triangular fuzzy number 4 Odfudto is defined as

. T w ©

O Q. -

W "'h (I) w d)

CoWWuw . ph 0w w (4.19)

't w. - -

I’I;'r 4 w w w

o w, -

Vi ™M ® W g

Whereas a crisp feature functi®Q only needs to define a single value, a fuzzy feature
function"QQ needs to define the three control parameters for the triangular fuzzy number.
A natural interpetation of these parametassthe min, mean, and max vatuthat the
corresponding crisp feature function could take if the hidden grid cells were observed.
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Using the notation from Equatichl4, we denote these a3 BEQ, O ALY,
and®d DA%, The following sections define these values for each of the feature

functions considered in this work.

4.4.1 Distance Feature
Unlike the other features, tlidstance feature for a single edge is unaffected by
observability. Because all edgesthe action graplmave the same lengtthe distance
feature is defined as a crisp value of 1, regardless of whether the grid cells are observed or
not.
BEQ dAAlg DA% p8 (4.15)
The resulting fuzzy feature is defined as

"Q'Q 4 Odfplp 8 (4.16)

4.4.2 Terrain Type Featires

The terrain type featusemeasur¢he amount of an edge that occurs within terrain
type “QIn the crisp case, the possible valaesO, 0.5, and 1, indicating that neither, one,
or both grid cells were of typ@In the fuzzy case, we need to consider what the minimum,
maximum, and expected valued the crisp featurewould be over all possible
configurations of the unknown terrain typ®gée start by defining some additional notation.

Letd' o' v D be the treterrain types of the starting and ending cells respectively.
The value of the terrain type feature in the fully observable case is given by EdLfation

or Equation4.6 as’Q o' . When either or & is unknown, this value cannot be
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evaluated directly, but we can dahine the range and most likely valuetLY be the

event that “Qor Qv phg . The probabilitythat eventY occursis defined as

ph &€ p~ 0 0
n-y m ¢ p o0 Q (4.17)
noh €& m h

wheren "Qis the prior likelihood of observing terrain tyfieOften,n "Q ov where® s

is the number of possible terrain types, but other priors are poskigleeomplementary
event’Y is defined as the event thiit “Clor ‘O ph . Since these are the only two
possible eventdescribing the state of a single ¢ell

nY p /7Y 8 (4.18)

For the two cells involved in a graph edge, there are four possible states that need to be

considered:
T i "YRY (4.19
T i "YRY , (4.20)
T i "YRY ,and (4.21)
T i "YRY . (4.22)

Here,i is the state where both grid cells have terrain {@peis the state where neither
cell has terraiQandi andi are the states whejst one of the cells is of terrain tyfie
We call the set of all possible stat¥s i H H A , and ech of these states results in

a crisp terrain type feature vector for the edggaptingEquationd.5 gives

m i
Qi mh 070 (4.23
ph i 8
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We assume that the terrain types of the two cells are indepersdettte following

expressions give the probability that each state is the true state of the environment.

i Y Ny (4.24)

ni AY p ATy (4.25
i P NY Ny (4.26)
i P AY p NTY (4.27)

If the probability of a state is greater than zero, then it has some chance of octering.

define thepossibilitythata stateoccursas

~

PDi® ni mh (4.28)
and he set of all posisle states is given as
Yio (NI O m8 (4.29)
We can now express the minimum, maximum, and expected values of the terrain type

featurefor an edgéand terrain typéQ

¢ Elg I ETQi (4.30)
N pi o '
"0 A9 I A @i (4.30)
N pi o '
AN Qi i (4.32)

N

In practice, the fuzzyerrain typefeature values are computed using the following

equivalentefinitions.
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(4.33)

(4.34)

(4.35)

The fuzzy number representitite overall terrain type feature is defined as

A summary of the triangular fuzzy number feature values is giv&ahie4.2 for the case

where®s ¢ andn 'Q 1. Note that when both grid cells are observed, thlzzyfu

Q Q

4 0®EfoR B AR b A% 8

numbers are equivalent to the crisp version.

(4.36)

Table4.2 Example of thduzzyterrain type feature wheds ¢andil Q ™™

s € P € T
Q Q . N
0 Q 0 Q
0 4 Ogipip 4 Ohhi® | 4 O bp
€ .~ > T = T = =
P Q | 4 Oh®hr® 4 Orifrt 4 Orfng, bre
€ T 4 O bp | 4 Ofng or® 4 Orfr®hp

To demonstrate, consider the exampldsigure4.8. In (a),both cells are observed,
so the fuzzy terrain type feature value is equivalent to the crisp case and the fuzzy number
is a singleton value of 0.5 for both terrain type 1 (meadow@a(fadrest). In (b)the first
cell is obsered to be terrain type dnd the second cell is unobserved. Both terrain types
have equal priors, so the second grid cell is equally likely to be either terrain type. If the

second cell is type 1, then the crisprain typefeatures would be™Q
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If the second cell is type 2, théimey would beQ @ and Q m®. Clearly, the
minimum value ofQ is 0.5 and the maximum is 1. Likewise, the minimunibf is O

and the maximum is 0.5. Sintlee priors are equal, the mean values are the averages of
these two extremem (c), the first grid cell is unobserved and the priors favor terrain type
1. The resulting triangular fuzzy numbers are skewed to réfflacthe most likely outcome

is that the unobserved cell is type 1 and the resulting crisp featurewalletbe 0.5. In

(d), both cells are unobserved, so btdhrain typefeatures span the entire range [0, 1].

Because the priors slightly favor terraype 1, the mean value @ is slightly higher

than that ofQ

M [ EE

ety =1 ety =1 e.t; = NIL e.t; = NIL
e.t, =2 e.t; = NIL et =2 e.t; = NIL
e.op =1 eo, =1 e.o, =0 e.o, =0
e.o, =1 e.o, =0 e.o, =1 e.0, =0
p(1) =05 p(1) =05 p(1) =08 p(1) =06
p(2) =05 p(2) =05 p(2)=0.2 p(2) =04

fecy(€) = Tri(0.5,0.5,0.5)  freqy(e) = Tri(0.5,0.75,1)  fecpy(e) = Tri(0,0.4,0.5) fee(e) = Tri(0,0.6,1)
frzy(e) = Tri(0.5,0.5,0.5)  frzy(e) = Tri(0,0.25,0.5)  fy(z(e) = Tri(0.5,0.6,1) Fezy(e) = Tri(0,0.4,1)

feny (@ fey (@ fey(@) feny(@)
fin(e) fezy (@) JASI) FASIO)
(a) (b) () (d)

Figure 4.8 Four examples demonstrating the computation of the fuzzy terrain type features for
transition between two adjacent grid cells. The light tan region represents terrain type 1 (meadov
green region represents terrain type 2 (forest). Gray cells are unobserved. The plots compare the fu

type features for each example.
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4.4.3 Terrain Transition Features

The directional terrain transition featut@5'Q indicates if an edg@goes from
terrain type’Qo terrain typeQwhereas tb symmetric terrain transition featui@; Q
only checksf an edgeQincludes both teain types “Cand’QIn the fully observable case,
these features could only take binary values. However, in the partially observable case, the
terrain transition features are represented as triangular fuzzy nurfRloisving the
notation from the previous sectiopt® i’ N D be the true terrain types of the starting and
ending grid cells for an edd® and let’Y be the event thaf “Qnd“Y the event that
o Ofor 'O phc . Equation4.17 gives the probability of each event As'Y and
N Y . Note that the terrain priors ‘Qandn "Qmay ke different, but the terrain priors
for all terran types mussatisfy the requirements of a multinomial probability distribution
(i,e.B s Q pandf Q mfor all "Qv 3). For the directional terrain transition
features, the only environment state that gives a feature value of of¥ i8Y ; all other
states give a feature lu@ of zero. The probability of this state is defined)ad RY

which is equivalent tg) Y 1 “Y since thetwo terrain types are independent of each

other.For the symmetric terrain transition featyrboth “YHY and “Y AY give a
feature value of one with all other states being Z€he probability of this occurring is
n"y n-y Y N°Y ifQ Candn Y 1Y if 'Q "QThe different expression
for when'Gand Qefer to the same terrain type is besathere is only a single environment
state where both terrain types are the same (e it should only be counted once.

As with the terrain type features, the fuzzy terrain transition features are defined

using the minimum, maximum, and expectadue of the crisp featusever all possible
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environment state§or the fuzzy directiondkrraintransition feature the expected value
is given as

‘@i8 ny acy R (4.37)
and for the fuzzy symmetrierraintransition featurg the expected value is given as

rQ ’,“Q

R AL AY Y R Y
G AR N h 438
h r\] 1 'Q ,£8 ( )

n"Y h
n"Y h
Because the crisp feature value is binawrg,can infer that the minimum possible feature
value will be zero, unless both terrain types are known and the feature value is observed to
be one. In other words, if the expected value is less thah@methe minimunvalue will

be zero; otherwise it will be one. Likewise, the maximum possible feature value will be

one if the expected value is greater than zero; otherwise it will be zero. Formally,

RN

p vooA .
. I A 4.39
ol (439

Y
| OEAOXEO
hAge TH OATY RATY o
go 0 T T 4.40
O R T OEAOXEOA (449

for the fuzzy directional terrain transition features and
"th ET'Q nyYn”- n"yY n-’y
|

Y Pri+ =
AL L AT A 4.471
OEAOxEOA (4.41)

Ph
rth

Ghog TH O OATYATY ATYY ATY  m

: L AL 4.42
n ph T OEAOxEOA (442

for the fuzzy symmetriterrain transition featurefn practice, the fuzzyerrain trasition

features are computed using the followewuivalentdefinitions.
GEQ o QE po QE p (4.43)

GigQ 6 0é mT o QE m (4.44)



ph 0 "MQé¢ p 0 Q& »p
o naTth 0 Q¢ pTé m
jo¥atale L noth ¢ mwo V¢ p (4.45)
MMoh ¢ mé o
t mh T OEAOxEOA

GETQ O Mo W o VO VT E pé p (446

G20 6 Qo VE mT 6 Qo Qé (4.47)

v ph 0O Qo QO o Qo 1Q°
Iy E P £ p
U'p o e - -
Iy n 0 NVé p e @
I’ € mMo NVE p
U’ . . . .
wpap AT 0 e pg o (449
Ly E Mmoo Q& p
I'p
':P NQh ¢ & m™NQTQ
I’

n™©oh ¢ mé¢ mwawQ
¥
Vg m T OEAOxEOA
The fuzzy numbers representing the directional and symmetric terrain transition features

are defined as
Qr Q 40BEQORGLAORGL%0 RAT A (4.49)
Qs 4 OBFLOR QLSRG 8 (450
A summary of these features is shownTiable 4.3 and Table4.4. Note that this
differs from the terrain type feature summaryTable 4.2 since we consider a problem
with more than two terrain type®( ), and unequal terrain type priofBhere are a

few noticeable differences between the symmetric and directios@ions. In the

directional version, only thease wher® “Gando  Qblue)is a crisp 1, whereas in
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the symmetric version, the case whére ‘Gandd  "Gred)is also a crisp 1. The bottom
row and rightmost column indicate configurations wherdeast one of the cells is
unobserved. The nonzero configurations are shaded to show the similarity between the two

versions of the featurdote that the mean feature value of the configuration where both

cells are unobserved is twice as large in thersgiric version of the feature as compared

to the directional version. (We assume tat’0)

Table4.3 Example of the fuzzy symmetrjc terrain trarlsition feature when
PS ¢NQ ™ andi Q ™ Q Q

. ! € p £ T
Qr Q . R N
o 0 0 Q 0O Qo Q
o Q| 4 Oiftn 4 Ofplp 4 Orffrtm 4 Orifrg fp
¢ p| o Q| 4 Odplp 4 OriErtin 4 Ot 4 Orifrexp
g % 4 Ot | 4 Ot 4 Ot 4 Ot
E T 4 Orfrgfp | 4 Omfrgxhp 4 Orifrtr 4 Orifng, {p

Table4.4 Example of the fuzzy directional terrain transition feature when
s N'Q ™, and1 Q@ ™ Q Q

. , E P £ T
Bfiot e 6 Q |o o
0 Q| 4 Orftn 4 Ogfplp 4 Ottt 4 Orirg fp
€ pl| o0 Q| 4 Offitit | 4 Ot 4 Orifrtit 4 Orifrtm
O o | 4o | 40w | 4omn | 4 O
€ T 4 Orirtit | 4 Orfrexhp 4 Ottt 4 OriErg tp
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Figure4.9 shows the same four examples fréigure4.8, now evaluated for the
terrain transition features. We assume te¢ ¢ in all caseslIn (a), both cells are
observed, so the terrain transition features are crigmpualues. In (h)Xhe second cell is
unobserved and is equally likely to be eitherdigrtype 1 (meadow) or type 2 (forest). The
feature values are either zero if the observation is incompatible with the feature type, or a
completely uncertain fuzzy number spanning the range [0, 1] with a mean of 0.5. In (c),
the first cell is unobserveahd the priors favor terrain type 1. This changesnbansof
the fuzzy numbers to reflect the greater likelihood that the unobserved region is type 1. In
(d), both cells are unobserved with unequal priors, ma&axh feature span the range

[0, 1], but with different mean values. Note tH& ; and"Qeare identical wheifQ Q
and that® ’%AT c(% %éAAgain, this is because wh& 'Qthe symmetric version of the

feature will consider the both cases whaydd is ‘@Qand "GQ but whenQ "Qthere

is only a single case’@Q
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ft{z,z}(e} fr(zzz}(e) ft(z.z}(e) fr{z,z)(e)
]ir{l;)(e) 1‘}(1,1)(9) )?(1,1)(9) ]?(14)(9)

—_ = {t(l,z)(e) —- — {t(l,z)(e) — = {ru.z)(e) —- — {t(l,z}(e)
)}(2,1)(9) 1?(2,1) (e) ]}(2,1)(9) fir(z,l)(e)
ft(zzz)(e) ft(z,z)(e) ft(z,z)(e) ft(zzz)(e)

(a) (b) (©) (d)

Figure4.9 Four examples demonstrating the computation of the fuzzy terrain transition features for
transition between two adjacent grid cells. The light tan region represents terrain type 1 (meadov
green region represents terrain type 2 (forest). Gray cells are unobserved. The plots compare the fu
transition features for each example

4.4.4 Elevation Features
Unlike the discrete terrain featuresetcrisp elevation feature come from the
continuous domainrtp . We defined three elevation features in Sectich4 given by

Equations4.11, 4.12, and4.13: the absolute, uphill, and downhill elevation differerice.
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the partially observedase, we need to compute the minimum, maximum, and expected
values of these features over all possible configurations. To simplify the analysis, we
assume that the elevation attributes of a grid cell are bounded by the mimgand that

the values areistributed uniformly over this range, so that all elevations are equally likely.
Recall that the elevation values of the starting and ending edge cells are given as
"QHQ N mifp and we denote the observability of the cellé asndé . If one or both cé$

of an edge are unobserved, then the minimum elevation difference for all three feature

types will always beero, because it is possible that both cells have the same elevation.

nh E T SO Qh ¢ p ¢ P
0o 1 OEAOXEOA (451
ET I A@iQ Qh €& p &€ p
Q='e m T OEAOxEOA (4.59)
"4 ET Il A@hQ Q h € p ¢ p (4.53)

m T OEAOxEOA
If neither cell is observedhé maximum elevation differencgone, and if just one cell is

observedihe maximum elevation differentedetermined bthe observedlevation value.

SQ Qh € p € p

nh A i A@hp Qh ¢ p & ™
00 i@ o R & TE p (459

ph ¢ mé¢ mn

I A@hi Qh ¢ p €& »p

ok A p Qh ¢ p & ™
At Qh ¢ mwé p (4.59

ph ¢ mé¢ n

Aghio Qh ¢ p ¢ p

wh A Qh € p- £ T
A %0 o R £ e p (4.56)

ph ¢ mé¢ n
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For instance, if the first cell is observed but not the second, then the biggest absolute
elevation difference is the greater@fandp "Q, since these are the differences between
the two extremesfdhe possible range fdR. Similar reasoning follows for the other cases
and feature types.

To getthe expected elevation differenage need to integrate over all possible
unobserved values. Csider the plots shown iRigure4.10. These plots showow the
value of the elevation difference features change when just one grid cell is observed.

this case, we can express the expected value of the elevationndiéféeatures as
BArY QoM OQd ¢ pEé WS é W E  pe(457)
Here,"Q is the crisp feature function for either the absolute elevation diffeféndbe
uphill elevation differencéQ, or the downhill elevation differenc&€. The function
parameter® is the unobserved elevation valaed & is the elevation valuérom the

observed cellThe probability of observingis given as) @, which can be ignoresince

we assume a uniform distribution over the intervéip andthereforef] &  p.
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Figure4.10 Plots of the elevation difference features when one cell is unobserved. The top row ass
thesecond cell is unobserved ( p andé 1) and the first cell has the value given in the plot title.
bottom row shows the opposite case, where the first cell is unobsérvediande p). These plots a
crosssections of the bivariate feature @ahown inFigure4.6.

As an example, consider the case where the first cell is observed with an elevation
of @ and the second cell is unobserved (top rowigtire4.10). The value of the absolute

elevation difference can leritten as a piecewise linear functiohay

a ¢ o ¢
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The expected value is then calculated as

B AAY A OQ® ® AaQo (4.59)
wa Lo Po e (4.5%)
C R
Pe Pa o ® (459%)
C C R
.. P
a q c 8 (4.59d)

The uphill and downhill elevation difference functions each contain only one of the linear

segment$rom the absolute elevation difference with the other set to zero.

m~ m &
Qo o o @ a (4.60)
m~ G ch o a
Qo T o G (4.61)

The expected values of these functions are the corresponding components of the overall

integral from Equatiod.59.

"AAAY O 40 gq & g (4.62)

A Al A OQw giy (4.63)

These functions are shown figure4.11 for all possible values where only one cell is

observed. Note that the expected elevation difference value is bounded by the range

~

T .
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Expected Elevation Difference Expected Elevation Difference

with First Cell Observed with Second Cell Observed
0.5 0.5 j}‘;"‘ﬁ
04l 0.4 —_ fmean
ffuu-an
03¢ 0.3 e
0.2} 0.2
0.1} \ 0.1 /
0 ~ 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
hy hs
(a) (b)

Figure4.11 Plots of the expected elevation difference features when only the first cell (a) or the se«
(b) is observed. Note that the uphill and downhill elevation difference features are switched indhsets

Finally, we consider the case where both grid cells are unobserved. The expected

elevation difference in this case is the double integral over both possible elevation values,
aAAD Qo e OQdE T E TS (4.64)

Here,"Q G is one of the crisp elevation difference feature functions for two elevation

valueswandw These are givelny Equationgl.11, 4.12, and4.13. Again, sinceve assume

a uniform distribution fowandwn @ 1 w  p. First, consider the absolute elevation

difference feature. To compute the double integral, the expression is divided into two parts,
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B AL W @O (4.653)

W QMW W WM (4.650)
N pP. o
ww Ew Qw Ew ww Qw (4.65¢)
Po 20 Po o 2oo (4.65d)
q q q
Po  Po Ro Py (4.650)
o ¢ G C
SO Bﬁ ¢ mé 18 (4.65f)
¢ ¢ o

As before, thexpected values of thghill and downhill elevation difference featuessch

contain only the corresponding component of the absolute elevdtieredce.

AAAG O ©Qw® G (—‘;ﬁ ¢ mé m (4.66)
GAAG 6 G %ﬁ ¢ weE o (4.67)
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Collectingall the above definitionsye have the following expressions for the expected

elevation difference.

L S adh £ pTé p
Q0 gﬁ € p &€ m
ALY g 4.68
(FQ Q gh £ T € p ( )
U'r . -
ip p h € T € 1!
|'ri AghQ Qh ¢ p ¢
Cr gﬂ 0 gﬁ € p & ™
"B,AAD g 4.69
Q [y %’Qh 3 m € p (4.69
l\’r Bﬁ E T Eé T
v ®
I,PI' AghiQ Qh ¢ p ¢
lzy SQF] € p- € Tt
ALY g 4.70
Q Ly E"Q 0 Eh £ T € p (4.70
l:l’ - g
< “h ¢ mWé ™
v ®

As before, the triangular fuzzy numbers for each of the elevation difference features are

defined using the min, mean, and max values computed above.

NQ 4 0BEQROAAYQRGAD (4.71)
w'Q 4 0BENQR AR AGAD (4.72)
Q0 4 0BEQRAAARRGAD (4.73)

Figure4.12 shows the computation of the fuzzy elevation difference features for

four different cases. In (a), both cells are obsdy so the features are all crisp values. In
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(b), only the first cells observed with a height value of 0.4. The minimum possible value
for all three features is 0. If the unobserved cell were to have a heighfeinuld have

its maximum value of 0.6, whereas if it were to have a height &, 0yould have its
maximum value of 0.4. The maximuai "Q is the greater of these two, 0.6. The mean
values of all three features are given by the above definitions, amdosee that because

the observed value is less than (B has the smallest expected value. The expected value

of "Qis greater than that & because the latter will be zero if the true height of the second
cell is anything less than 0.4. In (¢he first cell is unobserved and the second cell is
observed to be zero. Since the height of the first cell cannot be less than 0, there is no
possibility of an uphill slope, s@ is a crisp 0. The other two featuré,and”;, both

scale linearlywith the unobserved height value and have a maximum value of 1 and an
average value of 0.5. In (d), both cells are unobserved, so the feature definitions are given

by the expressions derived previously. The minimum value of all three features is 0 and

themaximum is 1. The expected value@fis- 1@ 0o, and the expected value of both

"Qand™Q is- T X.
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0.5 0.7 0.4 0

e.hy =05 e.hy =04 e.hy = NIL e.hy = NIL

e.h, =07 e.h, = NIL e.h, =0 e.h, = NIL

e.o, =1 e.o,=1 e.o, =0 e.o, =0

e.o, =1 e.o, =0 e.o, =1 e.o, =0
fue) =Tri(0.2,0.2,0.2) fu(e) = Tri(0,0.26,0.6) fule) = Tri(0,0.5,1) fu(e) =Tri(0,033,1)
fur(e) =Tri(0.2,0.2,0.2)  fur(e) = Tri(0,0.18,0.6) fur(e) = Tri(0,0,0) fur(e) = Tri(0,0.17,1)
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Figure4.12 Four examples demonstrating the computation of the fuzzytelawdifference features fol
single transition between two adjacent grid cells. The numbers inside the cells indicate the height v:
cells are unobserved. The plots compare the fuzzy elevation difference features for each example

4.5 Summary

This dhapterintroduced the mental map grid and the action graph used by the agent to
represent the observed environment in the CMM framework. The simulation server keeps
track of the agentods | ocation within the
using line-of-sight, considering obstructions from elevation and terrain. The agent
maintains a record of all the observations it receives and stores the information in grid
layers representing the attributes of the environmfmtadditional layer indicates wdh
cells have been observed and which cells still have unknown properties.

The action graph is defined over all grid cells that are potentially traversable and
indicates possible movement actions by the adgeath movement step is an edge in the
graph béwveen adjacent grid cells. Several features are defined for each edge representing
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distance, the terrain type of each cell, and the change in elevation. When both cells are
observed, the feature values are known with no uncertainty and are stored @aleesp

If one or both grid cells is unobserved, then there is some uncertainty in the feature values,
which are represented as triangular fuzzy numbers. While the action graph provides a low
level analysis of the cost of moving through the environmewgrntoften be helpful to
summarize this information, both to reduce the number of decision points in the planning
process antb more closely model the humanistic conceptspaitial reasoning. The next
chapter introduces the region graph, which proviths summary by grouping similar

nearby grid cells into regions and computing the feature costs between adjacent regions.
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5 THE REGION GRAPH

In this chapter, we introduce the concept of the region graph, which summarizes
the information in the mental map and allows the agent to develop plans at a higher level.
Whereas the action graph specifies the cost of individual actions, the regionpgeifies
the cost of multiple aggregated actions that cannot be performed immediately, but may be
used in future plans. The region graph must therefore deal witteetainty inherent in
extending the singistep feature definitions to mubitep featues defined over regions of

the environment.

5.1 The RegionGraph

Up to this point, we have considered only sirgfiep transitions between adjacent
grid cells. These shoddges comprise the action graghand represent the actual steps
that an agent cankawithin the environment. Each edn the action graph is attributed
with one or more feature values to give a feature véElr which in the general case is
comprised of triangular fuzzy numbers. While the action graph givéswdevel
representidon of the information in the mental map, the decisiormaker is often unable
to fully utilize all this knowledge. Planningpically occurs at a higher level of cognition
where the spatial informatioand feature values have besmmmarizedinto a more
succinct form. We introduce the region grajfh to provide this summary of the
information in the action graph. Note that the region graph will be less precise than the
more granular action grapbut will allow planning to take place at a higher levéhw

fewer decision points.
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Ourconcept of the region graph is to combine similar nearby grid cells into a single
region that is represented as one vertex in the gregjhacent regions are connected by
bidirectional edgesTlhis can drastically reduce thize of the graph and make it easier to
develop higHevel plans.To construct the region graph, wee the region partitioning
algorithm introduced in SectioB.3. Each terrain type and the unobserved areas are
partitioned separately to ensure that each resulting regeither completely unobserved
or contains only a single type of terrain. This is an important restriction that we employ to
facilitate thecomputation of fuzzy features in the region graphich will be described in
Sections5.2 and 5.3. Additionally, we define a local region around the agent and any
observed resources that will rme clusteredThis ensures that the grid cells immediately
surrounding the agent and any goal locations are given their own gdrtitkee region
graph. The region graph within the local region is identical to the action graph, which
means that the immediate decision actions available to the agent are actual movement steps
that the agent can take in the environment. Without thisagsh, an agent might develop
a plan to move into an adjacent region that is accessible from multiple directions, but not
specify to the simulation server which direction to mawe region graph is updated after
each movement action by the agemhichwill be discussed in Sectidn4.

Algorithm 5.1 provides a higHevel overview of the process for creating the initial
region graph. The function takes the current mental 'magas input and a set of options
specifiedby the variablept The first step is to get thedal region (lines 1 and 2), which
is given in Algorithm 5.2. Then, aclusteringmaskQ is created to define all areas outside

of the local region as regions that need to be clustered (libgsTBe region boundaries
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are definedn line6 usingAlgorithm 5.3. Line 7 creates the structure and features of the

region graph usinglgorithm 5.5. The updated mental map structure is returned on line 8.

Algorithm 5.1 Create the Initial Region Graph

INITIALIZE _REGION_GRAPH(' , opf)

/* Get the local region */
1: LRY GET_LocAL_ReGIoN(* , opi) /I Algorithm 5.2
22 ' 8T AAT] FARET T

/* Create the region boundaries */

nmY ' EUA

QY n3 magridinitalized to 1

QLR Y O

' 8 Y CLUSTER MENTAL_MAP_REGIONY! , LR, Q, opi) // Algorithm5.3

/* Construct the region graph */
7: ' 80 Y CREATE _REGION GRAPH(' ) // Algorithm5.5

8: return !

5.1.1 Defining the Local Region

The local region is first defined on lind of Algorithm 5.1 using the
GET_LocAL_ReGION function inAlgorithm 5.2. There are two methods we consider for
defining the local region, specified by the optigptIrMethod If optirMethod= A al | o,
then the entire traversable space is marked as part of the local region-diog&lgorithm
5.2). Thisis essentially a control parameter to allow for experimentation with no region
clustering. In the default case, the local region is first defined as all observed grid cells

within a distance obptlIrDist from the current agent position using tBrID_DISTANCE
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function fromAlgorithm 3.6 (lines 610). Next, any observed resources are included as

part of the local region (line 11). ®his done to ensure that cells that contain resources are

given their own vertices in the region graph. This also ensures that a region will not contain

more than one resourdeigure5.1. shows a example of defining the local region.

Algorithm 5.2 Get the Local Region

GET_LOCAL_REGION(* , op)

©Oo N R N R

-
e

11:

c(nmY ! DEUA
LRY n3 mgridinitalized to O
if optIrMethod= dAal | O

else

LR 8 1 91 /I Include all potentially traversable cells

(@, q)Y ! &/ O

WY ' 8b

W[ 8l YD

DY GRriD_DISTANCE(W, &, &, opt.IrDist) /I Algorithm 3.6
LR[O Oopt.IrDist] Y 1 /I Include observed cells near the agent

LR 8y mY 1 /I Include observed resourtecations

12: return LR
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() (b)

Figure5.1 An example of determining the local region. (a) The initial observation an agent receives
environment. (b) The local region lighlighted within a distance of 3 cells from the agent and in th
containing an observed resource. Note that unobserved cells and walls are excluded from the loce

5.1.2 Creating the Region Boundaries

After determining the local region, the netgsis to cluster the remaining artea
define the region boundarie¥his is done by theCLUSTER MENTAL_MAP_REGIONS
function in Algorithm 5.3. Lines 2-7 initialize theregion label matriXxX. by assigning a
unique label to each cell ithe local region Then, each type of terrain is clustered
separately (lines-&7). Line 9 identifies thgrid cellswithin the clustering mas® with
terrain typd, and if there are none, the loop proceeds to thetaggintype (lines 1611).
A wall matrix is definedor these cells (lines :23) and the corresponding elevation values
are extracted from the mental map (lines-15). These are passed to the
PARTITION _ReEGIONSfunctionfrom Algorithm 3.4 with a cluster separation radius defined

by opt.regionSiz¢o get a set of labels (line 16). These labels are added to the region
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label matrix using theJPDATE _REGION _MAP function given inAlgorithm 5.4. This
function ensures that the label indices frordo not conflict with those already L.

Once theterrain has been clustered, lines-28 of Algorithm 5.3 cluster the
unobserved areas. Théevation matrix is set to all zeraad theseparation radius for the
PARTITION_REGIONS function is set byopt.hiddenSizewhich we usually set to be larger
than opt.regionSizeto reduce the number of unobserved regioAfer the entire
environment has been clustered, the re¢abelsarereturnedon line 25.The final region

boundaries from the examplehigure5.1 are shown irFigure5.2 (a).
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Algorithm 5.3 Create the Initial Mental Map Regions

CLUSTER_MENTAL_MAP_REGIONY! , LR, Q, opi)
1. nnmY ' EUA

/* Assign labels to cells in the local region */
L Y n3 mgridinitalized to O
1Y {(i,]) LRI, ] = 1}
kY 1
for each {,j) I |
L[i,j]1Y k
kY k+1

Noa ~owebd

/* Cluster each terrain typseparately */
8. foreacht™ ! ®
9: LY {(,) [+ 8Yi,j]=taqQi,j] = 1}
10: if1=n
11: continue
12 WY n3 magridinitalized to 0
13 W[I]VY 1
14: EY ' &
15:  E[W=0]Y NIL
16: UY PARTITION_REGIONYW, E, opt.regionSizeoptwe, optj )
17: LY UPDATE_REGION _MAP(L, U)

[* Cluster the unobserved areas */
18: 1Y {(i,j)|' 8vIi,j]=NIL @Q[i,j] =1}
19: if [I] >0
20: WY n3 magridinitalized to 0
21:  W[I]Y 1
22: EY n3 magridinitalized to 0
23: UY PaRrRTITION_REGIONSW, E, opt.hiddenSizeoptwe, optj )
24: LY UPDATE REGION_MAP(L, U)

25: return L

Il Algorithm 3.4
/I Algorithm5.4

I/l Algorithm 3.4
/I Algorithm5.4
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Algorithm 5.4 Update Region Map

UPDATE_REGION_MAP(L, U)
kmaxY max()

2. for kin 1 to maxy)

3 LY {(, ) [ULL 1=K
4: L[11Y kmax+k

5. return L

(@) (b)

Figure5.2 (a) Region boundaries computed from the exampleigare5.1 using Algorithm 5.3. (b) The
region graph defined from the region labels. Each pair of adjacent regionsictamh by a bidirection
edge in the graph.

5.1.3 Constructing the Region Graph

The final step increating thenitial region graph is to define the structure and
features of the graph itseFfhe region grapfO is built from the current information stored
in the mental map . Each region with a unique label in the label mag is defined as

a vertex of the region graph, and adjacent regions are connected with bidirectional edges.
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Sections$.2and5.3describe the process for computing features for edges between regions.
Within the local regn, and anywhere that adjacent regions each contain only a single grid

cell, the region graph and its edge attributes are identical to the corresponding vertices and
edges of the action graph. Elsewhere, the region graph summarizes the information in the
action graplusing the structure presented in thistes and the features computed in the

next two sectionsFor consistency, we always use the region graph for planning agent
actions, even in special circumstances where the region graph is identigal dotion

graph, such as when the local region method is defined ogthdMethod= fal | 0, mak.
each region a single cell.

Algorithm 5.5 shows the procedure for creating the region grdpie function
takesthe mental map structure as inputand returns atructure representing the region
graph.We beginby creatingthe graph verticesn lines 26, which are stored in the list
The center point of each region fisund on line 2 using theGET_REGION_CENTERS
function fromAlgorithm 3.9. This is saved along with a the cells belonging to each region
on lines4-6. After defining the graph vertices, lin@20 define the graph edges. We start
with an empty adjacency matron line7 and an empty list of edge features on ke
Line 9initalizes the edge index, which is used to associate edge features with the adjacency
matrix. For each vertedines 11 and R construct a mask of the region assigned to this
vertex. This mask is dilat on line B to get the 4connected neighbors. Lind identifies
the region labels of the neighboring regions, and each one is added as an edge5n lines 1
20. The current edge index is incremented on I@arid saved in the adjacency matrix on
line 17. This allows for a quick lookup into the edge featureHistvhich will contain the
features computed by theéoMPUTE REGION FEATURES function, discussed further in
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Sections5.2 and5.3. Lines 18 and 19 create a regiomap R for each edge, with cells
belonging to the first region labeled 1, cells belonging to the second region labeled 2, and
all other cells labeled 0. Thisapis used to compute the region features for the adig
Algorithm 5.10 on line 2. After defining all the graph edges, the vertices, adjacency
matrix, and edge features are all saved and returned as the gegpd'O on lines 2125,
Figure5.2 (b) shows the region graph for the examplEigure5.1 with vertices drawn at

the region centers. Note that while the edge is only drawn between the center points of

adjacent regions, the edge exists conceptually between the two regions as.a whol
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Algorithm 5.5 Create Region Graph

CREATE_REGION_GRAPH(* )
1 (nmY ' DEUA

[* Add vertices for each region */
CY GET_ReGION_CENTERY' &) Il Algorithm 3.9
VY list of |C| uninitialized vertices
for kin1to |C|
V[K.regionY {(i,j)|' &[i,j]=k
V[K].centerY C[K]

/* Add edges for adjacent regions */
7. AY |C|3 |C| adjacency matrix initalized to O
8: EY empty list of edge features
9. iY O
10: for kin 1 to |C|
11:  UY n3 mgridinitalized to 0
12:  U[V[K.regiod Y 1
13: UY UA[010;111;010] // Dilate to get neighboring cells
14: NY {I]IN: &[U'=1]aIi1 0011 K
15: for nin 1to N|

16: iYi+1

17: AIKI[N] Y i

18: RY U

19: R[V[n].regior] Y 2

20: E[i] Y ComPUTE REGION FEATUREY' ,R) // Algorithm5.10

[* Save the graph structure */
21: "O Y empty graph structure
22:'08Y V
23: 08 Y A
24: 080V E

25: return O
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5.2 FuzzyRegionDistance

Each edgé&of the region grapfO connects two adjacent regions and is annotated
with the same features defined in the previous chapterYLbe the starting region and
'Y be the ending region. We define the fuzzy region featfrtde edgé) N OO as
triangular fuzzy numberghat represent the minimum, maximum, and average feature
values that the agent could expect to encounter when moving from any grid"“¢etioin
any grid cell inY . Consider the example Figure5.3 (a) that shows two adjacent regions
of different errain typesvith labeled elevation valueset "O be a subgraph of the action
graph’O that contains only the vertices belongingfoor 'Y . We define three adibnal
subgraphs ofO that will be used to compute the fuzzy region featu@ss the subgraph
of "O that contains only the vertices belonging to grid cell¥/inLikewise, O is the
subgraph ofO for Y . The boundary grapl@} ; gonsists of only the edges and vertices
belonging to the transition between the two regions. For every €dg® "Q; 4
341 XANY andw. $Q N Y . Note that the only edges froi@ that are not assigned to
‘0,0, or'Q; arethose that return frotY back to'Y . These three graphs are shown in
Figure5.3 (b). All edges except the boundary edges are bidirectional, indicating that only
one boundary edge can be used in a path froto 'Y . In this section, we define a measure
of the distance between tvealjacentegions. This will be used to define the distance and
terrainbased fuzzy region features. SecttB8will extend this approach to the elevation

feature.
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Figure5.3 (a) An example of two regions used to demonstrate the computation of fuzzy region featt
left region’Y is terrain type 1 (meadow) and the right regidnis terrain type 2 (forest). The number
each cell indicate the elevation. (b) There areé graphs for the two regiofi®. (blue) andO (orange) ar
bidirectional graphs that are each completely containd endY respectively’Q; fpurple) consists
only the edges that start'™ and end inY .

5.2.1 Computing the Distance Co$fatrix
A prerequisite for many of the fuzzy region features is a measure of the distance
between the two regions. Assume that each €g®© "O is assigned a crisp cost value
of 1, corresponding to the distance feature in Equatin(in the following sections, we
may consider a different cost for each edge.) An agent oould exist in any one of the
cells belonging to this region and need to know the mininatal tlistance cost required
to get to any one of the cells'™. We define all possible costs using the mairixvhere
6 represents the minimum cost required to move from'@elly to cell’® 'Y . In the
special case where all edge costs are 1, this is equivalent to the distance between the two
cells, restricted to only using cells from the two regions. This can be cast as a special case
of the altpairs shortest path problem where we are onkrasted in paths that originate
in’Y and end inY . One way to compute this is to run the Fldg@rshall algorithn{Floyd

1962; Warshall 1962pn "O and then extract the submatrix corresgiog to only the
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paths that start it¥ and end inY . The FloydWarshall algorithm has a computational
complexity of0 s , and results in significant overhead for this problem, since most of
the computed distances are disregarded. Our approach immovks by utilizing the

regular grid structure of the graph and an additional requirement that each path can only
contain one transition edge between the two regions. This ensures that the agent moves
directly from’Y to'Y without moving repeatedly bgeen the two regions.

To compute the cost matria efficiently, we consider each boundary edge
independently and analyze the costs of all paths using that boundary edge. This allows us
to only compute the singigource shortest path costs to and fromhdsmundary edge, as
opposed to the shortest paths between all pairs of 1cés. each boundary edge
™ '0O"Q7 4letd  be the minimum cost required to get from ¢@ll'Y to the start of

boundary edg& Likewise, letd be the minimum cosequired to get from the end of

boundary edgéo cell’@ 'Y . Also, leto* ! e the cost of boundary edi¥set to 1 for

the distance feature). The distance feature computes the cost of a path as the total sum of
the individual edge costs. Thisda example of summation aggregation. Alternatively, the

cost of a path for some features may be evaluated as the maximum cost of an edge in the
path, such as when planning a path that minimizes the maximum change in elevation for
each edgesge Sectiors.3). We define the minimum cost of a path from ¢aib cell’'Q

using boundary edg@as6 where

AT A 4 (5.1)

! This approach is differentdm computing the shortest paths to any cell on the region boundary using a
shortest path algorithm with multiple source cells. Such an approach would overlook the cost of traveling
along the region boundary, essentially allowing free travel from onefahd border to the other.
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when using the summation aggregation method (as with the distance feature) and

6 | A® AR (5.2)
when using the maximization aggregation method. The overall minimum cost to get from
cell “Qo cell Qs defined over all boundary edges as

6 | Ed 8 (5.3)

The cost matrix for the distance feature is somewhat of a special case, since all
edges are given a uniform cost of 1. This is truen if a region is unobserved. Since we
define the region boundariegith no uncertainty, the only factor that influences the
distance feature is the shape and arrangement of the two adjacent regions. We define the
distance cost matrix @ andtheindividual region cost matrices 8 and"Y . These
can be computed from the region mRusing theGET _REGION_DISTANCE function in
Algorithm 5.6. The input Ris a grid that spans the two regions, with cell¥imarked 1,
cellsin'Y marked 2, andll other cells marked 0. Liregesthe indices of the two regions
using Algorithm 5.7. Note that these are stored as ordered lists of tuples that define a
lexographic ordering of the grid cells. Line$2onstructheindividual regions map¥v
and W- that are 1 inside of their respedivegions and O elsewhere. Lifeget the
boundary edge&bnd between the two regionssing Algorithm 5.8. This function also
defines an ordérg of the boundary edges to maintegnsistencyetween the various cost
matricesEach edgén Epnais represented as adple (1, j1, i2, j2), where {1, j1) is a cell in
'Y and (2, j2) is an adjacent cell itY . Lines7-9 initialize the output matrices, whehé
storesthe distances from cells M to each boundary edg®, stores the distances from

each boundary edge to cellsYn, andd stores the distances between all pairs of cells in
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the two regionslLines 10-15 compute the distances to and from each boundary edge using
the GRID_DISTANCE function fromAlgorithm 3.6. The starting and ending cells of each
boundary edge aresed as the starting points for the distance computations using the region
map for each region. After computing the distances for the entdteogriines 2 and B,

the distance values within each region are saved tand"Y on lines 14 and 1%inally,

we compute the overall distance cost madrixfor each pair of cells in the two regions
using Equation8.1 and5.3 on linesl6and17. Note that thé™' Qalues are set to 1, since

the distance cost of each boundary edge is always 1. The cost matrices are returned on line

18.
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Algorithm 5.6 Get Fuzzy Distance Cost Matrices for Two Regions

GET_REGION_DISTANCE(R)

[* Get the indices of the two regions */
1. 11,12 Y GET_REGION_INDICESR) I/ Algorithm5.7

/* Create individual region maps */

22 nnm Y sRze of
3: Wi, W2 Y n3 mmatrices initalized to 0
4: Wi[l1] Y 1
50 Wo[l] ¥ 1
[* Get the boundary edges */
6: EbnaY GET_BOUNDARY_ EDGESN, m, Iy, I2) I/ Algorithm5.8

/* Initialize the output matrices */
70 Y Y |11|3 |Epng| matrix initalized toHb
8: Y Y |l2]3 |Epna| matrix initalized td
9: 6 Y [l1]3 |l2| matrix initalized toHb

[* Compute region distances */
10: for kin 1 to [Epnd|
11: (i1, jAl’ i2,j2) Y EbndK]
12:  D1Y GRID_DISTANCE(WA, i1, j1, HD) I Algorithm 3.6
13: D2 Y GRID_DISTANCE(W, iz, j2, H) Il Algorithm 3.6
14: Y [:,KY Di[l4]
15: Y [:,KY Dol7]

/* Find the boundary edge that gives the minimum cost */
16: for each(i,j) I in{(@i,j)|1 1O 11|91 O Iz}
17: 6 [i,j1Y min{"Y [i,K+1+"Y [j,K}

18: return 6 ,°Y 7Y
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Algorithm 5.7 Get Region Indices

GET_REGION_INDICES(R)

1: (n,m)Y size ofR

2: 11,12 Y empty lists

3: N, N2 Yo

4: forjinltom

5: foriin1ton

6: if R[i,j] =1

7: N1Y Ni+1
8: I[N Y (i, ])
9: else ifR[i, j] =2
10: N2Y Nz+1
11: I2[N2] Y (i, )

12: return Iy, 2

Algorithm 5.8 Get Boundary Edges

GET_BOUNDARY_EDGEYn, m, Iy, I2)

1. EonaY empty list

2. KY O

3: forjinltom

4: foriin1ton

5: if (i,)1 1

6: if (i,ji1)l 12

7: KY K+1

8: EondK] = (i, j,1,jT1)
9: if (i, j+0)1 12

10: KY K+1

11: EondK] = (i, ], 1, j+1)
12: if (12,1 12

13: KY K+1

14: EondK] = (i71,],1,))
15: if (+1,))1 12

16: KY K+1

17: EondK] = (i+1,], 1, )

18: return Ebng
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Figure5.4 shows thecompositedistance grids computed for the example problem
in Figure5.3. These are the vads returned by th&riD_DISTANCE function on lines 2
and B of Algorithm 5.6. The individual region and oxal distance cost matrices for this
example are shown fRigure5.5. The grid cells are indexed by consecutive columns from
left to right, and from top to bottom wilh each column. Note that the values of each

column of"Y and”Y matchthe values of the corresponding distance grid region in

Figure5.4.

3 4

2

10
k=2

Figure5.4 Composite distance grids for each of the three boundary edges for the exalrigleab.3. The
numbers indicate the number of steps required to get to or from the boundary edge. Tlkdsndsd t
reference each of the three boundary edges.

4 4 4 g%g 5 56 56 76 7 9 8 7 9
5 3 3 11 3 4 6 545 6 56 8 7 6 8
6 4 4 2 0 2 57 65 6 76 7 9 8 7 9
2 4 4 31 1 5 3 456 56 7 76 77
3 3 3 S 9 4 4 4 5 45 656 8 7 6 8
Uit =4 2 2 Ud2=313 C*=|3 5 4 3 45 45 7 6 5 7
1 3 3 4 2 2 4 2 3 45 456 65 6 6
2 2 2 44 6 33 43 45 45765 7
31 1 3 3 & 2 4 3 2 3 4 3 4 65 4 6
0 4 4 4 2 4 5 1 2 3 4 3 455 4 5 5
4 0 o L 4 6l 1 3 21 2 3 2 3 5 4 3 5

Figure5.5 Individual region and overall distance cost matrices for the exampligime 5.4, given as th
output ofAlgorithm 5.6.
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5.2.2 Region Distance Feature

As mentioned previously, the fuzzy region features are defined to represent the
minimum, mean, and maximum feature values ti@atigent could encounter when moving
between regions. L& N ‘O "O be the region graph edge frohto Y for which we
need to compute a fuzzy feature value, andetbe the subgraph of the action grapgh
that is completely withinY and'Y . We define0 as the cost matrix computed by
Algorithm 5.6 using tle distance feature for all edges, iI@Q "Q pl Qv OO

The min, mean, and max region distance features are defined as

BEQ & [ ETS R
et gkl (5.
Bl s
B ARG Of AAT —SY;Y 6 AT A 55
S Bh s (5.5
Bl s
0 A% O 4 i A @6
Gao TR0 ® (56)
B s
The resulting fuzzy region distancefare is
N Q 40BEQ hoAr hdA% 8 (5.7)

To get the fuzzy region distance feature for the example probl€igune5.3, we
compute the overall and inddual distance cost matrices usiddgorithm 5.6. The
distance grids for each boundary edge showtigare5.4 are used to defathe individual
region cost matrice®Y and”Y , shown inFigure5.5. The overall cost matri® is
computed using EquatioBsl and5.3. Using this as the input for the above equations gives

a fuzzy region distancedéure value ofQ Q 4 Odfugt dw .
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5.2.3 Region Terrain Type Features

The terrain type featurameasuréhe amount oflistance traveled in each type of
terrain. For the fully observed singdtep features defined in Sectidr8.2 this is a value
between 0 and 1 that depends amtythe two terrain types ando . In Section4.4.2 we
considethe fuzzy caserhere we include the observability of each €elindé and define
the featue as a triangular fuzzy number that represents the minimum, maximum, and
expected crisp feature values based on the prior likelihoods of each terraiRdypiee
region terrain type features, we extend this definition to accourthéogreater distance
within each regionEquationss.4-5.6 definethe min, mean, and max values of the overall
distance cost matri@ . As a shorthand, we notate thes®ag ;0 a 4i@ndo; 4 g~or the
individual region cost matricey andY , we first determine the minimum distance

from each grid cell to one oféhboundary edges. We define these matases andw

where
() I rﬁl Y h (5.8)
() I rﬁl Y h (5.9)

and U is the number of boundary edgd$ie min, mean, and max values of these two
matrices are given as g, A 419 Ag@NdW giW A 410 A grespectively. They represent

the expected distances that an agent would need to travel to reach the nearest boundary
edgefrom each cell within a regioand assumes that the nearest boundary edge is the best
option when moving to the adjacent regidie make this assumption to avoid computing

an explicit probability distribution of which boundary edge is used for each pair of cells in

'Y and’Y . Such a distribution likely depends on other factors (such as elevation, which is

160



evaluated separately), anthy be infeasible to compute accurately. The nearest boundary
assumption is a simple and straightforward heuristic that works in most cases and provides
a reasonable approximation of the required distaidete that the minimum valueg ¢ ;
andw g will always equal zero, since at least one of the cells in each region is already part
of a boundary edge.

Becauseave have defined each region to be only a single terrain type or completely
unobserved, we can use the same approach as Séetirireating each region as one of
the two adjacent cells, but multiplying by some measure of the size of each region. Let
ando’ be the true terrain types of thedwegions and letY be the event thaf  “Clor

‘O pht . The probabilitthat eventY occurs is defined as

ph ¢ p 0 Q
n-y m € p o0 Q (5.10)
noh ¢ m h

wherer) Qs the prior likelihood of observing terrain tyff@ The four possiblestate

configurations that need to be consideredgiven asY i h H H , where
n i n"Y n"Y h (5.12)
ni nY p A°Y h (5.12)
n i P NY /7Y AT A (5.13)
n i P N°Y p QY 8 (5.19)

States that have a probability greater than zero have some chance of occurring and are

added ¢ the set of possible states,

Bbi o 1NV 8 (5.15
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For each of the possible states, we consider the minimum, average, and maximum

of the terrain type feature values. Thaimum value for each state is defined as

o mh i
O B mh i 0T (5.16)
ph i i 8
This is equivalent to the singtep feature, since the minimum value oscwhen the
agent only needs to take one step across the boundary edge. The maximum value for each

state is defined as

. m i
v, ~ ’
b Ag WAg 7'[8’[‘ [
l‘}d{)Ag T[EB)h i
L [

i

i

: (5.17)
t 6 Ab i

8

This uses the maximum valué&®m each of the region cost matrices 4 gvhen only
region 1 is of terrain typ@w 4 gvhen only region 2 is of terrain tyf@andod; s gvhen

both regionsre of terrain typ&When only one region is the appropriate terrain tQge,

is added to the feature value to include half of the cost of traveling the boundary edge.
Since we may not know the true state if one or both regions are unobserved, #r@min
max overall terrain type feature values are given as the minimum and maximum of the

costs for all possible states.

neh E T i Eh ET
A EQ |N DE'I' Io i (5.18)
wch A C A e A
O A% |N é{%ﬂ 9 (5.19)

To get tle average feature value, we sum up the mean distance costs multiplied by

the expected likelihood of each state
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goXal¥e! Ni @aar™® Ni @arar™® i 6 a8 (520
Note that we do not need to consiflesince the feature value in this case would be zero.
The resulting fuzzy region terraiype feature is
N Q 40BEQ  hoArh Rdf% 8 (52)
For the example iRigure5.3, the two terrain type features are computed as follows.
Since both regions are observed, the true state is known with no uncertainty. For terrain
type 1 (meadow), the stateiisand for terain type 2 (forest) the stateiis. For both of
these state&) E' 1. With only one possible stat€) ' T®. FromFigure5.5

we can see thah s T and® 54 T. For bothi andi , "0 A2 18 andtherefore

"0 A 1®. The average values of the individual region cost matrices are computed
asW aAAi; Cand® z a7 P X Since there is no uncertaint’@ AAlg ¢® and

0 AL ¢® X The overall fuzzy region terrain type features are then defined as
M Q 4 O ® and’Q Q 4 OB K .

Consider now if both regions were unobserved. All four states would $sebj®
and their likelihoods would be determined by the terrain type pAssume thaf) 0
X wandn o & vFor terrain type 1, the state probabilities are computed as:
T ni UL T @
T ni TXUPp TUL TP W
T ni P TXUTE LV T W

T ni P T UP TEU TBIQ
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For terrain type 2, the state probabilities are computed as:

T ni TR VTR LV TBTQ

T ni TUPp TUL T W
T ni P TRUVTE UV TP w
T ni P TRUP TR U TW @

The minimum feature vali@ E'Q would be 0, sinceé has a nonzero probability for
both terrain types. The maximum feature vahé %0 would bedj 4 g « sincei

is possible for both terrain types. For the average vakeewould usew 4 47 ¢ and
W AAT PP xas calculated before, angd 4 47 L8t oUsing Equatiors.20, for terrain type
1 we compute
0 AAG ™ OC T TP wpHX W T® Qudlo of B
and for terrain type 2 we compute
0 AAG T WC T TP wpHX W TBIEUEIO PP @
Using Equation5.21, the overall fuzzy region terrain type features are defined as
M Q 4 Ofog fv and Q Q 4 Orifp® tw. Comparing these
features to the observed case, wetkatbeing unable to observe the regions increases the

overall uncertainty.

5.2.4 Region Terrain Transition Features
In the same way that the previous section extended the sitegieterrain type
features to compute regideatures, the fuzzy region directional terrain transition features

Qro'Q and symmetric terrain transition featur€sy Q are computed as an
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extension of the definitions presented in SectthBs3and4.4.3 Recall from Sectiod.3.3
that the directional and symmetric terrain transition features always take binary values in
the observable cas@iven two terrain type§and Qthe feature is 1 if the edge represents
a transition froniQo "Cand 0 otherwise(The transition fromiCto ‘(s also allowed in the
symmetric feature version\When one or both cells (now regions) are unobserved, the
fuzzy feature is defineoh Sectiond.4.3using the possibility and probability that the true
state isthe specified type. Consider first the fuzzy region directional terrain transition
features’Qr5'Q and symmetric terrain transition featufes; Q whenQ Q
Since we have defined the terrain within each region to be uniform aedHerestricted
the agent to only cross the region boundary once, the only edge on a patti fioi
that could have a different starting and ending terrain type is the boundary edge. Therefore,
if 'Q Qthe QroQ and Qp Q feature definitions are identical to those
presented in Sectiof.4.3for the singlestep caseThe maximum value of the feature in
this case is 1, regardless bétregion sizes.

We start by defining the true terrain types of the two regios asdd’. Let”Y be

the event tha®® “Cand”Y the event thab® Cfor ‘O ph . The directional terrain
transition feature is nonzero only when the emvinent state is"Y AY , which occurs
with probabilityy “Y 1 Y . These values can be obtained from the observed terrain

types and terrain priors using Equati®d0. The symmetric terrain transition feature is

nonzero for environment state8Y iY and "Y HY , which occur with probability

MY NRY QY QY if'Q Gndl Y 7Y if ‘Q "QFor the case whef@ Q
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the fuzzy region directional terrain transition features are defined using the following

eqguations based on those in Sectgh3

i h /A°Yn'y o
el pho Y P 5.22
Qo m T OEAOxEOA (522
Ao m /°YRAQY @
20 oyt n 5.23
Qi ph T OEAOXxEOA (23
aid ayacy (5.24)

For the symmetric terrain transition feature wf@n’Qthe equations are as follows.

P ET h A°Yn’yY ~RAYAQTY
b Elg ph AYAY A"y Q P 52
h m T OEAOxEOA (5.25
A mh YNy YA'YY T
& A%o h Y Ay Aty n 5,26
h ph 1T OEAOXxEOA (526)
goYalale) AY AY A°Y QY (5.27)

When'Q "Qboth the directional and symmetric terrain transition featbetsve
like the terrain type feature, essentially measuring the number of steps taken within the
specified terrain type. The only real difference between the two is the handling of the region
boundary transition. In the previous section, we added Qietoost values for states that
only had one region of the specified terrain type to represent half the cost of crossing the
region boundaryThis meant that the boundary edge could have aotd@s6 instead of a
binary value like the terrain transition features. Therefore, we redéinequations from

the previous section for the terrain transition features ieriQ Equations5.10-5.15
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remain the same, noting that"Y N Y since’Q "QThe minimum feature value for

each state is defined as

mh [ TR T SR (|
¢ Bl of i i (5.28)
and the maximum feature values are defined as
~1h i
g Al 1
~A A A
A A9 o s 0 (5.29)
U’é,’A@ i 1 8

From this it follows that the minimum and maximum of the feature values are the minimum

and maximum values of all possible states for both the directional and symmetric feature

versions.
QFsQ QF'0 [ ETQ = (5.30)
foYatie) ol [ Am~q (5.31)
bl O

Themean value for both types is definedrbyltiplying the likelihood of each state by the

mean distance costs and computing the sum.
feYatepe geRate Ni @aarNi waar Ni 6 a8 (532
The resulting fuzzy region directional terrain transition feature is given as
Qo Q 408l hAdis Agifa A (533
and the fuzzy region symmetric terrain transition feature is given as

Np Q 40®E'Q hdRAe Rdi% 8 (539
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For the example iRigure5.3, the fuzzy region directional terrain transition features

aredefined as

T QroQ 4 Orcht h

T QroQ 4 Ogptp h

T QroQ 4 Orirt h

T QroQ 4 OriEp® ¥r h
and the symmetric terrain transition features are defined as

T Qf Q 4 Otichr h

T Qf Q 4 Odfphp h

T Qs Q 4 Oripd fu 8
Note that wherQQ "Qbothfeatureversions are 0.5 less than tta@responding terrain type
feature in the previous section. WHen Qthe feature is a crisp binary value indicating if
the terrain transition is of the appraie type.

If we consider the situation where both regions are unobserved as in the previous
section withthe same terrain priors} O T vandn o ] ythe fuzzy region
terrain transition features are defined as

T QroQ Qr Q 4 Orito® &w h

T QreQ My Q 4 Orifp8t tw h

1 QreQ QroQ 4 Orifrp 6p h

T Q

Q
N
O;
ga
:§<
(00}
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Note thathe features wher@ “Chave slightly lower mean values than the corresponding
terrain type features in the previous section. This comes from the possibility that only one
region is of the specified type and the 0.5 cost of the boundary edge is not incurred. The

symmetricQ , Q feature also has a mean value that is the sum of the two directional

variants, indicating that both terrain configurations would contribute to the feature value.

5.3 General Fuzzy Region Features

In the previous section, we defined the grdphfor every pair of adjacent regions
'Y and’Y in the region grapfO. By assigning a uniform cost of 1 to each edgéOof
we computed the distance cost matrides’Y , and’Y , and used these tompute the
distance and terraibased fuzzy regn features between th&o regions.For the elevation
feature, we can no longer assume treatheedge has a uniform weigtince the cost is
defined as the difference in elevation between adjacent grid cells. Because of this, we
introducea more genericlgorithmin this sectiorfor computing the cost matrices that can

handle noruniform edge weights.

5.3.1 General Framework for Computing Region Features

The three subgraphs'@ are™O, "0, and'Q ; ,avhere’O contains only the vertices
from"Y , "O contans only the vertices frony , and"Q j gontains the boundary edgés.
practice, we represent the three subgraPh30, or"Q; as edge sets, where each efige
is a 4tuple (i, j1, i2, j2). The pair {1, j1) indicates thestartingcell, 3 4 1 2, and(iz, j2) is

theendingcell, %. Q. The edges fothe 'O and"O subgraphk are separated by direction
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into four setsup, down left, andright. This makes it straightforward to define the edge

sets and allows the shortest palfporithm to be ofpmized for grid world domains.

Algorithm 5.9 Create Region Edge Sets

CREATE_REGION_EDGE_SETYHR)

1: nnm Y sRze of

2: 11,12 Y GET_REGION_INDICESR) Il Algorithm5.7
3: Ei, E2 Y empty structures

4. forrin{l, 2}

5: Erup Y {(injnizj2) | (i)l It Bz j2) 1 | Biz=i1- 1}

60 Endown¥ {(i,jsizj2) | Gnj) | Ir Bz j2) | It Biz=i1+ 1}

7 Erleft Y {(ivjni2j2) | (1, j) 1 It D(zj) 1 1y Bj2=j1- 1}

8 E;.right Y {(i1,J1,12,]2) | (1, ]2) P iz, j2) i1 DBij>=]1+ 1}

9: EpnaY GET_BOUNDARY_EDGESN, m, Iy, I2) // Algorithm5.8
10: return Ei, Ez, Ebng

Algorithm 5.9 gives the procedure for creating the edge Bet&2, and Epng for
each of the three subgraphs using the funct@REATE REGION EDGE SETS. The
algorithm takes a region mapas input, where cells are labeled 1%6¢ 2 for'Y , and 0
elsewhereThe indices for each region are found on line 2 ugitgprithm 5.7, which
provides an ordering that is consistant with the distance cost matrices computed in the
previous section. Lines-8 create the directional edge sEisand E; by identifying the
adjacent grid cells in each direction. Note that these sets do mbtmiee ordered.ine 9
gets theboundary edgessingAlgorithm 5.8, which also maintains the same orderasy
the prevous section Thesethree edge setare returned on linel0 and areused in
conjunction with the attributes of the mental map to compute the fuzzy features between

the two regions.
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The general algorithm for computing all the region features for a given edge of the
region graph is given iAlgorithm 5.10. The COMPUTE_REGION_FEATURES function is
called on line 20 of th€REATE_REGION_GRAPH function from Algorithm 5.5 and takes
the current mental map structure and the region maR as inputs. The first half of the
function canputes the distance and terrhiased features from the previous section. Lines
1-5 get the terrain types and observability of each regial line 6 initializes an empty
structure to hold the featurdsne 7 gets the region distance matrices ugkhgprithm 5.6,
which will be used to compute many of the featukése 8 computes the distance feature
using the formulas from Sectidn2.2 Lines9-14 loop over each terrain type in the set of
all terrain types! & . The terrain type feature from Sectibr2.3is computed on lin&0
using the distance matrices computed previously bHTe REGION_DISTANCE function.

Lines 11-14 loop again over each terrain type to compute the terrain transition features
from Sectiorb.2.4 The directional terrain transition features are computed on Zinentl
if ‘Q "Qthen the symmetrical features are also computed onding i possible to skip

any of these feature comations if they are not required by the problem.
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Algorithm 5.10 Compute Region Features

CoMPUTE_REGION _FEATUREY! ,R)

@k ebdhR

10:
11:
12:
13:
14:

15:

16:
17:
18:

19:
20:
21:
22:
23:
24:

25:

c(hmY ' 8 QaQ
oY {* 8Yij] |ioa@1d [dmaR,j =1
oY [ 8Yi,j] |ioag1d [®maR],jl=2
&Y [ o&di,j] |ioag1d j®OmaRI,jl=1
¢ Y[ oafi,j] |ioag1d j[@maR,j] =2
"OY empty structure

[* Compute distance cost matrices */
6, ,"Y Y GET_ReEGION DISTANCE(R) /I Algorithm5.6

[* Compute distance and terraipased features (Sectiob2.25.2.4 */
"BQY DISTANCE_FEATURE(O )
fordnlto| B |
"@BQ Y TERRAIN_TYPE FEATURE(QS ,7Y ,7Y ,0,0,¢ ,¢)
for'Gnlto] & |
"@BQ oY DIR_TERRAIN_FEATURE(QQS ,°Y ,Y ,0,0,¢ ,¢)
if ' Q Q
"BQ Y SyM_TERRAIN_FEATURE(QQS ,7Y ,7Y ,0,0,¢ ,¢)

[* Get edge sets */
E1, E2, EondY CREATE_REGION EDGE_SETYR) Il Algorithm5.9

[* Compute elevation edge costddorithm5.11) */

E1_abs E2_abs Ebnd_absY GET_ELEVATION _EDGE_CoSTY! &0, E1, Ez, Epng, abi)
E1 yE2 ,FbndYyGET_ELEVATION _EDGE CosTY' 80, E1, E2, Eong, UpD)

E1 7E2 ,FbnaY2GET_ELEVATION _EDGE_CoSTY' 80, E1, E2, Eong, dofivrd)

[* Compute elevation feature8lforithm5.12) */

"BQi 4y ELEV_FEATURER,"Y ,"Y € ,€ ,Ei abs E2_abs Eond abs abf ,mad |
"B 4y ELEV_FEATURE(R,TY Y € € \Ei zE2 ,Fbnd,_yph ,mad )
"BQ | 4y ELEV_FEATURER,TY Y € ,€ |E1_yE2 ,Fbnd,_doivrd ,mad )
"BQoo Y ELEV_FEATURER, 'Y ,"Y € ,€ ,Ei abs E2_abs Eond abs abB ,sund )
"B oY ELEV_FEATURE(RR,TY 7Y € ,€ ,E1i_zE2 ,Fona, Hpd ,suni )
"BQ oY ELEV_FEATURE(RRTY Y € ,€ ,E1 yE2 ,Ebna, doivrd ,sund )

return 'O
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The second half d&lgorithm 5.10 computes the elevation features between the two
specified regions. This process begins on lisewhere the edge sdis, E2, andEpnq are
constructed using th€REATE_REGION _EDGE_SeTs function fromAlgorithm 5.9. These
sets provide the starting and ending grid cells for the edges in each redjibe &oundary
set. On lines 149, we append these edges with the elevation featiefased in Chapter
4. This is accomplished by ti&&T ELEVATION EDGE_CosTsfunction inAlgorithm 5.11,
which is called three times. Each function call computes a different feature: the absolute
value of the elevation difference, the uphill difference, odih&nhill difference.

The inputs toAlgorithm 5.11 are the heightmapl from the mental map, the edge
setsEs, E2, andEnng, and aypeflag indicating whichelevationfeature to compute. Lines
1-14 compute the crisp elevation features for the two region edge sets. Since each region
is either completely observed or unobserved, the feature values of each eégbeavibhe
known exactly or be unknown with maximum uncertainty. If the region is unobserved, the
feature value of each edge is set to NIL (lindg.3Ve will discuss how unobserved regions
are handled in more detail in the next sectioneach directionthe edgd(is, j1, i2, j2) is
used to compute the appropriate feature valusing Equationg.11-4.13 (lines #12).

These features are appended to thgesdreating a-fuple(is, j1, i2, j2, ¢), which is saved
back to the edge set (lines-18). Note that it is not necessary to maintain the edge order

within each of the region edge sets.
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Algorithm 5.11 Get Elevation Edge Costs

GET_ELEVATION_EDGE_COSTqH, E1, E>, Ebng, type

I* Get costs for each region */
1: foriin{1, 2}
for dir in {up, down left, right}
FY n
for each(iy, j1, i2,j2) | Er.{dir}
if H[i1, ji] = NIL UH[i2, j2] = NIL
cY NIL
else iftype= alfsd
cY |H[i1, ja i H[iz, j2] | /l Equation4.11
else iftype= upd
cY max(0,H[iz, j2] T H[ix, j1]) Il Equation4.12
else iftype= ddéwro
cY max(0,H[i1, j1] T H[iz, j2]) Il Equation4.13
FY F° (i1, 1 i2 j2 ©)
E.{dir} Y F

L e =
A wdNMRO

/* Get boundary edge costs */

15: for kin 1 to [Epnd|

16: (i1, 11, i2, ]2) Y Ebnd K]

17: QY Hliy, j1]

18: QY Hliz j2]

19: € Y [H[ivja], NIL]

20: & Y [H[iz j2], NIL]

21: if type= ali®d

22: cY "Q QRQr R Il Equation4.71
23: else iftype= upid

24: cY " QHQFE R /I Equation4.72
25: else iftype= ddwrp

26: cY "Q QHQRE R /I Equation4.73

27: EondK] Y (i1, j1, i2, j2, )

28: return Ei, E2, Epnd
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The elevationfeatures for the boundary edges are computed on lin&y b5
Algorithm 5.11. The order of these edges is maintained, and for each edge, we determine
the starting and enaly heights and observability (lines-26). These values are used to
compute theppropriatduzzy elevation features using Equati@nsl-4.73 (lines 2126).

Note that unlike the edge sets for each region, it is possible for only orne b&lebserved.
Therefore, we save the complete fuzzy feature for each boundary edge, represented as a
triangular fuzzy number. In practice, we only save the min, mean, and max points used to
define the membership function. Once all the edge features bemre computed, the
updated edge sets are returned on line 28.

Each call to theGET_ELEVATION EDGE CosTs function on lines &-18 of
Algorithm 5.10 returns three edge sets with either the absolute, uphill, or downhill
elevation diference features appended to each edge. These are saved asBEhansets
E> abs andEbnd_ansfor the absolute elevation differends, yE> ,sandEy n ¢fog the uphill
elevation difference, anfl; zE> ,/andEy n 4 fof the downhill elevation differenc&he
actual elevation features are computedines 1924 using different subsets of these edge
sets, which will be discussed in tledlowing sectiors. Note that for the uphill and downhill
elevation features, the edge set for region 1 is opposite that of the boundary edges and
region 2. This is dne because costs are aggregated in the direction moving away from the
boundary edge. For region 1, this is opposite of the direction of agent movement, so the
edge set is replaced with that of titber elevation difference feature. This works because
the uphill cost in one direction is equal to the downhill cost in the opposite direétson

with the distance and terrain type features, any features not required by the problem can be
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skipped. The final set of features for this edge of the region graptureedon line 25to
the CREATE_REGION_GRAPH function inAlgorithm 5.5.

Figure5.6 shows the elevation edge costs computed for the examipiguire5.3.
The three images show the absolute, lipand downhill elevation difference features.
These are saved in the corresponding edge sets and separated by edge diotettbat

the uphill costsn eachdirection are equal to the downhill costs in the opposite direction.

Figure5.6 Elevation edge costs computed for the examplkégare5.3. The elevation of each cell is shc
in gray and the edge costs are displayed next to each edge. (a) Absolute elevation difference.
elevation difference. (c) Downhill elevation difference.
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5.3.2 Region Elevation Features
As mentioned previously, computing the region elevation features requires a
generalization of the distance cost algorithm presented in the last section to account for
nortuniform edge weightsAlgorithm 5.12 shows the approach we use to compute the
elevation features, which is very much likee GET_REGION_DISTANCE function in
Algorithm 5.6. The function takes the following input arguments:
1 an&¢ & grid mapR, where cells ity aremarked 1, cells itY are marked 2, and
all other cells are 0,
f region distance matric€¥ and"Y , obtained as the outputsAlgorithm 5.6 on
the grid magR,
1 the observability of the two regiods ande¢ ,
1 weighted edge sets;, E;, andEnng, Obtained as the outputsAligorithm 5.11,
1 atypepar amet er ab®tupidio deviotfiteor imdi cate whic
feature tocompute, and
1 an agg parameter sett@ i t sle® dmaxo At o i ndicate if S
maximization aggregation should be used.
The algorithm starts by obtaining the indices of the two regions édgagithm 5.7 (line
2) and initializing the cost matrices (lines58 Y and “Y will hold the expected
aggregated elevation feature costs from each celY irand 'Y respectivelyto eah
boundary edg€¥Y* ' 4ill hold the three triangular fuzzy number parameters (min, mean,

and max) for each boundary edge.
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Algorithm 5.12 Elevation Feature

ELev_FEATURE(R,TY 7Y ,¢ , ¢ | Ei, Ez, Eong typg agg

1:

(hnm Y sRze of

/* Get the indices of the two regions */
l1, 12 Y GET_REGION_INDICES(R) /I Algorithm5.7

/* Initialize the cost matrices */
Y Y |11]3 |Ebna| matrix initalized toHb
Y Y [12]3 |Epna| matrix initalized tctb

5. YT & |Epna|3 3 matrix initalized tab

16:
17:
18:
19:
20:

21:

22:

[* Compute region costs */
fori in{1, 2}
ife =1
for kin 1 to [Epnd|
(i1, 1,02, j2, ©) Y EbndK]
DY n3 mmatrix initalized toHb
Dlir,jr] Y 0
DY BELLMAN_ForD GRID_DisT(D, Er, agg /l Algorithm5.13
Y[:,KY D[I]
else
"Y Y UNOBSERVED ELEVATION _CosT(Y , type agg /I Algorithm5.14

[* Get boundary edge costs */
for kin 1 to |[Epnd|
(is, ju, iz, jo, 4 OReRQA AiR4Q Y EondK]
YK Y Qe
Yk 21Y Qaat
YK 3V Rag

/* Compute the featur@Algorithm5.15) */
FY ComsiNE_ELEVATION CosTH"Y,”Y,™Y!' AY 7Y ¢ ,¢ ,type agg

return F
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The first part ofAlgorithm 5.12 computes the region costs to fill in thé and™Y
matricesFor each region that is observed, we cysler@ach boundary edge and compute
the costs from that edge to each grid cell in the redioiwbserved regions are treated as
a specihicase and are discussed in the next sectMdinereasAlgorithm 5.6 used the
GRID_DisTANCE function fromAlgorithm 3.6 for each boundary edge in both regions, we
rely here on a variation of the Bellm&ord algorithmpresented ilgorithm 5.13, which
allows for nonuniform edge weightsLines 911 prepare a distance grld for the
algorithm, where all values i are set to infinity except for the source grid cell, ebhis
set tozero at one of the boundary edge cells

The BellmanFord algorithm(Bellman 1958; Ford Jr. 1956perates by iteratively
relaxing an upper bound on the cost &levertex from some source. Each vertex starts
with an initial value of infinity except for the source, which starts with zero. The entire set
of edgesO is evaluated for a maximum @S p iterations, and each time an edge is
found that results in a snhat cost to reach a vertex, the upper bound is relaxed. The
algorithm can terminate early if no edges are relaxed in an iteration. Thecasestuntime
performance is given das I00s, but the bestase performance is only S0s. Our
implementation of the BellmaRord algorithm is specifically designed to operate on grid
graphs, where the edges can be divided into fourggtdown left, andright. This allows
the cost updates to occur simultaneously for each set. This is pogsialesb within each
set, each vertex has at most one incoming edge that could change its current value. In
practice, this results in a wave propagation of settled costs radiating outward from the
source, similar to the breadtinst search approach of theeé algorithm(Lee 1961)and

our previousGRID_DISTANCE function.
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Algorithm 5.13 BellmanFord Grid Distance

BELLMAN_FORD_GrID_DIST(D, E, agg
/* D is a grid initialized tdbwith source cells set to 0 */

1: (n,m)Y size ofD
2: DogY D
3: while True

[* Loop over the edges in each direction */

4 for dir in {up, down left, right}

5: for each(is, j1, iz, j2, ¢) I E.{dir}

6: sY Dli1 ji] Il Get value of D at edge starting point
7: tY Dliz, j2] /I Get value of D at edge ending point
8 if agg= fisuno

9: uY s+c

10: else ifagg= fimaxo

11: uY maxg, )

12: Dli2, j2] Y min(u, t)

/* Check if finished */
13: if D= Dold

14: break
15: else

16: DogY D
17: return D

The BELLMAN _FORD_GRID_DisT function presented iAlgorithm 5.13 takes the
following inputs:
9 a distance grid, where all cells have been initialized to infinity except for the
source cell, which is set to zero,
1 a set of edgeR, that has been subdivided into four safs,down left, andright,

based on edge direction, and
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1 an option parametexgg that indicates if summation or maximization aggregation

is to be used.

The distance gri® represents an upper bound on the minimum cost required to reach
each cell from the source. As the algorithm proceeds, the vali2sia replaced with
better estnates. The main loop @&lgorithm 5.13 begins on line 3 and continues uriil
does not change, which is checked on lined@3For each main loop iteration, each of
the fourdirectionaledge sets is evaluated in sequence (lingéR)4Lines 512 loop over
each edge in the edge set. For each edge, we get the gafvastinD of the startingell
(i1, jo) and ending celliz, j2), saved as the variableandt (lines 6 and 7). The cost of the
edgeis given ax andis aggregated with the valgewhich represents the bdstown cost
from the source t@i1, j1). If usingsummatioraggregation, this is eusted as + c (line
9), whereas it is evaluated aex(, c) if using maximizationaggregation (line 11). The
resulting value is saved as the variabénd is compared witth which represents the best
known costfrom the sourceo (i2, j2). If uis less thar, then the edge offes better path
to (i2, j2). The valueDJiy, j2] is updated to be the minimumwhndt on line 12. Note that
we do not save the shortest paths themselves, but only the costs associated with the paths.

Since we only cosider edges in one direction at a time, each cell can have only a
single incoming edge and a single outgoing edés ensures that there are no conflicts
when the values iD are updated and allows linesl2 to operate in parallel, which can
greatly impove the speed of the algoriththno values irD have changed after evaluating
the edges in each directigohecked on lines 136), the algorithm terminates aridl is

returred on line 17.
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Figure5.7 Composite distance grids computed ushgprithm 5.13for the example ifrigure5.3 using thi
maximum aggregation method. The top row shows the absolute elevation difference feature coistsle
row shows the uphill costs, and the bottom row shows the downhill costs. The three columns
different costs for reaching each of the three boundary edges.
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Figure5.8 Composite distance grids computed ushgprithm 5.13for the example ifrigure5.3 using thi
summation aggregation method. The top row shows the absolute elevation difference feature
middle row shows the uphill costs, and the bottom row showddtahill costs. The three columns st
the different costs for reaching each of the three boundary edges.
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Figure 5.7 shows the output of thBELLMAN FORD GRID_DIST function on the
example fromFigure 5.3 using the maximization aggregation method. Likewisgure
5.8 shows the output when using summati@ach image shows the distance values
computed for each grid cell in both regions using a specific boundary edge and feature
type. The absolute, uphill, and downhikeation difference features are showrcan be
helpful to reference the elevation edge costs computéigiime5.6 when examining these

figures.

5.3.3 Unobserved Eleviion Costs

We now return to the first part éigorithm 5.12 where we compute the individual
region elevation costs for @aboundary edge. If the region is observed, the edge costs are
computed using thBELLMAN _FORD _GRID_DisT function inAlgorithm 5.13. However, if
the region is unobserved, then each edge in tierravill have an unknown cost. In this
case, all edges can be assigned a fuzzyusisy the equations in Sectidv.4 Because
each edgéas the same fuzayostvalug we can make use of the distance cost matrices
computed by th6&ET_REGION_DISTANCE function fromAlgorithm 5.6.

Consider first the average cost value of reaching one of the boundary edges from
each grid cell within aegion. The matrice&% andY give the number of steps required
to reach each boundary edge from any location within one of the regions. In géneral,

steps are required whete 1. Using the values computed in Equatighg5-4.67, we

know that the mean elevation feature value for a single unobserved edder ithe

absolute elevation difference anébr both the uphill and downhill elevation differences.
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Therefore, for tb summation aggregation method, the average total cost to reach one of
the boundary edges+SY for the absolutelevation difference andY for the uphill and
downhill elevation differences.

For maximization the approach is not siraightforward The average cost of
reaching each boundary edge using maximization aggregation is the expected maximum
value of¢ randomly sampled elevation featwalues Consider a set af independerit
and identically distributed (i.i.d.) random variabfe$ty /8 hid where each variabl® is
sampled from a probability distributiofQ &. Let @ [ A@ oM hd be the

maximum value of the sétVe can define the expected valugwfs
VA SQ Qb (5.35)

where’Q w is the probability distribution function (PDF) af. If the PDHs continuous,

it can be computed as

QO =0 oh (5.36)
w

Q

Q

where’O  is the cumulative distribution function (CDF) @f, whichis defined as
O w 0 w8 (5.37)

Replacing with its definition, we get

06w 01 ABRBR 8 (5.38)

1 The elevation features within a region are not actually independent since they depend on the shared heights
of the grid cells. The heightmap is also generated in such a way that adjacent cells are more likely to have
the samelevation, biasing the elevation difference features toward zero. However, we assume independence
here for the sake of analysis and recognize that the resulting estimate will likely be larger than the true value.
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Since thed variables are independent, this can be expressed as

~ " ~

Vw 0O O0d w8 (5.3%)
DO 00 o (5.3%)
Cw ©Ow 8 (5.3%)

Here,"O w is the CDF of the random variabdg which is one of the elevation feature
values.

Each of the elevation features introduced in Secti@¥ aredefined in terms of
the starting and ending grid cell heighf3,and™Q. In the completely unobserved case,
bothvalues are assumed to be randomly sampled from a uniform distributiothewenit
interval QRQ* Y 1ip . Let & be the absoluteelevationdifferencefeaturecomputed
from "Q and"Q such that

® sSQ 0N (5.40)

The CDF of® is defined as

O w 06 w8 (5.41)
The easiest way to evaluate this expression is to imagine a unit square representing all
possible values of the paifQRQ . The 3D surface plots of the elevation difference
features were shown figure4.6, and a toglown view is shown irrigure5.9. For any
valuew the area of the square whéfe QS represents the probability that @
FromFigure5.9 (a), we can see that this arepis p @ . Simplifying this expression
gives

O w cw whm @ p8 (5.42)
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For the directional elevation difference features, we délineandw s as

Ou | A@Q Q RAT A (5.43

s | A@tio Q8 (5.44)
Again, the CDFs of> v and® s are defined as

O,® 0oOun OhRAT A (5.45)

O, ® 0Os 38 (5.46)
From Figure 59 (b) and (c) we see that the areas of the unit square where

I A@iQ Q wandi A@Q Q «ware bothp - p @ . Simplifying

gives
W .
0O, O, ® < 0 ghn ® p8 (5.47)
Q 0 Q
p P w
1 J 1 J 1
rp rp @
(NS o+
0+ ' 0 0+ 0 04 ' o}
0 W 1 0 1 0 W 1
QCQARQ) | Q| UCQAQ) 1T A@HRQ Q) "Q(QRQ) 1T A@RQ Q)
(@) (b) (c)

Figure5.9 Plots of the elevation difference features over the unit square, with a shaded region shc
areawhere the function is less than a valuéa) The absolute elevation differeri©e(b) The uphill elevatic
difference™Qu. (c) The downhill elevation differen¢gs. These represent tajpwn views of the 3D surfa
plots shown irFigure4.6.

Since the CDFs of the uphill and downhill elevation difference features are

identical, we simplify our notation and refer to the two types of features as absolute and
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directional elevation difference features. We notate these two CD’IQA as "0 and

0,.~, O "0 ,. Figure5.10 shows the plots of these CDaswranges between 0 and

AEO n

1. The value of each function for a givemnepresents the probabilityahthe feature value
will be less than or equal @ Note thatO, ; jt 1 whereasO, . ;1 1. This is

because for half of the possible valueEbandQ, the directional features are zero.

Cumulative Distribution Functions of Elevation Difference Features

0.9
0.8
0.7

0.6

_FX;m; (I)
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_FXdir (33)

0.4

0.3

0.2

01

Figure5.10 Plots of the cumulative distribution functions of the elevation difference features.
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Returning toEquation5.39, let &Y* ABe the maximum of values sampled from the

distribution"Q , and letcy* Ee the maximum af values sampled from eithi® ,orQ ..

We can express the CDF@f A&s

"Oaag0  Of; 40 (5.483)
Cw ®w hm o p (5.48b)
andthe CDF ofc E&s
"Oae & O, (5.4%9)
() .
? ) g hmt o p8 (5.49%)

Plots of these CDFs are showrFigure5.11. Note thatOsagt  mandOaedt ¢

Thefunctions shift toward higher values @fas¢ increases, indicating that the expected

maximum value should increase with more samples.

1 1
0.8 0.8
—n = —n =
~ ~
0.6 —n =25 06 —n=5
z n = 10 R n =10
~ 0.4 —n =2 >~ 0.4 —n =2
=0 " £ n
n = 50 n = 50
0.2 0.2
0 - e 0 : e
0 02 04 06 08 1 0 02 04 06 08 1
Y Y

(@) (b)

Figure5.11 CDFs of the maximum of elevation difference feature values. (a) CDRX for variou:
values of . (b) CDF ofcy* Efer various values of .
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To get the PDFs of these functionse differentiateusing Equatiorb.36. For the

absolute elevation difference, this gives

QAiad0 E(DOA A &0 (5.509)

ECO C CW W hmm & p8 (5.500)
For the directional elevation difference, this gives

Q
AE® _'Q mOAE@O (5 51a)

W W .
© 6?2 %5 6 p (551
C C C

wherg is the Dirac delta functiothat models the probability point massuat 1. This

representshe case where all sampled values are,zandit is included to ensure that
Qaee0 Qw p. Figure5.12 shows theePDFs for several values &f Notice that the

PDFs of the directional elevation features are skemeardsslightly lowervaluesthan
those of theabsolute elevation differenc€his is in addition to the probability mass from

the Dirac delta function ab 1T, which is not shown.

8 8

6 —n =1 6 —n =1
~~ ~
> —n =25 N —n =25
S— S—
;f 4 n =10 €;4 n =10
. I hla

2 >{ n=5 2 )Z[ ; n=5

0 : . 0 -

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Yy Yy

(a) (b)

Figure5.12 PDFs of the maximum af elevation difference feature values. (a) PDRXHP for various
values ok . (b) PDF ofd¥* Bfdr various values af . Note that ® is not shown in these plots.

189



We use Equatiob.35to get the expected valuet@ A &ndés Effom their PDFs.

For the expected abkite elevation difference, we obtain

M rAO  (50aad0 Q® (5.523)

EWw ¢ W [oX) (5.520)

For theuphill and downhillelevation differencg we obtain

M PrEO  (3Qae6d Qi (5.533)
i p 2 oo P GNOh6  (55%)
R c
&
tan p o 0 g 0@ (5.5%)

Note that we can ignore the Dirac delta function here, sbicé 1. Evaluating these
integrals for large values 6fcan become costfpr reattime operationso we precompute
theexpectedraluesup to some limité  p 1 Tand save these in@okup tableTable5.1

shows the expected valuesdfA Snd i Efer several values df.

Table5.1 Expected values @i A &ndé* Efor various values of

£ 1 2 3 4 5 10 20 50 100

M Al 0.333 0.467 0.543 0.594 0.631 0.730 0.806 0.876 0.912
M *E| 0.167 0.283 0.368 0.431 0.480 0.618 0.725 0.824 0.875
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To verify that our method is correete randomly sampleé values ofQ andQ
from a uniform distributiodY mfp and computed the maximum value of the absolute and
directional elevation features. This was repeated 100 times for each vélinepdB fprt @t
Figure5.13 shows thebox plots of the distributions of computed values for eéaelfiong
with a curve representing the expected valMe§f A ©and M ¢ E @omputed using
Equationss.52 and5.53. The box plots sh@ the maximum, minimum, median, and upper
and lower quartiles ofachdistribution along with any outlietsA gr een 6x6 i s p
each box plot at the location of the mean vak@:. both the absolute and directional
elevation features, the red lingpresenting theomputed expected values is in alignment

with themears of thesampled distribution
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Figure5.13 Expectedvalues of (a)I{*AQnd (b)df* Efdr ¢ in pf8 fp Tt.1or eackt, 100 samples ab were
computed for the absolute and directional elevation features and the resulting distributions are sho
as box plots. The mean value of each sampl ¢he
expected value computed using Equatibi® and5.53.

Algorithm 5.14 shows how the above computations are implemented as part of the

ELEV_FEATURE function inAlgorithm 5.12. Lines 615 of Algorithm 5.12 compute the
region cost matriceSY and Y, using theBELLMAN FORD GRID_DIST function in
Algorithm 5.13 when the regions are observed and Wn®BSERVED ELEVATION_COST

function inAlgorithm 5.14 whenthe regions are unobservetlgorithm 5.14 provides a

cost matrix"Y containing the expected elevation feature costs for a region using the

distance cost matriXY and the above definins. For the maximum aggregation method,

the values are precomputed in a lookup table to avoid unnecessary computation.
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Algorithm 5.14 Unobserved Elevation Costs

UNOBSERVED ELEVATION_CosT('Y , type agg)
1: (N,K)Y size of 'Y
2: Y Y N3 K matrix initalized toHb

3: foreach{ k)l { 1 iGN@1 KDK}

4 if agg= fisuno

5 if type= aligd

6: YIL,KY - "YIi, K

7 elseif type= u@ type= ddwro
8 YII,KY - “YIi, K

9 elseif agg= fimaxo

10: £Y YIi, K

11: if type= ali®

12; Y, K Y M PrAO

13: elseif type= u@d type= ddwro
14; Y, K Y M GPEOC

15: return 7Y

5.3.4 Combining Region Elevation Costs

The second half oAlgorithm 5.12 combines the region elevation costs from both
regionsto compute the actual elevation difference featumeed. 1620 of Algorithm 5.12
construct théY* ! fnatrix from the provided boundary edge Eha Each row of YT A
contains thenin, mean, and max feature values of one of the boundary édigeg.1 calls
the ComBINE_ELEVATION _CosTs function, which is given inAlgorithm 5.15. This
function takes the following input arguments:

f expectedaggregatecklevation costmatrices’Y and~Y , containing the average
cost of travelingbetweereach grid cell and each boundary edge,

1 the boundary edge cost matfi ' A
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f region distanceostmatricesY and"Y |, containing the number of steps required
to travel between each grid cell and ebohndary edge,
1 the observability of the two regiols and¢ , and
T anaggpar amet er ssendb bmeo @t toherndicate i f
maximization aggregation should be used.
The algorithm starts on lines 1 and 2 by getting the number of celéemregionN: and
N2) and the number of boundary edg#&3. (These are used producean index set of
starting and ending cells from the two regions (line 3)tanditialize themean and max
N1 3 N2 cost matrice®; g sand0; 4 4line 4). Notethat we do not need a cost matrix for
the minimum feature value because this will always be represented by assaugle
transition along one of the boundary edges.
We first consider the computation of the mean cost mdirix 4 for both
aggregation types. Recall from Equati&iksand5.2 that the minimum cost of a path from

(AT A

celliin"Y tocelljin"Y using boundary eddes given a® o] 0 for summation

aggregation and dsA @ ATH  for maximization. The expected valuestof and

6 are provided by theY and”Y matrices respectively, and the mean cost of the boundary
As given by the second column &' AFrom Equatior5.3, the minimum
expected cost is defined using the boundary edge that gives the minimum valuéY Since
and™Y have already been defined to contain the expected region elevation costs for the
appropriate aggregation type regardless of observability, we can apply the above

expressions to each pair of cells in the inbexgetd; 4 4¢n line 6 for the max type and

on line 13 for the sum type.
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To compute the maximum cost matiix 4 gwe need to update the definitions of
"y and"Y depending on if each region has been observed. If a region has been observed,
then the corresponding cost matrix contains the actual observed codtseantbt neetb
be changed. However, if a region is unobserged-(0 oré = 0), then we need to update
the cost matrix to contain the maximum cost that the agent could encounter along the path
between each cell and each boundary edge.

First, consideman unobsent region withthe maximum aggregation typk.the
region distance cost matriX or"Y indicates that a grid cell is one or more steps away
from the boundary edge, then there is at least one completely unobserved edge that could
take the maximum vak of 1. Lines 8 and 10 apply this test to each cost matrix element in
an unobserved region, setting the valué¥obr™Y to 1 if the corresponding value
or"Y s greater than zero and setting it to O otherwise. The only reason the expstted
is not simply set to 1 for any unobserved region is to handle the edge case where one region
is unobserve@nd contain®nly a single grid cell. In this case, the maximum cost would
be determined by the maximum region cost of the other region arzbtimelary edge,
since there would be no edges completely within the unobserved region.

Next, consider an unobserved region with the summation aggregatior-type.
summation, each whserved step could mean the addition of the largest possible elevation
difference feature value. In the worst case, an elevation pattern of (O, 1, O, 1, O, ...) would
produce an absolute elevation difference of 1 for each grid step. Therefore, when the feature
typeissettdabd and one of the r egiiomaggregasiontheobser

corresponding cost matrixY or *Y is set to be the same as the corresponding region
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distance cost matriY or"Y (lines 16 and 21)The situation is only half as bad for the
directional elevation costs. Even in the worst case, the uphill or downhill feature value can

only take its maximum every other step. Each element of the corresponding cost matrix is
set to - whereQis the valie of the distance cost matfix or™Y (lines 18 and 23).

After updating the cost matricE¥ and™Y to account for unobserved regions, we
compute the maximuroost matrixd; 4 gusing Equation$.1 or 5.2 and Equatiorb.3 as
before, but using the third column®f ' Awhich contains the maximum feature value of
each boundary edge (lines 11 and 24). To get the final feature as a triangular fuzzy number,
we first define the minimum feature vali§gg as the minimunof the first column of AT A
which contains the minimum cost of each boundary edge (line 25). The mean feature value
"Qx 4is the average of all values in the mean cost matrix 4 f{line 26). The maximum
feature valueQy ds the maxinum of all values ind; z £line 27). The final feature is
constructed as the triangular fuzzy numbed'@ ¢fQx AR 4 zon line 28 and returned to
the ELEV_FEATURE function inAlgorithm 5.12 on line 29.This is eventuallyeturnedto

the originalComPUTE_REGION_FEATURESfunction inAlgorithm 5.10.
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Algorithm 5.15 Combine Elevation Costs

CoMBINE_ELEVATION _CosTY,”Y, ™A1 AY "y ¢ ¢, type agg)

1:

2
3.
4

11:
12:
13:
14:
15:

16:
17:

18:

19:
20:
21:
22:

23:
24:

25:
26:
27:
28:

29:

(N1, K) Y size of Y

: (N2, K) Y size of Y

1Y {(i,)|1 iONi@1 [jONg}

O Aa0i AY Ni3 Nz matrices initalized téb

/* Combine costs */
if agg=fimaxo
& a i1V mind max(Y [i, K, YTk 21,7V [, KD} G )T
if¢ =0
YI,KQY [Y [i,k>0] " @i,k i {(i,k|1 iON1 @1 KDK}
if¢ =0
YILKY [Y [LK>0" (ki {(i,k |1 jON2 @1 KK}
6 Al 1Y mind max(Y [i, K, YAk, 3, 7Y [, K)} " (L)) T |
elseif agg= fisund o
6 A di 1Y min{"Y[i, K+ Y K 21 +7Y [, K} @)
ifé¢ =0
if type= aligd
YYTY
else iftype= uf tgpe= ddwrd
Yi,KY €Y [i,K/2g" (,KI {(i,k) |1 iON; @1 KDK}
if¢ =0
if type= alfi®d
YY Y
else iftype= ufd type= ddwro
YILKY EY [,K/28" (L1 {(i,KW]1 jON.@1 KDK}
8 Al 1Y min{"Y[i, K+ YT 31 +7Y [}, K} " G, 1
[* Construct feg{ure */
Qe mind ™Yk 1}
QasY —BR6 AAMQ
"Qagy max, {8 b il}
FY 4 ORehQx Q4 o

return F
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To demonstratéhe computation of the elevation featufesthe example idrigure
5.3, consider the maximum absolute elevation difference featiuea region 1 is observed
but region 2 is unobservedhe cost matki 'Y is implicitly givenfrom the distance grid

valuesfrom region 1 in the top row ofigure5.7,

T T T,
e ® T,
L
| g, T[&fl
N T T e,
Yoo T TRcB
HNIT T T&n
& TR T
g 18 T{&l’l
TR T
g 1 nV

The boundary edge matri® | Zomes from the boundary edge |Btnq computed in

Algorithm 5.11. Using Equatiord.71, we compute

.. T TR U T
YA n om p 8
m ™™ p

Theregion distance cost matricéé and"Y are the same as thoseFigure5.5. Because
region 2 is unobservedy is defined byAlgorithm 5.14 using™ and t hab fidma x
configuration.The values are given by A AOwhereé comes from'Y . Using the

precomputed values shown partiallyTiable5.1, the™ matrix is computed as
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The mean cost matri¥ z zis computed on line 6 &lgorithm 5.15 as
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The max cost matrig; 4 ¢s computed on line 11 dflgorithm 5.15 after replacing théYy
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~

matrix with 1 for any value where&
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From the boundary cost matrix, we comp(fE:; 1T The mean value ob; z 4iS
computed a2z 47 T8@ Y,@nd the max value 6f 4 é8 Q4 g p- The fuzzy number cost

for the maximum absolute elevation difference feature for this example is therefore
computed aXQj 44 4 Orifig Yhp 80ther configurations can be computed in a similar

way using the above algorithms and definitions.

5.4 Approximate Fuzzy Region Features

The region feature definitions presented in SectihAsnd5.3 are sometimes too
computationally intensivdor usein reattime applicationsor when performing many
Monte Carlo simulationsThis can also be true in large environmeamtsvhere regions
share long borders, resulting in manyioagooundary edgesn these situations, it may be
acceptable to approximate the region features smpler approacheény problem with
partial observability or region partitioning will be subject to some approximation in the
feature definitions sincthere s uncertainty represented in the triangular fuzzy numbers.
The quality of any feature approximation depends on the type of environment and region
clustering paranters. The agent designer must decide what is an acceptable tradeoff for
any given prokem.

By far, the costliest operations in the computation of region features ageidhe
distancesearches used to define the region distance and elevation cost matnees.
GRID_DISTANCE function is called twice for each boundary edge regardless of
obsevability, and for each elevation feature type that needs to be computed, the
BELLMAN _FORD_GrRID_DIST function is called once for each boundary edge in an

observed region. The result of these functions is a region cost matrix that specifies the
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feature cost between each grid cell in a region and one of the boundaryCGrugegy to
significantly reduce the comptton time is to eliminate the distance searches for each
boundary edge and instead use a single approximation of the distance from each grid cell
to the region boundary. Thégoproachs similar to thanethodused to compute the terrain
based region feates using thes andw matrices defined by EquatioBs8 and5.9.

The distance to the region boundacan be approximatequickly by using the
region centroidsThe centroid of each region is computesing Algorithm 3.9 during the
creation of the region graph ilgorithm 5.5. Consider two region¥ and'Y with
centroids @M and who . For every cell afto N 'Y, the distance to the centroid of
'Y can be approximated as

O oo W OsS O 38 (5.54)
Likewise, for every cellafd M 'Y, the distance to the centroid"¥f is

O oy W OsS O 38 (5.55)
This is simply the Manhattan distance from the centroids of esgibn. The minimum

distancerequired to reach thegion boundar§rom a cell 6w M Y can be approximated

as
® O aw iﬁ ETO oh 8 (5.56)
Likewise, for a cell ¢fo N 'Y,
G O ¢ [ ETO o8 (5.57)

These matrices can be reshaped into single column vectors that include only the distances

for the grid cells in each regiofhe distance cost matrix is then defirtedapproximate
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the distance betweeall pairs of cells in the two regions. For a é@ll whd N 'Y and

acel’lQ whd N 'Y, the distance cost is defined as

~

0 W W ph (5.58)

where 1 is added to account for the cost of crossing the boundaryfedgee are no walls
or obstacles to navigate around, then this is an accurate measure of the distance to a single
point on the region boundary. It becomes less accurate when tbasdwgive irregular
shapes or when the shortest path between the regions is not a straighihdirregion
distancefeature and terraibased features can be computed using these substitutions for
thed ,w ,andw matrices.

Figure5.14 shows this approximation approach applied to the examptgyure
5.3. The distances teach region centroid are shown in the top of each cell and the
estimated distances to the region boundary are shown in the bottom of eaEigusdl.
5.15 shows theresulting cost matrice& , w , andod for this exampleUsing the
approximated matrix with Equationss.4-5.7, we compute an approximate fuzzy region
distance feature value @@ Q 4 Ogfu® @ . To compare, the original definition
was'Q Q 4 Ogfugt tr . A comparison for all features is showhthe end of this

sectionin Table5.2 andTableb5.3.
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Figure5.14 Approximation of the region distances using the region centroids for the exanfideiia5.3.
The region centroids are marked with asterisks. @hgalues (distnce from the right centroid) are shc
in the top right of each cell. TH8 values (distance from the left centroid) are shown in the top left o
cell. The values in the bottom of each cell indicatedhe andw values, which are the appiimatec
distances to the region boundary.
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Figure5.15 Approximation of the region distance cost matrices for the exampligime5.14.

To get the approximations dfie elevation difference featuresge can use the
ComBINE_ELEVATION _CosTtsfunction in Algorithm 5.15 with some substitutions for the

distance matrices. For th¢ and"Y matrices, we us& andw as computed above
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using the region centroids. This implies only one boundary edéle&, Sds computed as a
13 3 matrix of the minimum, mean, and maximum feature values over all boundary edges
between the two region¥he expeced aggregate@\ation feature cost matric®% and
Y areapproximated using th& andw matrices and any observed elevation values.
If a region is unobserved, thénOBSERVED ELEVATION _CosT function fromAlgorithm
5.14is used with the appropriate substitutioriof or@ for the™Y matrix. For obsared
regions, the most accurate cost measure requires a distance search with the
BELLMAN _FORD_GRID_DisT function fromAlgorithm 5.13, either from one (good) or all
(better) boundary edges. If just one boundary edge is used, it is prefereable to choose one
near the center of the region boundary. If all boundary edges are used, then the original
elevation feature definition frorAlgorithm 5.12 should be usedlo avoid any iterative
distance search when computational resources are extremely linhitedpllowing
procedure can be used to approximate Yhand"Y matrices.

First, letw be the approximated distance to the region boundary of gridell

Then, letO be the set of all edges in a region where each €ddeO represents the
transition from grid cello Qand let'QQ be the elevation feature cost of that edge.
Next, split the edgéeaturesnto setswheresetY "QQ ® @ Q.Let"Y bethe

entry inthe expeced aggregated elevation feature cost m¥étex"Y for grid cel'QWhen

using summation aggregation, define

(5.59)

<
|

Q

¢
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and when using maximization aggregation, define

Y A AZQQ 8 (5.60)
m N

5¢

This assigns the same cost value to each gridisil the feature values of each edge set
up to the giverdistancevalue. For summation, the costtie sumof the average feature
values in each edge setndthe cost istie overall maximunfieature value in each edge set
for maximization After defining™y and"Y , the elevation features can be computed using
the CoMmBINE_ELEVATION_CosTsfunction inAlgorithm 5.15.

Figure 5.16 shows the edge sets ustd approximate the elevation difference
featuredor the example irFigure5.3. Using these feature setse computehe expeced
aggregated elevation feature cost matri¥eand™Y for each feature type that needs to be
computed. Forexample,to compute the Qg gjfeature using the absolute elevation
difference and summation aggregation, we would asgignfollowing values to each
elemenfY ,wherecdo Q

7Y n

7Y m

T Yy ™M - ™ ™8

17y M - ™ T T® T T C

T ™Mc-M| ™ ™ ™ ™ "W
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ForelementsY in region 2, we compute
77 =
17y -TH T TP TR OO
TY Mo-m ™ Mg ™ T 8 wo

T mMowo-™ ™ T T T TECqX
The resultingY and™Y matricesare used imlgorithm 5.15to compute an overall feature
value of Qp s 4 Omphpd & o. To compare, the original definition Wi o
4 O X ® . Table5.2 andTable5.3 at the end of this section compare all the feature
values using the original and approximate definitions for observed and unobserved cases.

In the unobserved cases, we define the terrain type priafsbas 1@ vandr) 0

g v
Yo (i £(0.3,0.4)
Y {QTI'W:T)E; sz {f(0.3,0.8)}
Y {"Qn&' )} £(0.3,0.4)
A )
£(0.5,0.8) £(0.6,0.2)
f( 5.0 7) £(0.8,0.2)
s1=1£03,07) 3 ={£(0.8,0.6)
’ f(0'3’ 0'5) £(0.4,0.6)
f(0:5' 0:5) £(0.4,0.5)
f(Oz; 1) £(0.2,0.5)
f(O.é 6.3) £(0.6,0.5)
si=1{ f(07,1) 52 = f(0.g,0.5)
£(0.7,0.6) £(0.5,0.6)
f(0 5,0 6) £(0.5,0.5)
o £(0.5,0.7)

Figure5.16 Elevation feature edge sets used to approximate the elevation difference features for the
in Figure5.14. The numbers in the bottom corners of each cell show the approximate distances to t
boundary. Only edges that increase in distance are used. The elevation values are shown for ea
the feature sets are split based on the fariistince of each edge. The sé&fsand™Y show the featu
values from regions 1 and 2 respectively with max distd2che actual feature values depend on w
feature is being computed using one of the Equatidiis4.13.
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All approximations result in some loss of accurdmyt these methods can be used
in many cases to reduce comgtion time. This can lead to significant time savings that
may allow for more analysis and planning to occur between updates. These approximations
work best when the regions are generally convexrawd relatively smooth elevation
changes. When there are many sudden, unexpected elevation changes or when the region
boundary does not lie between the region centroids, the approximations become less

accurate.

Table5.2 Original and approximate region features with both regions either observed or unobBerved
unobserved casgtheterrain typepriorsaren 0 T uandr O T} U

Both Regions Observed Both Regions Unobserved
Original Approximate Original Approximate
Qer Raa Riao Qel Raa Rag | Rei Raa Ris Qe Raa Rag

Q 1 5.03 9 1 5.38 8 1 503 9 1 5.38 8

"Q 05 25 45 0.5 3.05 45 0 3.70 9 0 403 8
Q 0.5 217 45 0.5 233 35 0 112 9 0 134 8
Q5 0 2 4 0 255 4 0 352 9 0 3.85 8
Qg 1 1 1 1 1 1 0 0.38 1 0 038 1
Q5 0 1.67 4 0 1.83 3 0 1.00 9 0 1.16 8
Qre| 0 2 4 0 255 4 0 35209 0O 385 8
Qrel 1 1 1 1 1 1 0 019 1 0 019 1
"Qrs| O 0 0 0O 0 o0 0 019 1 0 019 1
Qroe| O 1.67 4 0 1.83 3 0 100 9 0 116 8
Qi ag 0.1 024 05 0.1 056 0.8 0 052 1 0 052 1
"Qiag O 0.20 0.5 0 0.50 0.8 0 035 1 0 035 1
"Qijag O 0.17 0.3 0 0.48 0.6 0 035 1 0 035 1
Qopi| 0.1 087 21 0.1 146 2.33 0 168 9 0 1.79 8
Qoo O 044 1.2 0 078 1.31 0 084 5 0 09 5
"Qoail O 043 1.1 0 0.68 1.11 0 0.84 5 0 0.90 5
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Table5.3 Original and approximate region features with only one region obsdfeedinobserved cases,
the terrain type priors arg 0 T uandr] 0 & L

Region 1 Observed; Region 2 Unobser | Region 1 Unobserved; Region 2 Obser
Original Approximate Original Approximate

Qe Raa Rag Rer Ras Rag | el Raa Rag Rer Vas Qag
"Q 1 5.03 9 1 5.38 8 1 5.03 9 1 5.38 8
Q 05 440 9 05 480 8 0 188 4.5 0 228 45
"Q 0 0.54 45 0 0.58 3.5 05 288 9 05 3.09 8
Qi 0 427 9 0 4.67 8 0 15 4 0 191 4
Q5 0 0.25 1 0 025 1 0 0.75 1 0 0.75 1
Qf 0 0.42 4 0 0.46 3 0 251 9 0 272 8
"Qro| O 427 9 0 467 8 0 15 4 0 1.91 4
"Qro| 0 025 1 0 0251 0 075 1 0 075 1
Qrel O 0 O 0o 0 0 0 0 o0 0 0 O
"Qrs| 0 042 4 0 046 3 0 251 9 0 272 8
Qi ad O 048 1 0 048 1 0 045 1 0 057 1
Qijag O 036 1 0 041 1 0 031 1 0 049 1
"Qiag O 0.28 1 0 035 1 0 029 1 0 048 1
Qoosi| O 1.38 5.7 0 1.56 4.86 0 128 54 0 1.57 5.47
Qioeil O 0.70 3.2 0 0.71 3.12 0 0.65 3 0 0.90 3.19
"Qooi O 0.69 3 0 0.85 3.24 0 0.64 2.8 0 0.67 2.87

5.5 Updating the Region Graph

Up to thispoint, the region grapfiO has been defined for static problems where
the agent does not move. Sectmi gave the initial region boundaries and created the
graph structure. Sectiors.2and5.3defined the fuzzy feature values for each graph ,edge
and Section5.4 provided a way to approximathese features quicklyThese region
boundaries and features are valid until the agent moves. When thelagemiove, new

partsof the environment may be discovered and the local region can change. These updates
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need to be integrated into the existirgion graphRather than mmpute thentire region

graph from scratch after each agent movemestutilize the existing region graph and

update only the parts of the graph that have changed, maintaining the existing graph

structure and features wherespible. This drastically improves the runtime efficiency of
the algorithm by only changing portions of the region graph that have new information.
Consider an existing mental map structureand a new observation provided
by the environment server. Upogteiving the observatiothe agent will update its current
position and the mental map grid layers ushigorithm 4.4. The updated mental map is
then passed to théPDATE_ MENTAL_MAP_REGIONSfunction inAlgorithm 5.16to update
the regiols and the regiograph.This function begins on line 1 by computing a new local
region from the agent's updated position ushhgorithm 5.2. This is the same method
used to initialize the local region at the start of the simulation. Howswer the agent
has just moved to a new location, the updated local region may have changed.

An additionaloption givenis by optIrMemorythatdictates whether the new local

region should replace or extend the existing local region in the mental map. If

optIrMemoryis true, then the local region will continue to grow as the agent explores the

environment. The can be thought of as an agent that does not forget what it has learned

about the feature values of the action graph andhedm toreduce ocilatory behavior

Without this parameter setting, it becomes possible for the agent to wander back and forth

between two grid cells when the unique region graphs computed from each location

indicate that the best action is to move to the other Teit will be explored further in

Sectionb.6.
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Algorithm 5.16 Update Mental Map Regions

UPDATE_MENTAL_MAP_REGIONY! , opf)

8:
9:

10:

11:

[* Get the new local region */
LRY GET_LocAL_ReGION(* , opi)
if opt.IrMemory
LR[* 8/ AA] 2H¢AI T
/ * Determine the regions that need to be reclustered */

QY GET_REGION CLUSTERING MAsK(' ,LR)

/* Create new region boundaries */
L Y CLUSTER MENTAL_MAP_REGIONY' , LR, Q, opt)

[* Merge with existing regions */
LY MERGE REGION LABELS(* &), L, Q, LR)

[* Update the region graph */
"O Y UPDATE REGION GRAPH(' ,L)

[* Save the updated variables */
' 8Y L

v @ T AA] ZARET T

1 80Y O

return !

Il Algorithm 5.2

I/ Algorithm5.17

Il Algorithm5.3

I/l Algorithm5.18

// Algorithm5.1¢
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(9) (h) @

Figure5.17 Stepby-step example of determining new regions. (a) Old regions before agent moves.
observation. (c) New local region. (d) Cells with new information. (e) Update mask before dila
Updatemask after dilation. (g) Removing walls and the new local region. (h) Old regions that net
reclustered. (i) New regions after clustering.
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Figure5.17 shows astepby-step example of updating the region boundaries after
an agent moves. This is a continuation of the examgtagure5.2. Subfigures (a) through
(c) show the definition of the new local region. (a) shows the old regions that were
computed at the initial agent location. (b) shows the new observation afteetiteraayes
one cell to the right. Grid cells that are no longer visible are darkened, whereas cells that
have never been observed are solid gray. (c) shows the new local region after the agent has
moved one grid cell to the right. The parametptIrDist is set to 3, but notice that the
agent still cannot observe beyond one cell into the forest region directly to the north.

After determining the local region, the next step is to determine the set of cells that
need to beeclusteredThe GET_REGION_CLUSTERING_MASK function is called onithe 4
of Algorithm 5.16 andis definedin Algorithm 5.17. The function srtson lines 13 by
defining a maskJ that identifies the cells that have just been obserVai is given by
the set & A,awhich was defined as part Afgorithm 4.4 and is shown inubfigure (d)
of Figure5.17. These cells will need to be integrated into their adjacent regions, which may
affect where the region boundariase drawn. Additionallysincethe local region may
have changeaells that have just been added to the local region will need to have their old
regions redrawn and cells that left the local region will need to be included in neighboring
regions. Line 4f Algorithm 5.17 adds cells from the current and previous local region to
the maskJ, which is shown irsubfigure(e).

To identify thecells from theneighbomg regionsthe mask is dilated on ling 5
which isshown insubfigure(f). After dilation, line 6 removes from the mask any cells that
are known walls or are part of the new local regibhe remaining cells are shown in

subfigure(g). Thesecells and their curremtgions will all need to be reclusteredne 7
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identifies K asthe set ofunique region labels in the updated madsiaally, lines 8-10
construct the mas® that will be used for clustering the regiofivis mask consists of all
grid cells that are currently assigned one of the labé{saind are not part of the new local
region. Subfigure (h) shows the region clustering mgskor the example with the old
region boundaries marked. The final regiaigained afterre-clusteringare shown in

subfigure ().

Algorithm 5.17 Get the Region Clustering Mask

GET_REGION_CLUSTERING MAskK(! ,LR)
1. nnmY ' EUA

I* Get a mask of the cells that need toupelated */
2: UY n3 mgridinitalized to 0
3 Ul g Apy 1
4. Ul 81 AA] ZAQIRELY 1

/* Dilate to include neighboring cells */

5: UY UA[010;111;010]

/* Remove cells that are walls and cells that are part of the new local region */
6: U'[" 8 =0ULR=1]Y 0

/* Get the labels of the regions that need to be reclustered */
7 KY {k|kv ' &[U =1]}

[* Construct a mask of all cells in the identified regions */
8: QY n3 mgridinitalized to 0
9: foreach{,j)I {(i,j)|' &[i,jl~ KDLR],j] =0}
10 Q[i,jljY 1

11: return Q

213



Returning toAlgorithm 5.16, we have now identified the local regitR and the

region clustering mas®. The next step is to cluster the grid cells within the clustering

maskon line 5using theCLUSTER_MENTAL_MAP_REGIONSfunction inAlgorithm 5.3. As

opposed to the first time this function was edllduring the creation of the initial region

boundaries, the clustering ma@know restricts where the new region labels are assigned

outside of the local region. Only cells within the new local region and the clustering mask

Q are assigned region labelsegter than zero. These labels need to be merged with the

existing region labels in &. This is accomplished by th®IERGE REGION LABELS

function on line 6, which is defined MWgorithm 5.18.

Algorithm 5.18 Merge Region Labels

MERGE_REGION_LABELS(U, L, Q, LR)

©ooN g

10:

11:

/* Remove old region labels that have beeplaced */
SY {(i,)) [Q[i,j]=1ULR],j] = 1}
usgyYo

I* Merge the old and new region labels */
L Y UpPDATE_ReGION_MaAP(L, U)

/* Renumber regions */
KY {k|m@, )L, ] = k@k>0)}
L'Y L
ty 1
for eachk | K
LY A{C ) L T =K
L'ITY t
tY t+1

return L'

I/l Algorithm5.4
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The MERGE _REGION_LABELS function inAlgorithm 5.18 takes a set of old region
labelsU, a set of new region labdls a clstering mask, and the current local regidui.
The first step in the algorithm is to eliminate old region labels that do not need to be
included in the new label map. Line 1 identifies the cells that belong to either the clustering
maskQ or the local rgion LR andline 2sesthese cells itJ to zero.This allows us to use
the UPDATE_REGION_MAP function fromAlgorithm 5.4 to combine the two sets of region
labels (line 3). The combined region labels are likely not continuous, since some of the old
regions were removed. Linesld renumber thesegmns so that each region is assigned
a value between 1 and the total number of regions.

Once the new regions have been defined, the region graph itself can be updated.
Line 7 of Algorithm 5.16 calls theUPDATE _REGION_GRAPH function in Algorithm 5.19.
This function provides a higlevel overview of the region graph update. First, the graph
vertices are reassigned on line 1 usiigorithm 5.20. Then the graph edges are updated
on line 2 usingAlgorithm 5.21. These functions use the existing region graph from the
mental map structure to avoid recomputinfeatures that have not changed since the last

update. Once the newaph has been defined, it is saved and returned on hies® .
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Algorithm 5.19 Update Region Graph

UPDATE_REGION_GRAPH(* ,L)

I* Create a lookup table between old and new regions andeggtes */
1: B,VY UPDATE REGION GRAPH_ VERTICEY' , L) Il Algorithm5.2C

/* Add edges for adjacent regions */
2: A EY UPDATE REGION GRAPH EDGEY! ,L,B,V) /l Algorithm5.21

[* Save the graph structure */

3: "O Y empty graph structure
4: "080Y V
5 0HY A
6. '080Y E
7. return O

The UPDATE_REGION_GRAPH_VERTICES function in Algorithm 5.20 uses the
existing mental map structure and the new region label mapto construct a list of
verticesV and a lookup tabl® that maps new region indices to oldigegindices. The
function begins on line 1 by definirlg as the number of regions in the new region map.
Lines 2 and 3 initialize the lookup talBeand the vertex lis¥ with K elements. Then the
algorithm loops on lines-46 for each region indékin K. Line 5 finds the grid cells in the
new region map that have indek and saves these as the Sekine 6 savesS as the
region cells of verteX/ [K]. On line 7, we defind as the set of old region indices from
' g that are included in the s8tWe examine each indéin T on lines 812.Line 9 gets
the set of cells from the old region map that have indmd saves these as the Getf
the setSandU are identical (lne 10), then we save the indew B[K] (line 11) and copy
the old vertex center from indéxo the new vertex list at index(line 12). The lookup
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tableB will contain the corresponding old region index for each new region index if there
is a matching region; otherwise it will be zekie 13 checksfiB[K] = 0, which indicates
that there was no matching region. In this case, the region center needsdorbputed
using Algorithm 3.9. Lines 14 and 15 prepare a grid R for tBer_ReGION_CENTERS
function, which is ced on line 16. The lookup tabEBand new vertex list are returned

on line 17.

Algorithm 5.20 Update Region Graph Vertices

UPDATE_REGION_GRAPH_VERTICEY' ,L)

1: KY max()

2: BY K-dimensional vectoinitialized to 0

3: VY list of K uninitialized vertices

4. for kin1toK

5: SY {(i,)) IL[i,j] =k Il Get cells with this new label

6: V[K.regionY S

7 TY {* Oi,jl16G)I S /I Get all old labels assigned to these cel
8: for eachti T

e} uy {G,p |+ a,jl=1t Il Get cells with this old label

10: if S=U /l New and old regions are identical

11: BIK Y t

12: V[K.centerY ' 808it].center

13: if B[kl =0 /I New region needs to be recomputed
14: RY n3 mgridinitalized to 0

15: RSY 1

16: V[K].centerY GET_ReGION_CENTERYR) Il Algorithm 3.9

17: return B,V

After creating the lookup tablB and the new vertex lis¥, these variables are
passed to thelPDATE_REGION_GRAPH_EDGESfunction inAlgorithm 5.21 along with the
current mental map structure and the new region label mapThis function alsdegins

on line 1 by definingKk as the number of regions In Line 2 intializes the adjacency
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matrix A as aK 3 K matrix set to all zeros and line 3 creates an empty edde lishe 4
starts the edge index counter at zero and linES IBop over each region ind&in K. For
eachindex, lines 6 and 7 create a maskf the grid cells in the region. Lines 8 and 9 get
the neighboring grid cells using image dilation and store the neighboring region labels as
the setN. Lines 1019 loop over each neighboring region lab@h N. An edg is created
for each neighbor between theertices assigned toegion indicesk and n. For each
neighbor, the edge indexs incremented (line 11) and then stored in the adjacency matrix
at A[K][n] (line 12) We then use the lookup talie to check if loth regions already exist
in the region graph (line 13). If so, then line 14 gets the index of the existing edge using
the old adjacency matrix 80& and line 15 saves the features in the new edgE.lit
either region does not already exist in td region graph, the features need to be
recomputed. Lines 17 and 18 prepare the regionRneged to compute the region features
on line 19usingAlgorithm 5.10. After evaluating all the neighbors for each region, the
final adjacency matriA and edge lisE are returned on line 20.

The UPDATE_REGION_GRAPH function in Algorithm 5.19 uses the vertex list
computed by th&JPDATE_REGION_GRAPH_VERTICESfunction and the adjacency matrix
and edge list@amputed by th&JPDATE_REGION_GRAPH_EDGESfunction to construct the
new region grapfO 8This is returned to thePDATE_MENTAL_MAP_REGIONSfunction on
line 7 of Algorithm 5.16. The updated region labels, local region, and region graph are all
saved to the mental map structureon lines 810 of Algorithm 5.16 and the new mental

map can then besed to plan future actions as will be discussed in the next chapter

218



Algorithm 5.21 Update Region Graph Edges

UPDATE_REGION_GRAPH_EDGEY' ,L,B,V)

1: KY max()

2: AY K3 K adjacency matrix initalized to 0

3: EY empty list of edge features

4: iY 0

5. for kin 1 toK

6: UY n3 mgridinitalized to 0

7: U[V[K.region Y 1

8: UY UA[010;111;010] // Dilate to getneighboring cells
9: NY {I|[INL[U=1]@I1 0211 K

10: for nin 1 to N|

11: iYi+1

12: AIKI[N] Y i

13: if Bk] >0@B[n] >0

14: tY ' 80&[B[K], B[n]] // Getindex of existing edge
15: E[]Y ' 8o&a]t] /I Save existing edge features
16: else

17: RY U

18: R[V[n].regior] Y 2

19: E[i] Y ComMPUTE REGION FEATUREY' ,R) /l Algorithm5.10

20: return A E

5.6 Summary

This chaptedefined how an agent can represent the contents of its mental map as
a region graph. The region graph is a fuzzy weighted dgtedhrepresents the minimum,
maximum, and average feature values that an agent could expect to encounter when
moving between adjacent regions in the environmEm. first step in creating the region
graph is to define the region boundaries. We startavitital region around the agent that
contairs a copy of the action graph to ensure that the next immediate action chosen by the

agent corresponds to an edge in the region gr@pkerved resoursarealso placed in
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singlecell regons so that each vertéx the region graph will contain no more than one
resource. Observed terrain types and unobserved areas are clustered separately to make
sure that each region has only one type of terrain. The region graph is then constructed with
a vertex for each regicand an edge connecting adjacent regions.

To compute the feature values, we begin by calculating the shortest path distance
between each pair of cells in two bordering regions. We presented an algorithm tecomp
the distance matrices based on the disamgéthin a region to each grid cell on the region
boundary. From these matrices, we can compute the distance andhaseihfeatures.

For the elevation features, we adapted the algorithm forundorm edge weights and
minimax paths. We derived an estite of the elevation features for unobserved regions
using the expectedfeature values at different distances from the region boundary. A
method for approximating these features without computing the shortest path distances was
also presented.

Lastly, welooked at how the region graph is updated when the agent moves and
discovers new informatiorThe local region is redefined anegions that border newly
observed grid cells are reclusteré@atures between regions that have not changed are
copied into tie new graph andew features are computed for the remaining edgas.
region graph provides the computational problem for the agent to solve each timestep in
the form of a leastost path problem. The next chapter addresses how an agent can solve

these poblems for a given set of objectives and decide a course of action.
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6 LEAST-COST PATH PROBLEMS

This chapter shows hoavfuzzy weightedraph such as the region graph computed
in the previous chaptecan be used to solve leasist path problems in griddebmains
and presents a greedy agent algoritfon solving these problems within the CMM
framework We begin with aliscussion on the issue of selection bias that can arise when
computing shortest paths in grid worl8&xt, we introduce the multiobjectivezzy least
cost path problem and present a method to solve it usingscalaaized decomposition
approach. This is then compared with an evolutionary method using MOEA/D. We show
several experiments to demonstrate these methods and conclude withiziolesu a
greedy algorithm that uses these techniques to solve generic problems in the CMM

framework.

6.1 Shortest Paths in Grid Worlds

The most straightforwargathfinding problem is to determine the shortest path
between two points in an environment. e tsimplest case, where there are no obstacles
and the agent is permitted to travel freely in Euclidean space, the shortest path is just a
straight lineHowever, n grid-based environmentthe agent can only move at right angles,
similar to how one navagjes the grid layout of most city blocks. This geometry is
sometimes called a taxicab geometry, and the associated distance metric can be referred to

as the taxicab metric, city block distance, or Manhattan distance. Formally, the distance
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Q GORO beween two grid cellss O/ and® @AM is defined as thé
norm,
Qo 9@ As n 78 (6.1)

When two grid cells are not in the same rove@umn, here maybe many pathbetween
the two cellsthat all have the same shortest distaniaen the transition costs are all
identical,any path that has the minimum required number of horizontal and vertical steps
is a shortest path. If the two grizklls are far apart and diagonallgpsirated, thethe
number of equidistant paths can grow to be very large.

If all the shortest paths between two grid cells are otherwise equiyalesy
should each have an equal likelihood of being selected by #rg. ddoweverselection
bias can occuif the agentdecides each stepequentiallyby randomly breaking ties
between cells with the same remaining distance to the goal. To see this, consider the 3x4
grid world shown inFigure6.1 (a). There are 10 unique shortest paths between the grid
cells (1,1) and (3,4). The distancefrom cell (3,4) is shown in subfigur)( To select a
path, the agent starts at (1,1) and picks one of the adjacent cells with the smallest value.
Since there are two cells with a distance of 4, the agent picks one uniformly at random.
This process is repeated until the agent reaches the gbdaWilRg this approach, the agent
has a T® & whance of passing through cell (3,1) and@ e ¢ ohance of

passing through cell (1,4) even thougbth cells only have a single path out of the 10

possiblepathspassing through them.

1 Even when all transitions have the samstca perceptive agent might notice that some paths have fewer
turns or some other desirable criteria. In the CMM framework, these preferences would be modeled as
additional objectives in addition to shortest distance, leading to a multiobjective problhgmch the paths

are not considered identical.
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All Shortest Paths from (1,1) to (3,4) Grid Distance from (3,4)

1 2 3 4 1 2 3 4

- 1 5 4 3 2
1&ﬂ ﬂkj

2 L - 2 4 3 2 1
—==)
g

3LLL: 3 3 2 1 0

(a) (b)

Number of Unique Paths to (3,4)

1 2 3 4 Normalized Transition Probabilities
3 1 1
i 10| 6 | 3 1 ko ok
/s Y2 /3 L
2 4 3 2 l Sf 4 Zf 3 1/ 2
"/ Y { 1 { 1
3 1 1 1 1 1 1 1
() (d)

Figure6.1 Example of the selection bias problem for choosing paths irvgitd domains. (a) There ¢
10 unique shortest paths between grid cells (1,1) and (3,4). (k) Tdistance is computed from (3,4).
agenfat (1,1) picks a (biased) shortest path by repeatedly picking an adjacent cell with the smallest
distance, breaking ties uniformly at random. (¢) The number of unique shortest paths leading to (3,
to compute the weighted probabilities each cell transition. (d) The normalized transition probabilitie

This issue is known as the selection bias (or label bias) problem, and is commonly
addressed in the domain of conditional random fi¢lddferty, Mccallum, and €reira

2001) A decision made early in the sequence can adversely affect the likelihood that

certain options will be availablater. For example, once the agent reaches the cell (3,1),
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there is only a single way to reach the goal in three steps,iygitin will be chosen 25%
of the time instead of 10%, which would better reflect the true likelihood of this path being
chosen out of the 10 total paths.

To resolve this issue, the options at each decision pambeveighted by tk total
number of unige pathdrom each grid celto the destinatioas shown irFigure6.1 (c).
These valuearecalculatedat the same time as the grid distance values for each cell using
the NORMALIZED _GRID_DISTANCE function in Algorithm 6.1. This function is similar to
the GRID_DISTANCE function in Algorithm 3.6, but includes an additional outphitthat
aggregateshe number of unique pattisom each grid cell to the target cell f). This
matrix is initialized with zeros on line 3 and will be filled in along with the distance map
D as cells progressively farther from the target cell are examined. The algesdthrthe
distance countait to O on line 4 andreatesan open sebn line 5containing onlythe cell
(i, )). The main loop (lines-20) is evaluated for each distartcap to a maximum Oflmax
while there are still cells in the open set. For each distance, a new frontier set is initialized
(line 8) and the curremd matrix iscopied as\' (line 9). Each cel(u, v) in the open set is
then examined (lines 108) and assigned the current distance value (line 11). The frontier
set is updated with all unprocessed neighboring cells (lines4l2and the number of
unique paths is calilated. For the first iteratiom[u, V] is set to 1 (lines 15 and 16), and
for later iterationsN|[u, V] is set to the sum of thd' values of all neighboring cells (line
18). Since only the neighbors that were added in the previous iteration will haxaermn
values inN' at the time of calculation, their sum represents the total number of unique paths

to thetarget cell It should be noted that this number can grow large oueickly if the grid
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has large open spaces. For example, appKiggrithm 6.1 on a 100x10@pengrid yields

2.3x1¢8 unique paths between the opposite corners!

Algorithm 6.1 Normalized Grid Distance

NORMALIZED _GRID_DISTANCE(W, 1, j, Omax)

1: (n,m)Y size ofW

2: DY n3 mmatrix initalized totb

3: NY n3 mmatrix initalized to 0

4: dY O

5: openY {(i, )}

6: closedY n

7: while |Joper}> 0 @d Odmax

8: frontier Y n

9: N'Y N

10:  for each,v)i open

11: D[u, Y d

12: closedY closed (u,V)

13: BY {-@, V), (u+l,v), (u, v- 1), (u, v+1)}
14: frontier Y frontier® {(u,v)| U, Vv)i B@(u,v)1 closeddW[u,v]=1}
15: ifd=0

16 N[u VY 1

17: else

18: NuuMYB 5« 0 oh

19:  openY frontier

200 dY d+1
21: return D, N

Having computed the number of paths through each grid cell, the agent can use
these values to normalize the probability of selecting the next location. Rather than giving
equal weight to each option, the probability of transitioning from @eib cell 0 is
computed ag) U jO 6 , wherel ¢ is the number of paths passing through éedind
0 U is the number of paths passing through gels computed bjlgorithm 6.1. These

transition probabilities are shownkiigure6.1 (d).
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Uniform Transition Probability

(b)

Di jkstrados Al gori

(©) (d)

Figure6.2 Examples of shortest pathsosen between opposite corners of an open grid world. (a) Pe
sampled by starting in the uppleft and selecting each transition step with uniform probability. (b)
are sampled by starting in the uppeft and selecting each transition stegc@ding to the normaliz

transition probabilities. (c) Di | k s tbreakidgsrules fu
Dijkstradéds shortest path algorithm on a gra
edge weights.

To demonstrate the effect of selection bias, consider the examplgure 6.2.

Each of the subfigures shows 20 of the shortest paths sampled from thdettppmner

to the lowerright corner of an open grid worl8ubfigure &) shows the paths produced by

using a uniform transition probability to select each subsequent grid cell. Notice how the

paths generally follow a 45ngle to the loweright until reachinghe bottom edge and

then follow the same path to the goal. With this selection strategy, the direction of the path

is clearly apparent as having originated in the ugfeand terminating in the loweight.
It is very unlikely for a path to approach thewver-right corner from above with this

method. This contrasts with the paths samplegubfigure b), where the transition

probabilities are normalized usidgorithm 6.1. In this approach, the paths tend to lie on

the true diagonal between the two corners and the direction is symmetric.
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Clearly the normalized transition probabilities lead to a better sagnplithe true
set of shortest paths without selection bias. In practice, however, we may wish to use an
existing i mplementation of Dijkstrads al go
pointg. This is especially true when the environmisnepreented as a graph rather than
a grid Most 1 mplementations of Dijksframabs al g
vertex to the sourcef a path is returned at all. (Some implementations return only the
shortest path distances from which a pathleaconstructed by backtrackingipure6.2
(c) shows the single path returned tye Matlabi mp | ement ati on of Di j k
when computing the shortest patgtween the opposite corners of an open world grid. The
path is constructed using a deterministic rule based on the lexicographic ordering of the
graphverticesand is not very representative of the distribution of all shortest paths. The
returned path came improved by adding a small amount of uniform random fitiseach
edge weight before computing the shortest path distances. This makes it highly unlikely
for any two paths to have the same distance, resulting in a single shortest path returned by
the algorithm. A sample of these paths are showrignre 6.2 (d), where each path is
found using different noise values. Notice that the path distribution closely matches the
ideal distribution inFigure 6.2 (b). This approach of adding a small amount of random
noise when computing shortest paths is used throughout our expenmitbntise CMM

frameworkto produce more natural looking paths wipath length is otherwise equivalent.

lEfficient i mpl ementations of Di jkstraés algorithm
Fibonacci heap and can make other dorspiecific optimizations.

2 The noise values should be muchadier than the default edge weights, otherwise the shortest path
algorithm may return a longer path than the true shortest path distance. Unless otherwise stated, we sample
noise values from a uniform random distribution on the interval (&})10
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6.2 The Multiobjective Fuzzy LeastCost Path Problem

Thefundamental component any pathfinding algorithm in the CMM framework
is to find a leastost path between two locatioi$is can be modeled as a multiobjective
fuzzy leastcost path problem (M@&LCPP) between two vertices in the region graph
defined in Chapteb. The region graphO is a fuzzy weighted grapim which vetices
represent regions in the environment and edges between adjacent regions are weighted with
multiple fuzzy feature values indicating the minimum, maximum, and average costs
associated with traversing each edfjee set) i includes all paths fromertexi to
vertexo through the graphThe goal of the MGFLCPP is to find a path ™ 0 {fd that
minimizes the aggregated cost vecton O MM 1 ,whereeach component
0 1 represents the aggregated cost of feai@mong pathr). The agent specifies an
indicator vectors [ B R , wheref Tt if feature 'Qshould be aggregated by
summation angd  p if feature’should be aggregated using maximizati@ecall from

Section2.4thatthe aggregated value of featlifs defined as

oQh | T
o n ) (6.2)
| ﬁQ)@e‘Q PR

&>
¢

where’O Q isa triangular fuzzy numbdr r ¢ Foo fo  that representhie cost of feature

"(or edgeOn the path) QB HQ . Thel A @perator approximates the maximum of

a set of triangular fuzzy numbers as a triangular fuzzy number and is defined in Equation
2.11. We can find a path that solvése MO-FLCPP using multiobjective optimization

techniques.
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6.2.1 Multiobjective Optimizatiorfor the MO-FLCPP
In the jargon of multiobjective optimizatidnom Section2.5, the MO-FLCPP is

defined as

whered ¢.If&  p, then there is only a single objective and the {east path can be
found using a standard implementation of Dijkstra's algorithm. When there are multiple
conflicting objectives, the minimum value of one objective cannot be obtained without
some tradedfin the other objectives. Nevertheless, some solutions (paths) are clearly
better than othersWe say that a pathh dominates pathy [ N1 if and only if
6 o6 n for al 'Q pBh and there exists aQ pfB M such that
0 n 0 n .Apathtmt dominates another path is at least as good as the other path in
all objectives and is better in at least one objective. A path that is not dominated by any
other known solution is said to be Pareto optimal. Formally, the Pareto optindal'et
defined as

O ANO i snee O i shadN »n 8 (6.3)
The multiobjective cost vectors of the path® ifdefine the Pareto front,

00 =1 sAV 0 "8 (6.4)

The native units of each objective may be incomparable, making it difficult to assess
the relative value of each solution. To make the comparison between solutions meaningful,
the aiginal cost vectors are normalized into a unit hypercube. This ensures that each
objective is treated equally. For instance, if the distance cost is measured in meters and the

slope cost is measured as a percentage of some reference angle, the magrtitedes
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two dimensions should be normalized before being compared. To normalize the vectors,
the minimum value of each objective is defined as zero and the maximum value is defined
by the reference poinf &M hX . Determining the optimal value of is not a trivial
task and the value that is chosen can greatly affect the resulting decision. Idesityyld

be the nadir vector of the Pareto front, in which e#dls defined as

« [ Adh (6.5)
whered i Tr o fd . Here,0"Yis the current best approximation of the Pareto

optimal set since the true set may be unknown. The normalized cost vectors are then

computed as= 1 O MM 1 ,where

. ORNARNA)

R ] ©9)
for eachQ ph8 hi .

6.2.2 Scalarization

All solutions that are members of the Pareto optimal set would be rational choices
for the decisiormaker.However, the agent must ultimately choasgnglepath to follow
Typically, this decision is madeusing a scalarization function that reduces the
multiobjective optimization problem intosingle objectiveoptimization problem. Given a
multidimensional fuzzy cost vectér & 8 Fid  where eacl® is a fuzzy number, and

an objective weight vectgt _ 8 h.  where_ mandB _ pfor'Q pf8 hi,

the scalarization functiol2Zg reduces the cost vectérto a single fuzzy number. This
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value can then be used to rank and compare various &kesavith smaller values being

preferred. The scalarized MELCPP is defined as

The pathr) that minimizes the scalarized value of the normalized aggregated cost vector
= 1 is chosen as the preferred solution. The objective weight vgatepresents the
relative importance of each objective to the decisiaker, with more important
objectives receiving higher weights. We consider three different scalarization functions:
weighted sum, Tchebycheff, and ordered weighted average.

One of the most common scalarization methods is the weighted sum, which
maintains a linear relationship between teeisionma k er 6 s pr ef erences ar

cost value. This is defined as

"¢y OLy _oh (6.7)

e~

where the multiplication of a scalaland a triangular fuzzy numbér Odudto is defined

as4 OE& & o Ifthe shape of the Pareto front is convex, then the weighted sum can be
a good choice because every Pareto optimal solution can be made to have the lowest
scalarized cost by chaimg the objective weight vector. However, if the shape of the Pareto
front is nonrconvex, then there will always be some Pareto optimal solution that can never
be chosen. For more details, refer to Secidans

A simple alternative to the weighted sum approach is the Tchebycheff method, which

can be parameterized with different objective weight vectors to make any Pareto optimal
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solution have the lowest scalarized cost. The Tchebycheff scalarization functiéines de
as
ALy ié@g&S (6.8)
This method evaluates the quality of a solution as the least satisfied weighted objective
value. A single high cost for orubjective can penalize an otherwise good solution.
The last scalarization approach we consider is based on the ordered weighted average

operator (OWA) proposed by Yag@fager 1988) This method requires the definition of
an additional scalar weight vect®# —8 h— where— mandB — p for
"Q pfB . Each—represents the weighted contribution of fRelargest scaled vector
component. First, the cost vectbris scaled by the objective weight vectoto give the
scaled cost vectok B A , where® _& 4 Ok hd for Q pfB M.

Next, we independently sort all thé, @, and @ values and define the lists

W MR , o B ,and ® Mo , whered ,® , andw , are theQ
largest values in their respective lists. Once this iedthe OWA scalarization function

is defined as

~

07! Ly e —4 Ok o o 8 (6.9)

The OWA scalarization method can be made to represent many different functions by

changing the weight vectd?. For instance, the OWA operator behaves as the weighted
sum when— — for all 'Q ph8 hd . (Although the ordering of solutions in this case i
the same as the weighted sum, the actual values may be different due to the additional

scaling.) The Tchebycheff method is equivalent to setting p and— Ttfor all'Q p.
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We can implement a form of bounded rationalymon 1955¥or the detsion-maker by

defining a weight vector of the form- -for Q ph8 hj and— Tifor all ' Q £. This

represents the case where the decisiaker does not have the necessary computational
resources to consider all objectives simultaneously and Haseketision on only thg
least satisfied objective valueBypically, P is fixed for a given decisiemaker, so for
notational conciseness, we omit Bi@arameter of the OWA scalarization function when
referring to ageneral scalarization functién

We use one of these scalarization functié&g to reduce the fuzzy cost vectdy
representing a possible solution to the MOCPP, to a single fuzzy vali&< . To
compare different solutions, the decisimaker uses the weighted centroid approach
(Section2.4.2 to defuzzify each alternativand ranks the resulting crisp values, favoring
solutions with smaller values. The weighted centroid method allows tisafemaker to
specify a degree of optimism or pessimism, given as the pargmetetp . When, T,
the decisiormaker is extremely optimistic and uses the smallest possible value, whereas
when, p, the decisiormaker is extremely pessimistic and uses largest possible
value. A value of T@® provides a balanced approach using the centroid of the fuzzy

number. The crisp defuzzified value is computed &%= § using Equatior2.14.

6.2.3 Example
To demonstrate the MBLCPP, consider the example graphFigure 6.3. This
graph has two features assigned to ealde representing distance and slope.féatires

come from different unrelated domains and are represented as linguistic variables defined
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by the triangular fuzzy numbers igure6.4. One can imagine that this graph represents

an environment with a tall hill at vertex 3 and various ways of navigating over or around
the hill to get from vertex 1 to vertex 5. The multiobjee cost function consists of a
distance feature and a slope feature, where the decism&er seeks to find a path with the
shortest total distance and the smallest maximum slope. In this case, the distance feature is
aggregated using summation, wherenesslope feature uses maximization. There are five
unique paths between vertices 1 and 5 in the example graph. The aggregated feature values
of the paths are given ffable6.1 and are plotted iRigure6.5. All paths except the yellow

path (£3-4-5) are members of the Pareto optimal set. The yellow path is dominated by

both the ed (:3-5) and green (B-3-5) paths.

Figure6.3 An example fuzzy weighted graph with two features per edge, distance and slope, repre
triangular fuzzy numbers given Figure 6.4. There are five unique paths between the vertices 1
colored red, yellow, green, blue, and purple.
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