
 

 

 

MULTICRITERIA PATHFINDING IN UNCERTAIN  

SIMULATED ENVIRONMENTS 

 

 

A Dissertation 

Presented to 

The Faculty of the Graduate School 

At the University of Missouri 

 

 

In Partial Fulfillment 

Of the Requirements for the Degree 

Doctor of Philosophy 

 

By 

ANDREW R. BUCK 

Dr. James Keller, Dissertation Supervisor 

 

MAY   2018 

 



The undersigned, appointed by the dean of the Graduate School, 

have examined the Dissertation entitled 

MULTICRITERIA PATHFINDING IN UNCERTAIN  

SIMULATED ENVIRONMENTS 

presented by Andrew R. Buck, 

a candidate for the degree of Doctor of Philosophy, and hereby certify that, in their opinion, 

it is worthy of acceptance. 

 

 

 

 

Professor James Keller 

 

 

 

Professor Alina Zare 

 

 

 

Professor Marjorie Skubic 

 

 

 

Professor Mihail Popescu 

  



 

 

 

 

 

 

 

 

 

 

 

Dedicated to my parents, family, friends, teachers, mentors, 

and everyone who believed I could. 

Thank you. 

 



ii  

ACKNOWLEDGEMENTS  

I would like to thank my advisor Dr. James Keller for providing the opportunity to 

pursue what has become one of the most challenging, enlightening, and rewarding 

endeavors I have ever undertaken. Your support, guidance, and encouragement over the 

years has pushed me to accomplish more than I ever thought possible. You have helped me 

navigate through the uncertainty of academic research, and I am forever grateful to have 

learned from your wisdom. 

Thanks also to Dr. Popescu, Dr. Skubic, and Dr. Zare for their help during my 

graduate career. Our conversations have been insightful and full of valuable advice. 

I would also like to thank the National Geospatial-Intelligence Agency and the 

Army Research Office with the RDECOM CERDEC Night Vision Electronic Sensors 

Directorate for support during my dissertation research. 

Finally, thank you to all the students, friends, and teachers who have shared their 

thoughts and ideas along the way. Iôm glad to have spent time together here at Mizzou. 



iii  

TABLE OF CONTENTS  

ACKNOWLEDGEMENTS ................................................................................................ ii  

LIST OF FIGURES ......................................................................................................... viii  

LIST OF TABLES ........................................................................................................... xiv 

LIST OF ALGORITHMS ................................................................................................. xv 

ABSTRACT ................................................................................................................... xviii  

1 INTRODUCTION ......................................................................................................... 1 

1.1 Problem Statement ........................................................................................... 1 

1.2 The Computational Mental Map Framework .................................................. 5 

1.3 Contributions and Potential Applications ........................................................ 9 

2 BACKGROUND ......................................................................................................... 12 

2.1 Wayfinding and Cognitive Mapping ............................................................. 12 

2.2 Procedural Content Generation ...................................................................... 15 

2.2.1 Cellular Automata ........................................................................... 16 

2.2.2 Fashion-based Cellular Automata ................................................... 18 

2.2.3 Fractal Terrain ................................................................................. 19 

2.3 Viewshed Analysis ........................................................................................ 22 

2.4 Least-Cost Paths in Fuzzy Weighted Graphs ................................................ 28 

2.4.1 Least-Cost Path Problems ............................................................... 30 

2.4.2 Fuzzy Numbers ............................................................................... 32 

2.4.3 The Multiobjective Fuzzy Least-Cost Path Problem ...................... 36 

2.5 Multiobjective Optimization .......................................................................... 38 

2.5.1 Multiobjective Optimization Problem Definition ........................... 39 



iv 

2.5.2 Pareto Optimality ............................................................................ 40 

2.5.3 Scalarization .................................................................................... 42 

2.5.4 Method of the Global Criterion ....................................................... 44 

2.5.5 Method of Weighted Metrics .......................................................... 45 

2.5.6 Ordered Weighted Average Approach ............................................ 47 

2.6 Multiobjective Evolutionary Algorithms ....................................................... 49 

2.7 Intelligent Agents ........................................................................................... 54 

2.8 The Traveling Salesman Problem .................................................................. 55 

3 CREATING GRID WORLD ENVIRONMENTS ...................................................... 57 

3.1 Grid Worlds ................................................................................................... 57 

3.2 Generating Caverns ....................................................................................... 60 

3.3 Region Partitioning ........................................................................................ 65 

3.4 Creating a Heightmap .................................................................................... 76 

3.5 Defining Terrain Types .................................................................................. 81 

3.5.1 Binary Terrain Environments .......................................................... 81 

3.5.2 Trinary Terrain Environments ......................................................... 83 

3.5.3 Full World Environments ................................................................ 86 

3.6 Resource Placement ....................................................................................... 89 

3.7 Summary ........................................................................................................ 93 

4 THE MENTAL MAP GRID ........................................................................................ 95 

4.1 The Mental Map ............................................................................................ 95 

4.1.1 Creating Observations ..................................................................... 98 

4.1.2 Viewshed Computation ................................................................. 100 

4.1.3 Finalizing the Observation ............................................................ 104 



v 

4.1.4 Updating the Mental Map ............................................................. 105 

4.2 The Action Graph ........................................................................................ 109 

4.3 Crisp Feature Functions ............................................................................... 111 

4.3.1 Distance Feature ............................................................................ 112 

4.3.2 Terrain Type Features ................................................................... 112 

4.3.3 Terrain Transition Features ........................................................... 113 

4.3.4 Elevation Features ......................................................................... 114 

4.3.5 Other Features ............................................................................... 116 

4.3.6 Example ......................................................................................... 116 

4.4 Fuzzy Feature Functions .............................................................................. 118 

4.4.1 Distance Feature ............................................................................ 119 

4.4.2 Terrain Type Features ................................................................... 119 

4.4.3 Terrain Transition Features ........................................................... 124 

4.4.4 Elevation Features ......................................................................... 129 

4.5 Summary ...................................................................................................... 138 

5 THE REGION GRAPH ............................................................................................. 140 

5.1 The Region Graph ........................................................................................ 140 

5.1.1 Defining the Local Region ............................................................ 142 

5.1.2 Creating the Region Boundaries ................................................... 144 

5.1.3 Constructing the Region Graph ..................................................... 147 

5.2 Fuzzy Region Distance ................................................................................ 151 

5.2.1 Computing the Distance Cost Matrix ............................................ 152 

5.2.2 Region Distance Feature ............................................................... 159 

5.2.3 Region Terrain Type Features ....................................................... 160 



vi 

5.2.4 Region Terrain Transition Features ............................................... 164 

5.3 General Fuzzy Region Features ................................................................... 169 

5.3.1 General Framework for Computing Region Features ................... 169 

5.3.2 Region Elevation Features ............................................................ 177 

5.3.3 Unobserved Elevation Costs ......................................................... 183 

5.3.4 Combining Region Elevation Costs .............................................. 193 

5.4 Approximate Fuzzy Region Features .......................................................... 200 

5.5 Updating the Region Graph ......................................................................... 208 

5.6 Summary ...................................................................................................... 219 

6 LEAST-COST PATH PROBLEMS .......................................................................... 221 

6.1 Shortest Paths in Grid Worlds ..................................................................... 221 

6.2 The Multiobjective Fuzzy Least-Cost Path Problem ................................... 228 

6.2.1 Multiobjective Optimization for the MO-FLCPP ......................... 229 

6.2.2 Scalarization .................................................................................. 230 

6.2.3 Example ......................................................................................... 233 

6.3 Decomposition of the MO-FLCPP .............................................................. 238 

6.3.1 Edge Normalization ....................................................................... 239 

6.3.2 Exponential Scaling ....................................................................... 240 

6.3.3 Pre-scalarized Decomposition ....................................................... 243 

6.4 MOEA/D for the MO-FLCPP ..................................................................... 247 

6.5 Experiments ................................................................................................. 252 

6.5.1 Two Objective Shortest Paths in Binary Terrain Environments ... 253 

6.5.2 Two Objective Least-Cost Paths Using Elevation ........................ 258 

6.5.3 Shortest Paths Using Terrain Transition Features ......................... 262 



vii  

6.5.4 Many-Objective Least-Cost Paths ................................................. 265 

6.5.5 Comparing MOEA/D to Pre-scalarized Decomposition ............... 267 

6.6 A Greedy Algorithm for the CMM Framework .......................................... 274 

6.7 Summary ...................................................................................................... 285 

7 CONCLUSION .......................................................................................................... 287 

7.1 Summary of the CMM Framework ............................................................. 287 

7.2 Future Work ................................................................................................. 289 

REFERENCES ............................................................................................................... 294 

VITA  ............................................................................................................................... 302 

 

 



viii  

LIST OF FIGURES 

Figure 1.1 Example environment with three different path options to reach a 

goal location ................................................................................................ 2 

Figure 1.2 Block diagram of the server/client architecture used in the CMM 

framework ................................................................................................... 6 

Figure 1.3 Examples of grid world environments from the CMM framework ............ 7 

Figure 1.4 An agentôs mental map for an example scenario ........................................ 8 

Figure 2.1 Generative model of cognitive mapping ................................................... 14 

Figure 2.2 Visualization of the diamond-square algorithm on a 5³5 grid ................. 20 

Figure 2.3 A progression of the diamond-square algorithm generating a fractal 

terrain ........................................................................................................ 21 

Figure 2.4 An example of the successive random additions method for 

generating fractal terrain ........................................................................... 22 

Figure 2.5 Example of computing the viewshed of a grid cell ................................... 25 

Figure 2.6 Summation and maximization of two triangular fuzzy numbers .............. 34 

Figure 2.7 Mapping from decision space to objective space in a 

multiobjective optimization problem ........................................................ 40 

Figure 2.8 The mapping of solution vectors from decision space to objective 

space shows which solutions belong to the Pareto optimal set in 

decision space and the Pareto front in objective space ............................. 41 

Figure 2.9 Examples of the range of the Pareto front ................................................ 43 

Figure 2.10 Different metrics applied in the global criterion method .......................... 45 

Figure 2.11 Comparison of the weighted sum and Tchebycheff scalarization 

approaches................................................................................................. 47 

Figure 3.1 Examples of grid world problem domains generated in the CMM 

framework ................................................................................................. 59 

Figure 3.2 Examples of cavern maps generated using Algorithm 3.1 ....................... 65 



ix 

Figure 3.3 Tabu sampling on a 50³50 grid with different values for the 

separation radius ....................................................................................... 68 

Figure 3.4 Results of the region partitioning algorithm on a 50³50 grid with 

different values for the separation radius .................................................. 75 

Figure 3.5 Random noise images at different scales on a 50³50 grid with no 

cave walls .................................................................................................. 78 

Figure 3.6 Random noise images at different scales on a 50³50 grid with a 

provided cave wall map ............................................................................ 78 

Figure 3.7 Heightmaps generated on a 50³50 grid with different values of p 

and q using the same random seed ............................................................ 80 

Figure 3.8 Examples of binary environments containing forest and meadow 

terrain types ............................................................................................... 83 

Figure 3.9 Examples of the fashion-based cellular automata algorithm for 

creating trinary terrain environments ........................................................ 86 

Figure 3.10 Examples of full world environments generated using Algorithm 

3.15............................................................................................................ 89 

Figure 3.11 Examples of shortest path problems in a cavern environment using 

the tabu sampling approach and the longest path approach ...................... 91 

Figure 3.12 Examples of traveling salesman problems initialized using the tabu 

sampling method in meadow terrain only and using extrema 

locations in the elevation .......................................................................... 92 

Figure 3.13 Examples of traveling purchaser problems in full world 

environments ............................................................................................. 93 

Figure 4.1 Examples of observations in various environments computed using 

Algorithm 4.2 and Algorithm 4.3 ........................................................... 100 

Figure 4.2 Updating the mental map from an observation ....................................... 106 

Figure 4.3 Filling in unreachable areas with walls ................................................... 108 

Figure 4.4 Fixing diagonal boundaries ..................................................................... 109 

Figure 4.5 Examples of the action graph for two mental maps ................................ 110 

Figure 4.6 Plots of the elevation difference features ................................................ 115 



x 

Figure 4.7 Four examples demonstrating the computation of the feature 

functions considered in this work for a single transition between 

two grid cells ........................................................................................... 117 

Figure 4.8 Four examples demonstrating the computation of the fuzzy terrain 

type features for a single transition between two adjacent grid cells ..... 123 

Figure 4.9 Four examples demonstrating the computation of the fuzzy terrain 

transition features for a single transition between two adjacent grid 

cells ......................................................................................................... 129 

Figure 4.10 Plots of the elevation difference features when one cell is 

unobserved .............................................................................................. 132 

Figure 4.11 Plots of the expected elevation difference features when only the 

first cell or the second cell is observed ................................................... 134 

Figure 4.12 Four examples demonstrating the computation of the fuzzy 

elevation difference features for a single transition between two 

adjacent grid cells ................................................................................... 138 

Figure 5.1 An example of determining the local region........................................... 144 

Figure 5.2 Region boundaries computed from the example in Figure 5.1 using 

Algorithm 5.3, and the region graph defined from the region labels ...... 147 

Figure 5.3 An example of two regions used to demonstrate the computation of 

fuzzy region features ............................................................................... 152 

Figure 5.4 Composite distance grids for each of the three boundary edges for 

the example in Figure 5.3........................................................................ 158 

Figure 5.5 Individual region and overall distance cost matrices for the 

example in Figure 5.4, given as the output of Algorithm 5.6. ................ 158 

Figure 5.6 Elevation edge costs computed for the example in Figure 5.3 ............... 176 

Figure 5.7 Composite distance grids computed using Algorithm 5.13 for the 

example in Figure 5.3 using the maximum aggregation method ............ 182 

Figure 5.8 Composite distance grids computed using Algorithm 5.13 for the 

example in Figure 5.3 using the summation aggregation method .......... 182 

Figure 5.9 Plots of the elevation difference features over the unit square, with 

a shaded region showing the area where the function is less than a 

value ὼ ..................................................................................................... 186 



xi 

Figure 5.10 Plots of the cumulative distribution functions of the elevation 

difference features ................................................................................... 187 

Figure 5.11 CDFs of the maximum of ὲ elevation difference feature values ............ 188 

Figure 5.12 PDFs of the maximum of ὲ elevation difference feature values ............ 189 

Figure 5.13 Expected values of ὣÁÂÓand ὣÄÉÒ for ὲ in ρȟȣȟρππ ................................ 192 

Figure 5.14 Approximation of the region distances using the region centroids 

for the example in Figure 5.3 .................................................................. 203 

Figure 5.15 Approximation of the region distance cost matrices for the 

example in Figure 5.14. .......................................................................... 203 

Figure 5.16 Elevation feature edge sets used to approximate the elevation 

difference features for the example in Figure 5.14 ................................. 206 

Figure 5.17 Step-by-step example of determining new regions ................................. 211 

Figure 6.1 Example of the selection bias problem for choosing paths in grid-

world domains ......................................................................................... 223 

Figure 6.2 Examples of shortest paths chosen between opposite corners of an 

open grid world ....................................................................................... 226 

Figure 6.3 An example fuzzy weighted graph with two features per edge, 

distance and slope, represented as triangular fuzzy numbers given 

in Figure 6.4 ............................................................................................ 234 

Figure 6.4 Triangular fuzzy numbers used to represent the distance and slope 

features for the example graph in Figure 6.3 .......................................... 235 

Figure 6.5 Plots of the two-dimensional aggregated fuzzy cost vectors for 

each path in the example graph from Figure 6.3 .................................... 236 

Figure 6.6 The aggregated fuzzy cost vectors from Figure 6.5 are normalized 

using the nadir vector and defuzzified using weighted centroid 

defuzzification......................................................................................... 237 

Figure 6.7 Examples of different scalarization methods applied to the 

aggregated fuzzy cost vectors given in Table 6.1 ................................... 238 

Figure 6.8 Exponential scaling of a normalized edge cost ὼ.................................... 242 

Figure 6.9 Example of crossover and mutation on paths ......................................... 251 



xii  

Figure 6.10 Shortest paths found by the MOEA/D algorithm for the MO-

FLCPP in a binary terrain environment using the weighted sum 

scalarization method to minimize Ὢ  and Ὢ  .................................... 254 

Figure 6.11 Shortest paths found by the MOEA/D algorithm for the MO-

FLCPP in a binary terrain environment using the Tchebycheff 

scalarization method to minimize Ὢ  and Ὢ  .................................... 256 

Figure 6.12 Shortest paths found by the MOEA/D algorithm for the MO-

FLCPP in a binary terrain environment using the ordered weighted 

average (OWA) scalarization method with weight vector 

Ᵽ πȢφχȟπȢσσ to minimize Ὢ  and Ὢ  ............................................. 258 

Figure 6.13 Least-cost paths found by the MOEA/D algorithm for the MO-

FLCPP in a hilly environment using the ordered weighted average 

(OWA) scalarization method with weight vector Ᵽ πȢφχȟπȢσσ to 

minimize Ὢand Ὢͺ  ............................................................................ 259 

Figure 6.14 Least-cost paths to the nearest goal found by the MOEA/D 

algorithm for the MO-FLCPP in a hilly environment using the 

ordered weighted average (OWA) scalarization method with 

weight vector Ᵽ πȢφχȟπȢσσ to minimize Ὢand Ὢͺ ........................ 260 

Figure 6.15 Least-cost paths to the nearest goal found by the MOEA/D 

algorithm for the MO-FLCPP in a hilly environment with no 

region clustering using the ordered weighted average (OWA) 

scalarization method with weight vector Ᵽ πȢφχȟπȢσσ ....................... 262 

Figure 6.16 Shortest paths found using terrain transition features ............................. 263 

Figure 6.17 Pareto optimal least-cost paths found by the MOEA/D algorithm 

for the MO-FLCPP in many-objective environments ............................. 265 

Figure 6.18 Environment types used to evaluate the MOEA/D algorithm for the 

MO-FLCPP ............................................................................................. 268 

Figure 6.19 An agent solving a TPP in the CMM framework with no region 

clustering ................................................................................................. 280 

Figure 6.20 An agent solving a TPP in the CMM framework using a small 

local region with no memory and region clustering in all areas ............. 281 

Figure 6.21 An agent solving a TPP in the CMM framework using a small 

local region with memory and region clustering in all areas .................. 282 



xiii  

Figure 6.22 An agent solving a TPP in the CMM framework using region 

clustering only for unobserved regions and no region clustering 

elsewhere................................................................................................. 283 

Figure 7.1 Some selected moments from the greedy policyôs solution for the 

PO-TSP ................................................................................................... 291 

Figure 7.2 Some selected moments from the MMC policyôs solution to the 

same PO-TSP environment used in Figure 7.1 ....................................... 292 

 



xiv 

LIST OF TABLES  

Table 4.1 Crisp terrain type and terrain transition features..................................... 114 

Table 4.2 Example of the fuzzy terrain type feature ............................................... 122 

Table 4.3 Example of the fuzzy symmetric terrain transition feature ..................... 127 

Table 4.4 Example of the fuzzy directional terrain transition feature .................... 127 

Table 5.1 Expected values of ὣabs and ὣdir for various values of ὲ ........................ 190 

Table 5.2 Original and approximate region features with both regions either 

observed or unobserved ...........................................................................207 

Table 5.3 Original and approximate region features with only one region 

observed .................................................................................................. 208 

Table 6.1 Aggregated feature values of the example graph in Figure 6.3 .............. 235 

Table 6.2 Best paths found in the example graph in Figure 6.3 ............................. 246 

Table 6.3 Summary of problem types used to compare MOEA/D to pre-

scalarized decomposition ........................................................................ 269 

Table 6.4 Average percent improvement of MOEA/D over pre-scalarization 

(region cluster size = 3) .......................................................................... 272 

Table 6.5 Average percent improvement of MOEA/D over pre-scalarization 

(no region clustering) .............................................................................. 274 

Table 6.6 Average percent improvement of MOEA/D over pre-scalarization 

(region cluster size = 10) ........................................................................ 274 

Table 6.7 Feature weights for the example greedy agent ....................................... 277 

Table 6.8 Solution costs of the example greedy agent ............................................ 279 

 



xv 

LIST OF ALGORITHMS  

Algorithm 2.1 Viewshed Analysis.............................................................................. 23 

Algorithm 2.2 Amanatides and Woo Line Traversal for Visibility ............................ 28 

Algorithm 2.3 MOEA/D ............................................................................................. 53 

Algorithm 3.1 Cave Environment Generation ............................................................ 62 

Algorithm 3.2 Cellular Automata ............................................................................... 63 

Algorithm 3.3 Remove Diagonal Passages ................................................................ 64 

Algorithm 3.4 Region Partitioning ............................................................................. 66 

Algorithm 3.5 Tabu Sampling .................................................................................... 67 

Algorithm 3.6 Grid Distance ...................................................................................... 69 

Algorithm 3.7 Adjust Cluster Centers ........................................................................ 70 

Algorithm 3.8 Assign Cells to Clusters ...................................................................... 72 

Algorithm 3.9 Get Region Centers ............................................................................. 74 

Algorithm 3.10 Fix Orphans ......................................................................................... 76 

Algorithm 3.11 Heightmap Generation ........................................................................ 79 

Algorithm 3.12 Generate Binary Terrain ..................................................................... 82 

Algorithm 3.13 Generate Trinary Terrain .................................................................... 84 

Algorithm 3.14 Fashion-Based Cellular Automata ...................................................... 85 

Algorithm 3.15 Generate Full World Environment...................................................... 88 

Algorithm 4.1 Initialize the Mental Map .................................................................... 97 

Algorithm 4.2 Get Observation .................................................................................. 99 

Algorithm 4.3 Get Viewshed .................................................................................... 103 

Algorithm 4.4 Update Mental Map .......................................................................... 106 



xvi 

Algorithm 4.5 Cave Wall Heuristics ........................................................................ 107 

Algorithm 5.1 Create the Initial Region Graph ........................................................ 142 

Algorithm 5.2 Get the Local Region ........................................................................ 143 

Algorithm 5.3 Create the Initial Mental Map Regions ............................................. 146 

Algorithm 5.4 Update Region Map .......................................................................... 147 

Algorithm 5.5 Create Region Graph......................................................................... 150 

Algorithm 5.6 Get Fuzzy Distance Cost Matrices for Two Regions........................ 156 

Algorithm 5.7 Get Region Indices ............................................................................ 157 

Algorithm 5.8 Get Boundary Edges ......................................................................... 157 

Algorithm 5.9 Create Region Edge Sets ................................................................... 170 

Algorithm 5.10 Compute Region Features ................................................................. 172 

Algorithm 5.11 Get Elevation Edge Costs ................................................................. 174 

Algorithm 5.12 Elevation Feature .............................................................................. 178 

Algorithm 5.13 Bellman-Ford Grid Distance ............................................................. 180 

Algorithm 5.14 Unobserved Elevation Costs ............................................................. 193 

Algorithm 5.15 Combine Elevation Costs .................................................................. 197 

Algorithm 5.16 Update Mental Map Regions ............................................................ 210 

Algorithm 5.17 Get the Region Clustering Mask ....................................................... 213 

Algorithm 5.18 Merge Region Labels ........................................................................ 214 

Algorithm 5.19 Update Region Graph ....................................................................... 216 

Algorithm 5.20 Update Region Graph Vertices ......................................................... 217 

Algorithm 5.21 Update Region Graph Edges ............................................................. 219 

Algorithm 6.1 Normalized Grid Distance ................................................................ 225 

Algorithm 6.2 Pre-scalarized Decomposition of the MO-FLCPP ............................ 244 



xvii  

Algorithm 6.3 MOEA/D for the MO-FLCPP ........................................................... 248 

Algorithm 6.4 A Greedy Algorithm for the CMM Framework ............................... 276 

 



xviii  

ABSTRACT 

Multicriteria decision-making problems arise in all aspects of daily life and form 

the basis upon which high-level models of thought and behavior are built. These problems 

present various alternatives to a decision-maker, who must evaluate the trade-offs between 

each one and choose a course of action. In a sequential decision-making problem, each 

choice can influence which alternatives are available for subsequent actions, requiring the 

decision-maker to plan ahead in order to satisfy a set of objectives. These problems become 

more difficult, but more realistic, when information is restricted, either through partial 

observability or by approximate representations. 

Pathfinding in partially observable environments is one significant context in which 

a decision-making agent must develop a plan of action that satisfies multiple criteria. In 

general, the partially observable multiobjective pathfinding problem requires an agent to 

navigate to certain goal locations in an environment with various attributes that may be 

partially hidden, while minimizing a set of objective functions. To solve these types of 

problems, we create agent models based on the concept of a mental map that represents the 

agent's most recent spatial knowledge of the environment, using fuzzy numbers to 

represent uncertainty. We develop a simulation framework that facilitates the creation and 

deployment of a wide variety of environment types, problem definitions, and agent models. 

This computational mental map (CMM) framework is shown to be suitable for studying 

various types of sequential multicriteria decision-making problems, such as the shortest 

path problem, the traveling salesman problem, and the traveling purchaser problem in 

multiobjective and partially observable configurations.



1 

1 INTRODUCTION  

The partially observable multicriteria pathfinding problem is well-suited for 

studying models of agent behavior. In this introductory chapter, we present the motivation 

for investigating these types of problems and give an overview of the simulation framework 

developed for this work. We list some of the major contributions of this work and provide 

some potential applications. 

1.1 Problem Statement 

Imagine a scenario in which you are tasked with finding the best route through an 

environment to some goal location. Perhaps there are multiple paths to consider, each with 

different attributes that make them more or less desirable according to your particular 

preferences. Figure 1.1 shows an example scene with three different routes to choose from. 

The shortest route goes directly over a hill, but it is steep and unpaved. The next shortest 

route goes through a forest that provides shade and has only a mild elevation change, but 

the route is still unpaved and has a stream crossing with no bridge. The last route is the 

longest, but it is completely paved and has almost no elevation change. Depending on how 

you value factors such as the path length, steepness, and path quality, any one of these 

paths could be considered the best choice. Once you begin down one of the paths, you may 

discover some new information that causes you to reevaluate your situation and develop a 

new plan. For example, if you started down the forested path and found that the stream 

crossing was flooded, you might choose to turn around and go a different way. 
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Now consider an autonomous agent faced with a similar scenario. This could be a 

robot or drone that needs to navigate through an unknown environment to a goal location 

while minimizing some set of objective functions such as distance, travel time, and risk. 

The agent uses various sensors to observe the world around it and constructs an internal 

representation of the environment in the form of a map. It uses this map to plan a course of 

action that best satisfies the predetermined criteria and begins to execute the plan. After 

each movement action, the agent receives a new observation and updates its internal map. 

If the original plan becomes invalid or a better route is discovered, the agent develops a 

new plan and responds accordingly. 

 

Figure 1.1  Example environment with three different path options to reach a goal location. 
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Although the problem domain in this example is navigating through a physical 

environment, these types of partially observable sequential multicriteria decision-making 

problems occur in many additional real-world contexts. These include optimal packet 

routing through a computer network with uncertain loads, making long-term business 

decisions based on variable market factors, and designing optimal strategies for games with 

hidden information. These are all problems that are addressed by a decision-making agent 

(or agents) with a given set of goals and criteria. When the problem needs to be solved 

autonomously, such as with a self-guided robot or a recommendation system, the agent 

behavior should be defined in a structured and explainable way that responds appropriately 

for a wide variety of possible inputs. 

Designing the desired agent behaviors can be a challenging problem. Good training 

data may not be available and what is available may be limited or incomplete. For many 

applications, it is often preferable to simulate the problem domain to give the designer 

complete control over the model. These results can then be applied in real-world contexts 

for final evaluation. Using a simulated environment allows for the creation of a virtually 

unlimited number of problem scenarios, each fine-tuned to study only the relevant aspects 

of the problem. It also allows the agent to easily internalize a representation of the problem 

domain, which can then be used to plan future actions. 

The navigation problem is an ideal domain to study partially observable sequential 

multicriteria decision-making strategies. It is easy to visualize and understand the agent 

objectives and to develop interpretable problem scenarios. These can be thought of as 

proxy problems for other domains that may not be as straightforward to study. The agentôs 

internal model of the environment is represented intuitively as a mental map, providing a 
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sense of spatial awareness that can help with planning. Spatial problem solving has also 

been studied extensively within the fields of mobile robotics and environmental 

psychology. We can build upon these existing models of wayfinding behavior to create 

simulations of autonomous agents for the navigation problem domain. 

The primary focus of this work is the definition and development of the 

computational mental map (CMM) simulation framework. This framework allows for the 

creation of pathfinding scenarios that test different agent strategies in multiobjective and 

partially observable problems. We design these problems as a type of resource collecting 

game, where the agent moves within a grid world environment seeking out resources that 

may not be initially visible, all while working to minimize a set of objective functions. We 

show how the CMM framework can be used to study shortest path problems, the traveling 

salesman problem, and the traveling purchaser problem with various agent profiles. The 

result of each problem simulation is the path chosen by the agent for that scenario. Just as 

there may not be a ñcorrectò answer for the three-route problem in Figure 1.1, solutions to 

problems in the CMM framework can only be evaluated using some established scoring 

metric. For some applications, the solution paths themselves are a useful dataset that can 

be used to anticipate how a given agent might act in a new situation. 

The rest of this chapter provides an overview of the CMM framework and details 

some of the major contributions and potential applications of this work. Chapter 2 provides 

a literature review of the background material that this work builds upon. Chapter 3 

describes the process for creating the grid world environments used to define the 

pathfinding problems. Chapter 4 introduces the concept of the mental map, used by the 

agent to represent the observed environment. Chapter 5 defines the region graph, which is 
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used to summarize the spatial properties of the mental map as a fuzzy weighted graph. 

Chapter 6 shows how this graph can be used to solve least-cost path problems in gridded 

domains and presents a greedy agent algorithm. Finally, Chapter 7 concludes this work by 

summarizing the capabilities of the CMM framework and proposing extensions of the 

greedy algorithm for improved agent strategies on more complex problems. 

1.2 The Computational Mental Map Framework 

The computational mental map (CMM) simulation architecture consists of two 

main components: an environment problem server and an agent program that interacts with 

the server to solve a specified problem. An overview of the server/client model is shown 

in Figure 1.2. The server component is responsible for defining the environment model  ꜡

and implementing the physics of the world by waiting for and implementing the clientôs 

actions. The client acts as the decision-making agent ꜝ  and receives information about the 

environment in the form of observations ַײ from the server. The agent uses these 

observations to construct and update a mental map representation of the environment ִי , 

which may be incomplete or contain other types of uncertainty or imprecision. The agentôs 

goal is to move through the environment and collect a certain number of predefined 

resources while minimizing a set of objective functions. Using the information in the 

mental map, the agent develops a plan that brings it closer to satisfying the goal conditions 

and sends the appropriate sequence of actions to the server. 
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The environments are procedurally generated grid worlds with various terrain types 

and elevation. In some environments, a maze-like cavern map is generated to create walls 

and passageways that reduce visibility. Some example environments are shown in Figure 

1.3. The CMM server maintains the location of the agent within the environment and 

defines the locations of the resources. In shortest path problems, there may only be a single 

resource (goal) location, whereas multiple resource locations are defined for the traveling 

salesman and traveling purchaser problems. In the traveling salesman problem, each 

resource is the same type, whereas in the traveling purchaser problem, there are different 

types of resources that the agent can choose from. Details regarding the creation of the grid 

world environments are given in Chapter 3. 

 

Figure 1.2  Block diagram of the server/client architecture used in the CMM framework. 
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The agent can move through the environment in discrete steps to adjacent grid cells. 

Each step has multiple costs associated with it, defined by the environment attributes: 

terrain type, elevation, and observability. The agent specifies to the server a direction to 

move in and the server responds with an observation of the visible part of the environment 

from the agentôs new location. The agent uses these observations to form a mental map 

image of the grid world, showing where resources and environmental features are located. 

Chapter 4 describes how observations are computed in the grid world domain and 

introduces the action graph, which is a fuzzy weighted graph that represents the movement 

actions available to the agent and their costs. Figure 1.4 (a) shows an example of a mental 

map and action graph where only part of the environment is observable. 

     
 

     

Figure 1.3  Examples of grid world environments from the CMM framework. 
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For some planning algorithms in large environments the action graph contains too 

much information to process quickly. To simplify the action graph and to provide a model 

that more closely resembles human models of spatial reasoning, we develop an approach 

to group adjacent grid cells into regions and define a region graph that can be used for high-

level planning. Figure 1.4 (b) shows an example of a region graph, where each node 

represents multiple adjacent grid cells. As the agent moves, new parts of the environment 

are observed and the region graph is recomputed. Chapter 5 discusses the process for 

initializing and updating the region graph in the CMM framework. 

We generalize the various pathfinding problem types as a resource collecting game. 

The agent is initialized with a list of demanded resources and the agent's goal is to plan a 

route through the environment that will collect enough of each resource type. When the 

   

 (a) (b) 

Figure 1.4  An agentôs mental map for an example scenario showing the action graph (a) and the region graph 

(b). The action graph shows where the agent can move and the region graph summarizes this information for 

high-level planning. 
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full environment is observable, the agent can develop a complete plan before actually 

moving. However, if there are parts of the environment that cannot be seen initially, then 

the agent may only be able to produce a partial plan that is updated as new information is 

discovered. Finding the least-cost path between two grid cells in an environment is the 

fundamental component of nearly all agent strategies. Chapter 6 describes how an agent 

can find a least-cost path in a fuzzy weighted graph with multiple objectives. We consider 

both gridded environments and general graphs and present a greedy agent strategy for 

solving generic resource collecting problems in the CMM framework. 

There are many variations that can be applied within the CMM framework to focus 

on different aspects of the overall planning and optimization process. In general, these can 

be divided into the parameters that control how the environment is created and those that 

govern the behavior of the agent. While this work focuses mainly on environment 

generation parameters and a generic greedy approach for solving least-cost path problems, 

there are many additional potential applications. Chapter 7 concludes with a summary of 

the capabilities of the CMM framework and discusses some possible directions for future 

work with more advanced agent behaviors. These include strategies based on ant colony 

optimization and Markov decision processes. 

1.3 Contributions and Potential Applications 

Two of the major themes of this work are multiobjective optimization and planning 

under uncertainty. Both areas have seen significant research interest for a variety of 

applications. Multiobjective optimization is used for designing products and systems, 

making strategic decisions in economic and business settings, and managing limited 
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resources and conflicting objectives. Likewise, planning in partially observable 

environments is a critical capability for mobile robots and decision-making agents. 

Multiple methods and techniques have been developed to assess multiobjective problems 

and to help a decision-maker choose an appropriate solution. The vast majority of 

multiobjective optimization methods are used to address problems with no uncertainty. 

Also, most planning techniques are designed with a single objective or reward in mind, 

reducing multiple costs to a single value before optimizing. A major goal of this work is to 

develop tools and methods that can be used to study multiobjective decision-making and 

planning under uncertainty. 

The CMM framework is designed to be a benchmark and simulation tool that can 

model the behavior of a decision-making agent in various configurable scenarios. The 

problem domain uses pathfinding in partially observable grid world environments to 

provide a goal for each agent to pursue. While this allows for an interpretable explanation 

of each example, these problems can also be used as generic templates for other 

applications. For instance, the environment creation process could be modified to produce 

a specific type of fuzzy weighted graph that matches a real-world problem requiring a least-

cost path solution. This could occur in the development of personalized navigation systems 

or robot navigation. Many of the methods presented in this work can likewise be extended 

to other problem domains. For example, the process of computing a region graph of a grid 

world environment could be used to develop image features for classification or analysis. 

One potential application of this work is to provide an unlimited number of training 

and testing examples of simulated agent behavior. This can be used to develop techniques 

for performing anticipatory analysis, which is a desirable capability in the intelligence 
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community. Human behavior is difficult to predict, but an approximate model of behavior 

can be learned by observing the responses of a decision-maker in many different situations. 

A richly attributed environment with many feature values can help to make sure that a 

given agentôs choices are unique and distinguishable from other agents. In the context of a 

game environment, player modeling allows an opponent to anticipate the playerôs next 

actions and develop a more effective plan. 

The CMM framework presented in this work is a starting point for developing more 

complex models of agent behavior. We build upon existing models of cognitive mapping 

and wayfinding, and begin with a foundation in procedurally generated environments, 

fuzzy methods, and multiobjective optimization. These are introduced along with other 

background concepts in the next chapter. 
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2 BACKGROUND  

The CMM framework developed in this work draws upon many diverse 

backgrounds. We begin this chapter with a review of cognitive mapping and its origins for 

creating models of human wayfinding behavior. We next introduce fuzzy numbers and the 

fuzzy weighted graph representation. Then, we discuss methods of procedural content 

generation used to create the grid world environments. We continue with a comprehensive 

background on multiobjective optimization and end with a discussion on agent-based 

models. 

2.1 Wayfinding and Cognitive Mapping 

Wayfinding can be described as the process of spatial problem solving. In the 

wayfinding problem, a decision-making agent orients itself in an environment and 

navigates to some destination. It uses landmarks and cues to determine its position and to 

determine the best route to take. As the agent moves, it continues to update its plan using 

any new information that is acquired. Humans and animals routinely solve wayfinding 

problems in their everyday lives as they move about their environments, working to satisfy 

their goals and objectives. Autonomous agents are also being used increasingly to assist 

people in making navigation decisions and to carry out actions without human input. Self-

driving cars, unmanned aerial vehicles, and other mobile robots are just a few examples of 

machines that must think on their own about how to solve problems of spatial navigation. 

In general, wayfinding is a challenging computational problem that can be 

compounded by a lack of knowledge or perfect information. Furthermore, a decision-maker 



13 

may have multiple conflicting objectives that cannot all be optimized simultaneously. 

Within these partially observable multi-objective environments, an agent must decide how 

best to navigate using only the information that is available. For humans, this process is 

called cognitive mapping and it results in an information structure known as a mental map. 

Although humans may not be optimal problem solvers from a computational point of view, 

the concept of the mental map has proven to be a useful way to represent imprecise spatial 

knowledge and develop navigation plans. 

The CMM framework is inspired by the study of how a person might make 

navigation decisions in an unfamiliar environment. The notion of using a cognitive map to 

represent spatial information dates as far back as the seminal work of Tolman (Tolman 

1948), who established the now famous paradigm of studying decision-making behavior 

by observing how rats move through mazes. His work helped establish the fields of 

cognitive psychology and decision theory. Since these early studies, dozens of researchers 

have proposed behavioral models to explain the way humans make decisions in physical 

environments (Kitchin and Blades 2002). Error! Reference source not found. shows an 

example diagram of the general cognitive mapping process. An individual acting in an 

unknown environment maintains a set of beliefs about the world that influence the values 

or goals he or she wishes to achieve. These are combined with the most recent observation 

of the world to form a spatial image of the environment in working memory. This image is 

stored for later use and also updates the individualôs beliefs about the world. A set of 

physical constraints are evaluated with the image to form a decision of the next immediate 

action to take. When applied in the environment, this action produces a behavior that can 

be observed in the real world and results in some new information presented to the 
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individual. The cycle repeats indefinitely, with the individualôs desires and beliefs 

changing over time. Many variations of this general framework have been developed for 

use in various problem domains. 

 

A mental map is the manifestation of an individualôs spatial knowledge and beliefs 

into a geospatial context. Mental maps are often studied by asking a person to draw a map 

of their environment, or to relate spatial quantities such as the distance between two 

landmarks (Gould and White 1992). For instance, a mental map of an urban environment 

could be represented as a hierarchical structure consisting of paths, edges, districts, 

landmarks, and nodes (Lynch 1960). The cognitive distances within a mental map are 

unique to each individual and can be based on a variety of factors, including the amount of 

expected energy required to move along a route, patterns in the environment, and symbolic 

representations such as maps and road signs (Briggs 1973). These individual differences 

 

Figure 2.1  Generative model of cognitive mapping adapted from (Kitchin and Blades 2002). An individual 

observes the environment and constructs a mental image. This image is combined with other knowledge to 

produce a decision in the environment. 
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lead to distortions in the map that may not necessarily align with ground truth data 

(Coucleis et al. 1987). 

In general, mental maps may contain additional types of knowledge and reasoning 

processes besides just spatial information. Rules that govern an individualôs behavior 

dictate important spatial decisions, such as the decision to move or not move, where to go, 

which route to take, and the method of transportation (Cadwallader 1976; Gärling, Book, 

and Lindberg 1985). In order to use a mental map for navigation, a person must first orient 

and conflate his or her mental map with the real world, identify an objective, and choose a 

route to follow (Downs and Stea 1977). The PLAN model (Prototypes, Location, and 

Associative Networks) (Chown, Kaplan, and Kortenkamp 1995) is an example method that 

implements this wayfinding process. In this model, the visual recognition of ñwhatò is in 

the scene is combined with the spatial knowledge of ñwhereò the visual landmarks appear. 

The landmarks are related to each other with a spatial relational graph that describes their 

relative positions. This attributed graph can then be used to represent the individualôs 

mental map. 

2.2 Procedural Content Generation 

The study of wayfinding problems is often hampered by the difficulty of conducting 

controlled research experiments. Studies involving human subjects are limited by available 

time and resources, and usually consist of a relatively small number of data samples. 

Designing appropriate problems to solve can be a challenging and time-consuming task for 

a researcher, who may seek to use some automated methods for assistance. Using a game 
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engine as a synthetic problem domain to study wayfinding problems allows for the creation 

of a nearly infinite number of environments and scenarios. 

Procedural Content Generation (PCG) for games can be defined as ñthe algorithmic 

creation of game content with limited or indirect user inputò (Togelius et al. 2011). PCG is 

often used to produce content for games such as levels, maps, items, game rules, etc. A 

ñgameò in this context may refer to videogames, board games, puzzles, or any sort of 

interactive experience that is in some way ñplayable.ò The value of using PCG over manual 

content creation is that PCG allows a computer algorithm to perform a task that might take 

a long time for a human designer. Furthermore, PCG can be parameterized in such a way 

that the generated content exhibits a desired set of properties. A designer can use PCG to 

enhance their own creativity by creating novel and unexpected solutions to content 

generation problems (Shaker, Togelius, and Nelson 2016). 

There are many different approaches to PCG that can be used to create specific 

types of content. In this work, we use PCG to create environment maps that exhibit 

desirable characteristics for the problems we wish to study. We focus mainly on two 

common approaches: cellular automata and fractal terrain. For cellular automata, we 

consider both traditional and fashion-based update rules. These are described in the 

following sections. 

2.2.1 Cellular Automata 

A cellular automation is an iterative computational model that operates over a 

discrete domain. Perhaps the most famous example is Conwayôs Game of Life (Gardner 

1970) that simulates a grid of cells that can evolve into complex patterns demonstrating 
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emergent behavior and self-organization. In the Game of Life, the domain is a flat grid of 

cells that each can be in one of two states: alive or dead. We define a neighborhood for 

each cell, consisting of the eight neighboring cells, including those diagonally adjacent. 

This is called the Moore neighborhood and is just one of many possible neighborhood 

definitions. (Another possibility is the von Neumann neighborhood, which consists of only 

the four orthogonally adjacent cells.) 

A simulation of a cellular automation iterates through a sequence of states ί, where 

ὸ π indicates the time step. The initial state ί defines the starting state of each grid cell 

as either alive or dead. For each subsequent time step, the new state of a cell ὼȟ  is defined 

by the current states of the cells in its neighborhood. A transition rule can be defined as a 

lookup table over all possible neighborhood configurations, or more commonly as a 

function of the proportion of neighboring cells that are in each state. Each rule gives rise 

to a unique behavior that can be classified based on whether it converges to a stable or 

periodic state, or if it exhibits chaotic non-repeating behavior (Packard and Wolfram 1985). 

In the Game of Life, the transition rule is specified using the following conditions: 

1. A living cell that has two or three living neighbors survives to the next generation. 

2. A living cell with more than three living neighbors dies from overpopulation. 

3. A living cell that has fewer than two living neighbors dies from isolation. 

4. A dead cell that has exactly three living neighbors becomes alive as through 

reproduction. 

5. A dead cell with any number other than three living neighbors remains dead. 
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These rules are applied to each cell simultaneously to produce the next generation. The 

initial configuration of the cell states defines how the simulation will evolve. Various 

patterns have been discovered that result in fascinatingly complex configurations, such as 

blinkers, gliders, spaceships, and pulsars (Berlekamp, Conway, and Guy 1982). The Game 

of Life can even be configured as a universal Turing machine that (given enough time and 

space) is theoretically as powerful as any computer (Chapman 2002)! 

Various types of cellular automata have been shown to be useful for procedural 

content generation. One example by Johnson et al. uses a cellular automation to generate 

two-dimensional cave-like mazes in real-time for an infinite game map (Johnson, 

Yannakakis, and Togelius 2010). In this approach, the two cell states represent floor and 

rock. The grid is initialized to some random state where each cell has an equal likelihood 

of being either floor or rock. The eight cells in the Moore neighborhood are evaluated for 

each cell and if there are five or more neighbor cells that are rock, the cell is set to rock. 

Otherwise the cell is set to floor. This single rule is applied simultaneously ὲ times to 

generate the cave map. For aesthetic reasons, rock cells that border a floor cell are labeled 

as walls and contiguous rock regions are assigned unique labels. By varying the size of the 

Moore neighborhood, the rock threshold value, and the number of iterations, various types 

of maps can be generated. 

2.2.2 Fashion-based Cellular Automata 

A cellular automation can be defined with more than just two states for each cell. 

One way of modeling this is with the use of fashion-based cellular automata (Ashlock 

2015). In this approach, we use the von Neumann neighborhood containing the four 



19 

orthogonally adjacent cells and a Ὧ Ὧ real valued rule matrix Ὑ, where Ὧ is the number 

of states. The entry Ὑȟ in the rule matrix specifies the score that a cell of type Ὥ receives if 

it has a neighbor in state Ὦ. Each generation the cells are all updated simultaneously and the 

total score of each cell is evaluated using the rule matrix. If the score of a cell is at least as 

high as its neighbors, it remains in the same state, otherwise it adopts the state of the 

neighboring cell with the highest score. This causes cells to ñfollow the fashionò of the 

neighborhood and results in large homogeneous regions that are well-suited for 

representing environment maps. 

2.2.3 Fractal Terrain 

While cellular automata are well suited for generating discrete environments 

consisting of a finite number of states, we often require the terrain to consist of real values 

to represent features such as elevation. A real-valued grid used to represent elevation is 

called a heightmap and is commonly used as a basis for artificial terrain. Random 

heightmaps can be generated via several different methods including value- or gradient-

based interpolation such as Perlin noise (Perlin 1985), or using ideas from fractal 

mathematics to mimic the multiple scales of repeating patterns found in nature (Mandelbrot 

1983). Fractional Brownian noise (Mandelbrot and Van Ness 1968) provides the basis for 

a random function that is useful for modeling naturally occurring time series and surfaces. 

The diamond-square algorithm (Fournier, Fussell, and Carpenter 1982) is a 

computationally efficient method for approximating fractional Brownian motion to 

produce a two-dimensional heightmap. The resulting fractal terrain exhibits random 
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variations at multiple scales with large hills and valleys as well as small undulations on the 

surface. 

 

Figure 2.2 shows an overview of the diamond-square algorithm on a 5³5 grid. The 

algorithm begins by sampling random values for the four corner cells (a). The diamond 

step then sets the center point of these cells to the average of the four corners plus an 

additional random value (b). The magnitude of the random value is called the roughness 

and determines the texture of the terrain. Next, the square step interpolates the midpoints 

of the cells from the previous two steps and adds a random value proportional to the 

roughness (c). The original four cells defining a square have now been subdivided into four 

smaller squares. The diamond (d) and square steps (e) are then applied to each of the newly 

formed squares recursively using a smaller roughness value (typically half of the previous 

amount). These two steps repeat until the entire grid has been set. Note that the original 

grid should be square with ς ρ pixels on each side. Figure 2.3 shows an example of the 

diamond-square algorithm progression on a 257³257 grid. Note that basic terrain features 

are defined in the first few steps of the algorithm, with later steps serving to refine the 

terrain and add details. 

 (a) (b) (c) (d) (e) 

Figure 2.2  Visualization of the diamond-square algorithm on a 5³5 grid. 
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As an alternative to midpoint displacement algorithms such as the diamond-square 

algorithm, successive random additions can also be used to generate fractal terrain with 

similar characteristics (Musgrave, Kolb, and Mace 1989). In this approach, several noise 

functions are generated at multiple levels of detail. These are then summed together using 

a weight that is inversely proportional to the level of detail. Figure 2.4 shows an example 

using multiple octaves of white noise, scaled to match the output size of the terrain. Each 

octave ὲ is generated by creating an image with ς  pixels in each dimension containing 

random values. These images are scaled to the size of the final output using bilinear 

interpolation and summed together using a weight of  for each octave to produce the 

combined noise function. The resulting image can represent a heightmap that is 

qualitatively similar to the terrain generated using the diamond-square algorithm. The 

method of successive random additions is simple to implement and allows for additional 

control over the characteristics of the noise function at each scale. 

     

     

Figure 2.3  A progression of the diamond-square algorithm generating a fractal terrain. 
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2.3 Viewshed Analysis 

Problems of visibility arise in many application domains, including computer 

graphics, robotics, and computational geometry (Durand 2000). In geographic information 

systems (GIS), the visibility problem is expressed as determining the viewshed of a region 

from a given location. For an elevation model represented as a regular square grid, 

viewshed analysis is used to find the grid cells that have a direct line of sight (LOS) from 

a specified observation point. These cells comprise the viewshed region and can be used 

for many applications including planning the placement of communication towers or 

watchtowers, path planning, and strategic defense (Franklin and Ray 1994; Floriani and 

Magillo 1994). 

 

Figure 2.4  An example of the successive random additions method for generating fractal terrain. 
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The viewshed region for a given point p in a raster grid elevation model E consists 

of all points v where a straight line can be drawn from p to v that is entirely above the 

terrain in E. Many algorithms have been proposed to compute the viewshed region, most 

based on sweeping rays (Kreveld 1996; Fishman, Haverkort, and Toma 2009; Haverkort, 

Toma, and Zhuang 2009) or parallel processing approaches (Zhao, Padmanabhan, and 

Wang 2013). Algorithm 2.1 gives an overview of an unoptimized approach for computing 

the viewshed called R3 that evaluates all grid cells independently. If r is the radius of the 

viewshed, then this method takes O(r3) time to evaluate each grid cell sequentially, but it 

can be implemented in parallel to reduce the computation time. Our own algorithm is 

detailed in Section 4.1 and builds upon the method presented here. 

 

 

Algorithm 2.1 Viewshed Analysis 

 

GET_VIEWSHED_R3(E, x1, y1, h) 

 

/* Precompute the elevation angle to each grid cell */ 

1: (n, m) Ŷ size of E 

2: A Ŷ n ³ m grid initalized to 0 

3: for  each (x2, y2) Í{( x2, y2) | 1 Ò y2 Ò n Ø 1 Ò x2 Ò m Ø (x1, y1) Í (x2, y2)}  

4: A[y2, x2] Ŷ ÔÁÎ
ȟ ȟ

 

 

/* Evaluate the visibility of each grid cell */ 

5: V Ŷ n ³ m grid initalized to 0 

6: for  each (x2, y2) Í{( x2, y2) | 1 Ò y2 Ò n Ø 1 Ò x2 Ò m}  

7: v Ŷ CHECK_VISIBILITY (A, x1, y1, x2, y2) // Algorithm 2.2 

8: V[y2, x2] Ŷ [v > 0] 

 

9: return  V 
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The algorithm begins by precomputing the elevation angle from the observation 

point to each grid cell in the terrain (lines 1-4). We assume that the elevation of a grid cell 

is represented by its center point and that the observer is standing at height h above the 

observation point p = (x1, y1). The horizontal distance to a grid cell v = (x2, y2) is computed 

as 

 Ὠ ὼ ὼ ώ ώ ȟ (2.1) 

and the vertical elevation difference is 

 Ὡ Ὁώȟὼ Ὁώȟὼ ὬȢ (2.2) 

From this we compute the elevation angle as 

 ὥ ÔÁÎ
Ὡ

Ὠ
Ȣ (2.3) 

For a grid cell v to be visible from the observation point p, the elevation angle from p to v 

must be greater than the elevation angle from p to any grid cell on a line from p to v (see 

Figure 2.5). Most viewshed algorithms that operate on discrete grid elevation models, 

including R3, are approximate in the sense that there is no notion of partial visibility for a 

grid cell. (A cell is either entirely visible or entirely hidden.) We use a raytracing algorithm 

to identify the grid cells that intersect the line from p to v and consider only the elevation 

angles to these cells when determining visibility. The commonly used Bresenham line 

drawing algorithm (Bresenham 1965) is unacceptable here because it does not return all 

cells that intersect the line. Instead, we use the Amanatides and Woo algorithm 

(Amanatides and Woo 1987), which is given in Algorithm 2.2. The CHECK_VISIBILITY  

function that implements this algorithm is applied to all grid cells in the environment and 
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used to construct the final viewshed (lines 5-8 in Algorithm 2.1). All points with a visibility 

greater than 0 are marked as visible in the viewshed. 

 

Given the vectors p and v from the origin to the points p = (x1, y1) and v = (x2, y2), 

the vector representation of the line going from p to v is defined as p + tu, where u = v ï p. 

The Amanatides and Woo algorithm works by increasing t from 0 to 1 and identifying all 

the grid cell boundary crossings of this vector. These occur at the regular intervals tDeltaX 

and tDeltaY. tDeltaX represents the amount that t increases between vertical cell boundary 

crossings and is computed as 

 ὸὈὩὰὸὥὢ
Ὠ

Ὠ
ρȟ (2.4) 

 
 (a) (b) 

Figure 2.5  Viewshed analysis of the grid cell v = (x2, y2) from the observation point p = (x1, y1). (a) shows a 

line drawn from p to v and all grid cells that the line intersects (shaded). These cells are evaluated to see if 

any obstruct the line of sight (LOS). The variables tX, tY, tDeltaX and tDeltaY are used by the Amanatides 

and Woo line traversal algorithm in Algorithm 2.2. (b) shows the elevation profile of the shaded grid cells in 

(a). For a grid cell v to be visible from p, it must have a clear LOS from the observation point, set at a height 

h above the elevation of p. If the elevation angle of any grid cell between p and v is greater than the elevation 

angle from p to v, then the LOS is obstructed and the cell is not visible. The striped cells are not visible in 

this example. 
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where Ὠ ὼ ὼ and Ὠ ώ ώ. Likewise, tDeltaY represents the amount that t 

increases between horizontal cell boundary crossings and is computed as 

 ὸὈὩὰὸὥὣ
Ὠ

Ὠ
ρȢ (2.5) 

These values are computed in lines 1-4 of Algorithm 2.2. Line 5 computes the value of t at 

the first vertical crossing as 

 ὸὢ
Ὠ

ςὨ

ρ

ς
Ȣ (2.6) 

This variable will be updated to always store the value of t at the next vertical crossing. 

Line 6 computes the value of t at the first horizontal crossing as 

 ὸὣ
Ὠ

ςὨ

ρ

ς
Ȣ (2.7) 

This variable will also be updated to store the value of t at the next horizontal crossing. 

Lines 7-8 determine the signs of dx and dy (+1, ï1) and save these as stepX and stepY 

respectively. These values will be used to increment the current cell location, saved as X 

and Y, and initialized to x1 and y1 on lines 9-10. The main loop (lines 11-19) of the algorithm 

repeats until (X, Y) is equal to (x2, y2). Each iteration, the variables tX and tY are compared 

to see if the next boundary crossing is horizontal or vertical. If tX is less than tY, then the 

next crossing is a vertical boundary so tX is incremented by tDeltaX and X is incremented 

by stepX (lines 13-14). Otherwise, the next crossing is a horizontal boundary, so tY is 

incremented by tDeltaY and Y is incremented by stepY (lines 16-17). If at any time the 

current grid cell (X, Y) has an elevation angle from the observation point (x1, y1) that is 
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greater than the elevation angle of the target point (x2, y2), then the target point does not 

have a clear line of sight from the observation point and the algorithm returns 0 (lines 20-

21). Lines 18-19 handle an edge case where there is an infinite wall obstructing the line of 

sight. If such a wall is detected, the algorithm returns ï1, which is handled as a special case 

in our own algorithm in Section 4.1. If the target point is reached, then that indicates that 

there were no grid cells along the path that obstruct the view from the observation point, 

so the algorithm returns 1 (line 22). 
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2.4 Least-Cost Paths in Fuzzy Weighted Graphs 

The shortest path problem is one of the fundamental problems in graph theory that 

finds use in countless applications. These include finding the optimal path between two 

 

Algorithm 2.2 Amanatides and Woo Line Traversal for Visibility 

 

CHECK_VISIBILITY (A, x1, y1, x2, y2) 

1: dx Ŷ x2 - x1 

2: dy Ŷ y2 - y1 

3: tDeltaX Ŷ ρ 

4: tDeltaY Ŷ ρ 

5: tX Ŷ  

6: tY Ŷ  

7: stepX Ŷ sign(dx) 

8: stepY Ŷ sign(dy) 

9: X Ŷ x1 

10: Y Ŷ y1 

11: while (X, Y) Í (x2, y2) 

12: if  tX < tY 

13: tX Ŷ tX + tDeltaX 

14: X Ŷ X + stepX 

15: else 

16: tY Ŷ tY + tDeltaY 

17: Y Ŷ Y + stepY 

18: if A[Y, X] = NIL  

19: return -1 

20: if A[Y, X] > A[y2, x2] 

21: return 0 

22: return  1 
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points on a map, routing information through a computer network, and determining a series 

of actions that can solve a sequential decision problem. In general, solutions to these 

problems minimize some notion of the cost that is associated with each possible option. In 

many cases, the true cost of each solution component is unknown, or is dependent on 

multiple factors. For instance, when choosing a route between two locations in an 

environment, a decision-maker may have various objectives to satisfy such as minimizing 

the total distance and the maximum slope. The lengths and inclinations of each path 

segment may only be partially known due to limited visibility, leading to some uncertainty 

as to which path to choose. In these situations, it can be useful to model the problem using 

fuzzy cost values and a multiobjective framework (Buck, Keller, and Popescu 2014). 

To represent an agent's mental map, we use a graph structure that models the spatial 

and semantic attributes of the environment. We define the structural component as a graph 

Ὃ with vertex set ὠὋ and edge set ὉὋ. Each vertex ὺᶰὠὋ represents a location or 

state, and edges represent possible actions or movements between locations. In a directed 

graph, the edge set ὉὋ ṖὠὋ ὠὋ  consists of all ordered pairs of vertices ὺȟὺ  

that are connected by an edge. An edge Ὡɴ ὉὋ has both a starting vertex ὺ 34!24Ὡ 

and an ending vertex ὺ %.$Ὡ. A path ὴ through the graph is represented as an ὲ-tuple 

ὩȟȣȟὩ ᶰ ὉὋ  where %.$Ὡ 34!24Ὡ  for Ὥ ρȟȣȟὲ ρ. The starting and 

ending vertices of the path are denoted as ί 34!24Ὡ  and ὸ %.$Ὡ  respectively. 

The set ὖίȟὸ is defined as the set of all paths between vertices ί and ὸ. Each edge is 

assigned a feature vector that represents the attributes of the environment. A multiobjective 

problem can have many feature dimensions, whereas a single-objective problem will only 
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have one dimensional features. The feature values are crisp numbers when the environment 

is fully observable, but fuzzy numbers are used in partially observable environments to 

represent uncertainty. 

2.4.1 Least-Cost Path Problems 

A standard weighted graph assigns a real-valued weight ύ to each edge ὩᶰὉὋ . 

The meaning of the weight value is arbitrary, although it typically represents some measure 

of the edge length or cost associated with including the edge in a path. The shortest path 

problem is defined as finding the path ὩȟȣȟὩ ᶰὖίȟὸ between two vertices ί and ὸ 

in a graph Ὃ such that the sum В ύ is minimized. There are several algorithms that are 

commonly used to solve shortest path problems. 

Dijkstra's algorithm (Dijkstra 1959) can be used in graphs with non-negative 

weights to find a single-pair shortest path, or a tree of shortest paths to all vertices from a 

single source, known as the single-source shortest path problem. The algorithm works by 

expanding a search tree from the source vertex, always adding the edge with the minimum 

weight. A naïve implementation operates in ὕȿὠȿ  (where ȿὠȿ is the number of nodes), 

but this can be improved to ὕȿὉȿ ȿὠȿÌÏÇȿὠȿ (where ȿὉȿ is the number of edges) by 

using a min-priority queue such as a Fibonacci heap (Fredman and Tarjan 1984; Fredman 

and Tarjan 1987). If an admissible heuristic is available (Russell and Norvig 2009), the 

algorithm can be improved to select edges that minimize the sum of the edge weight and 

the estimated remaining distance to the goal. This algorithm is called A* (Hart, Nilsson, 

and Raphael 1968) and is commonly used to solve pathfinding problems where the path 

weight corresponds to total distance. 
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 If the graph contains negative edge weights, the Bellman-Ford algorithm (also 

sometimes called the Bellman-Ford-Moore algorithm) (Ford Jr. 1956; Bellman 1958; 

Moore 1957) can be used to construct the shortest path tree from a single source and can 

detect negative cycles (path loops that have negative total weight thereby removing a lower 

bound on the minimum cost of a path). The Bellman-Ford algorithm operates by iteratively 

relaxing an upper bound on the cost to reach each vertex from the source. In the worst case, 

it operates in ὕȿὠȿȿὉȿ, but it can terminate early if no changes are detected. 

For some applications, we may need to find the shortest paths between all pairs of 

vertices. This is called the all-pairs shortest path problem and it can be solved by finding a 

shortest path tree from each vertex using one of the above algorithms. Alternatively, the 

Floyd-Warshall algorithm (Floyd 1962; Warshall 1962) is specifically designed to solve 

this problem and does so by iteratively relaxing a ȿὠȿ ȿὠȿ matrix containing the shortest 

path distances between each pair of vertices (and optionally a second matrix containing the 

predecessor of each vertex). The Floyd-Warshall algorithm runs in ὕȿὠȿ  and recursively 

computes for each triplet ὭȟὮȟὯᶰȿὠȿ the shortest path between Ὥ and Ὦ using only 

vertices ρȟȣȟὯ. 

The optimal path in some contexts is not always the shortest path. For instance, to 

optimize traffic flow in transportation and computer networks, it can be useful to identify 

the maximum capacity route (Hu 1961; Pollack 1960) (sometimes called the bottleneck 

shortest path) that maximizes the minimum-weight edge in the path. A related problem that 

we consider is finding the minimax path (Berman and Handler 1987), which minimizes the 

maximum-weight edge in the path. This can be used to find paths that avoid certain high-
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cost areas. In general, a least-cost path is a path that minimizes some measure of the path 

cost and may refer to either a shortest path or a minimax path. 

2.4.2 Fuzzy Numbers 

Partially observable environments introduce uncertainty into the wayfinding 

problem. Fuzzy sets (Zadeh 1965) are a way to model certain types of uncertainty that arise 

in the representation of partially observable environment features. A fuzzy number ὃṖᴙ 

is a normalized convex fuzzy set with a membership function ‘ȡὃᴼ πȟρ that specifies 

the degree to which a real number ὼɴ ᴙ is included in the set ὃ. Fuzzy numbers provide 

a way to represent uncertainty in the true value of a number and to express linguistic 

approximations such as ñabout 3ò or ñnearly 10.ò Some common representations for fuzzy 

numbers include triangular and trapezoidal membership functions, which are defined by 3 

or 4 parameters respectively. We use triangular fuzzy numbers throughout this work to 

demonstrate our approach, but other representations (such as trapezoidal membership 

functions or a list of alpha-cut endpoints) could be used when deemed appropriate by the 

problem domain. A triangular fuzzy number ὃ is defined by a 3-tuple 4ÒÉὥȟὦȟὧ, where 

the interval ὥȟὧ is the support for which ‘ ὼ π and ὦ is the single point where 

‘ ὼ ρ. Its membership function is defined as 

 ‘ ὼȠὥȟὦȟὧ

ừ
ỬỬ
Ừ

ỬỬ
ứ

πȟ ὼ ὥ
ὼ ὥ

ὦ ὥ
ȟ ὥ ὼ ὦ

ρȟ ὼ ὦ
ὧ ὼ

ὧ ὦ
ȟ ὦ ὼ ὧ

πȟ ὼ ὧ Ȣ

 (2.8) 
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The arithmetic operators (, ɀ, ³, ·), as well as other functions such as 

minimization and maximization, can be defined for fuzzy numbers using Zadehôs extension 

principle (Zadeh 1975a; Zadeh 1975b). The result of a function Ὢὃȟὄ  operating on two 

fuzzy numbers ὃ and ὄ is given as 

 ‘ ȟ ᾀ ÓÕÐ
ȟ
ÍÉÎ‘ ὼȟ‘ ώ Ȣ (2.9) 

In this work, we focus mainly on the summation and maximization operators for triangular 

fuzzy numbers. The summation of two triangular fuzzy numbers is derived from Equation 

2.9 as  

 4ÒÉὥȟὦȟὧ 4ÒÉὥȟὦȟὧ 4ÒÉὥ ὥȟὦ ὦȟὧ ὧ Ȣ (2.10) 

The summation of two triangular fuzzy numbers will always result in a new triangular 

fuzzy number. However, because maximization is a nonlinear operator, the maximum of 

two triangular fuzzy numbers may not be triangular (see Figure 2.6). To keep the practical 

requirements of the CMM framework simple, we seek to maintain a consistent 

representation for all fuzzy numbers. Therefore, we define an approximate maximization 

operator that gives a triangular fuzzy number, 

 

ÍÁØᴂ4ÒÉὥȟὦȟὧȟ 4ÒÉὥȟὦȟὧ

 4ÒÉÍÁØὥȟὥ ȟÍÁØὦȟὦ ȟÍÁØὧȟὧ Ȣ 

(2.11) 

This approach maintains the true definition at the endpoints and peak of the fuzzy number, 

but may produce different values at the intermediate points. 
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In a least-cost path problem, the goal is to find a solution that minimizes some set 

of objectives. By representing the value of a solution as a fuzzy number, we can capture 

some of the uncertainty in a solutionôs true value. However, this uncertainty makes it 

difficult to assess whether one solution is better than another. While there is no universal 

definition for the ordering of fuzzy numbers that proves satisfactory for all cases (see for 

instance (Wang and Kerre 2001a; Wang and Kerre 2001b)), we adopt the following 

intuitive definitions. 

 

Definition  2.1. Let ὃ 4ÒÉὥȟὦȟὧ  and ὃ 4ÒÉὥȟὦȟὧ  be two triangular 

fuzzy numbers. We say that ὃ is less than or equal to ὃ ὃ ὃ  if and only if 

(ὥ ὥ and ὦ ὦ and ὧ ὧ).  

 

Definition  2.2. Let ὃ 4ÒÉὥȟὦȟὧ  and ὃ 4ÒÉὥȟὦȟὧ  be two triangular 

fuzzy numbers. We say that ὃ is strictly less than ὃ ὃ ὃ  if and only if ὃ

ὃ and (ὥ ὥ or ὦ ὦ or ὧ ὧ).  

 

 

Figure 2.6  The summation of two triangular fuzzy numbers ὃ 4ÒÉρȟςȟσ and ὄ 4ÒÉπȟτȟυ is shown 

as 4ÒÉρȟφȟψ. The true maximum of ὃ and ὄ is not a triangular fuzzy number, but can be approximated as 

4ÒÉρȟτȟυ. 
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There may be many solutions for a given problem with no single solution that is 

less than all others. If ὃ Ḿὃ and ὃ Ḿὃ, then it is not clear which of the two fuzzy 

numbers should be preferred (assuming ὃ ὃ). When a decision-maker is required to 

choose one of these, we can employ a weighted centroid defuzzification scheme to produce 

a crisp value for each solution that can be ranked directly. The centroid of a fuzzy number 

ὃ is defined as 

 ὼӶ
ὼ᷿‘ ὼ Ὠὼ

‘᷿ ὼ Ὠὼ
Ȣ (2.12) 

For a triangular fuzzy number 4ÒÉὥȟὦȟὧ, this evaluates to 

 ὼӶ
ρ

σ
ὥ ὦ ὧȢ (2.13) 

The weighted centroid is defined by a control parameter ‚ɴ πȟρ that specifies the 

optimism/pessimism of the decision-maker. A value of ‚ π indicates extreme optimism, 

in which the fuzzy number is defuzzified to the smallest possible value, ὥ. A value of ‚ ρ 

indicates extreme pessimism, where defuzzification results in the largest possible value, ὧ. 

A value of ‚ πȢυ gives a balanced approach using the centroid, ὼ. The crisp weighted 

centroid value is linearly interpolated between these points as 

 ὅὃȿ‚
ὥ ς‚ὼӶὥȟ ‚ πȢυ

ὼӶς‚ πȢυ ὧ ὼӶȟ ‚ πȢυ Ȣ
 (2.14) 

Using a constant value for ‚, a decision-maker can defuzzify multiple fuzzy numbers using 

the weighted centroid approach and compare the resulting crisp values. If two fuzzy 

numbers result in the same crisp value when defuzzified, they are considered equivalent. 
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2.4.3 The Multiobjective Fuzzy Least-Cost Path Problem 

The fuzzy shortest path problem (FSPP) was first analyzed by Dubois and Prade 

(Dubois and Prade 1980), who extended the classic Floyd-Warshall and Bellman-Ford 

algorithms for graphs with a single fuzzy weight assigned to each edge. A drawback of this 

early approach, however, was that a fuzzy cost could be obtained without an associated 

path to go with it. Many papers have since been written on the topic with improved 

algorithms for specific variations of the FSPP (e.g. (Klein 1991; Okada and Soper 2000; 

Cornelis, De Kesel, and Kerre 2004; Moazeni 2006; Hernandes et al. 2007)) with improved 

algorithms for specific variations of the FSPP. Typically, the problem is treated as a single 

objective optimization, although due to its fuzzy nature, there may be multiple non-

dominated solutions. A defuzzification method is usually required to provide some 

recommendation to a decision-maker. 

The multiobjective shortest path problem (MO-SPP) likewise has received 

considerable attention in the optimization literature (e.g. (Martins 1984; Loui 1983; 

Guerriero and Musmanno 2001; Tarapata 2007)). One of the common applications of the 

MO-SPP is in designing and using transportation networks, where travel time, distance, 

and other criteria may dictate which routes are considered optimal. These objectives are 

typically in conflict such that there is no single solution that outperforms all others. In this 

case, multiobjective decision-making techniques should be used to help the decision-maker 

choose a solution. 

We define a general fuzzy weighted graph as a graph Ὃ that has a weight vector of 

fuzzy numbers assigned to each edge. For each edge Ὡɴ ὉὋ, we define a feature vector 
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╕Ὡ Ὂ ὩȟȣȟὊ Ὡ , where each ὊὩ is a fuzzy number that represents a feature 

attribute of that edge and ά is the total number of features. Features are defined as 

components of a multiobjective cost function that are intended to be minimized. For 

instance, a vector might have one feature that represents distance and another that 

represents slope or travel time. In the CMM framework, each feature is assumed to be non-

negative with zero being the minimum possible value. By using a vector of fuzzy numbers 

to represent edge weights, a fuzzy weighted graph can model different degrees of 

uncertainty for each component of the multiobjective cost function. When there is no 

uncertainty, the fuzzy numbers are reduced to crisp values. 

A path ὴ ὩȟȣȟὩ  in a fuzzy weighted graph is a sequence of ὲ edges, each 

with an associated weight vector given as ╕Ὡ . We compute an aggregated cost vector 

═ὴ ὃ ὴȟȣȟὃ ὴ  for the path by either summing or taking the maximum value 

of the feature components of each edge. Let ♬ ‎ȟȣȟ‎  be an indicator vector where 

‎ π if feature Ὥ should be aggregated by summation and ‎ ρ if feature Ὥ should be 

aggregated using maximization. For features where the decision-maker considers the total 

feature value ‎ π, the aggregated value of feature Ὥ is 

 ὃ ὴ ὊὩȢ (2.15) 

For features where the decision-maker considers the maximum feature value ‎ ρ, the 

aggregated value of feature Ὥ is 

 ὃ ὴ ÍÁØᴂ
ȟȣȟ
ὊὩȢ (2.16) 
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Note that the aggregation method may be different for each feature. For instance, a feature 

measuring the total distance traveled would be aggregated using summation, whereas a 

feature measuring the steepest slope segment along a path would be aggregated using 

maximization. 

Given a fuzzy weighted graph Ὃ with a starting vertex ίɴ ὠὋ and an ending 

vertex ὸɴ ὠὋ  where ί ὸ, the multiobjective fuzzy least-cost path problem (MO-

FLCPP) is defined as finding a path ὴᶰὖίȟὸ that minimizes the aggregated cost vector 

═ὴ. When the summation operator is used for aggregation, this is called the shortest path 

problem. When the max operator is used, it may be called the minimax path problem. We 

use the term least-cost path to refer to the general case that may have mixed aggregation 

methods. The MO-FLCPP may not have a single solution that minimizes each cost 

component ὃ ὴ simultaneously for Ὥ ρȟȣȟά. Multiobjective optimization techniques 

should therefore be used to help the decision-maker choose a solution. 

2.5 Multiobjective Optimization  

Many real-world problems involve several criteria that influence the decision-

making process. In these problems, a decision-maker must optimize multiple objectives 

simultaneously. Typically, the objectives conflict in some nontrivial way, forcing the 

decision-maker to make some tradeoff between various possible solutions. Multiobjective 

optimization is the study of decision problems with more than one objective. This section 

presents an overview of the multiobjective problem setting and defines several methods 

that allow a decision-maker to select an optimal solution. 
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2.5.1 Multiobjective Optimization Problem Definition 

Formally, a multiobjective optimization problem (MOP) is defined as  

 
ÍÉÎÉÍÉÚÅἮὀ ὪὀȟȣȟὪὀ

ÓÕÂÊÅÃÔ ÔÏὀɴ ɱȟ
 (2.17) 

where we have Ὧ ς real-valued objective functions Ὢȡᴙ ᴼᴙ that are to be 

minimized (Miettinen 1999). A decision vector ὀ ὼȟȣȟὼ  represents a potential 

solution to the MOP and ɱṖᴙ  is the feasible region defined by the problem constraints. 

We sometimes use the terms decision vector and solution interchangeably. A decision 

variable ὼ may represent some characteristic attribute of the solution, or some component 

of a complete solution. For example, a complete solution to the multiobjective path-

planning problem is some path through an environment space and the decision variables 

represent the various path components1. 

We assume that no single solution ὀ minimizes all objective functions 

simultaneously, otherwise there would be no conflict between the objectives and the 

problem could be solved using traditional single-objective methods. In the usual case with 

multiple conflicting objectives, we cannot determine a single optimal solution and are 

required to examine the tradeoffs between solutions in the objective space, ᴙ . The subset 

of the objective space that forms the image of the feasible region ɱ is called the feasible 

objective region and is denoted as ɤ Ἦɱ. Elements of ɤ are called objective vectors 

and are denoted by Ἦὀ or ὂ ᾀȟȣȟᾀ , where ᾀ Ὢὀ for all Ὥ ρȟȣȟὯ. Each 

objective value ᾀ represents some quantifiable feature of the decision vector that is to be 

 
1 The details of the decision vector representation for paths will be discussed further in Chapter 6. 
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minimized. Note that a feature that is to be maximized can be represented in this framework 

by defining ὪÍÉÎὀ ὪÍÁØὀ. Figure 2.7 shows a graphical representation of the 

mapping of a solution from decision space to objective space in a MOP. 

 

2.5.2 Pareto Optimality 

Consider two solutions, ὀȟὀᶰɱ and their corresponding objective vectors, 

ὂ Ἦὀ  and ὂ Ἦὀ . If ᾀ ᾀ for some objective Ὥ, then ὂ is the preferred 

objective vector (and ὀ is the preferred solution) based solely on objective Ὥ. If ᾀ ᾀ 

for all Ὥ ρȟȣȟὯ and ᾀ ᾀ for at least one index Ὦ, then ὂ is said to dominate ὂ 

because it is at least as good as ὂ in all objectives and it is better than ὂ in at least one 

objective. Similarly, we say that ὀ dominates ὀ if ὂ dominates ὂ. A solution that is not 

dominated by any other solution in the feasible region is called Pareto optimal, named after 

the French-Italian economist and sociologist Vilfredo Pareto, who pioneered the notion of 

preference ordering in terms of ordinal utility rather than cardinal utility (Aspers 2001). 

 

 

Figure 2.7  Mapping from decision space to objective space in a multiobjective optimization problem. 
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Definition  2.3. An objective vector ὂᶻᶰɤ is Pareto optimal if there does not exist 

another objective vector ὂɴ ɤ such that ᾀ ᾀᶻ for all Ὥ ρȟȣȟὯ and ᾀ ᾀᶻ for 

at least one index Ὦ. 

 

Definition  2.4. A decision vector ὀᶻᶰɱ is Pareto optimal if there does not exist 

another decision vector ὀɴ ɱ such that Ὢὀ Ὢὀᶻ for all Ὥ ρȟȣȟὯ and 

Ὢὀ Ὢὀᶻ for at least one index Ὦ. 

 

The set of all Pareto optimal decision vectors forms the Pareto optimal set ὖὛ, and the set 

of all Pareto optimal objective vectors forms the Pareto front ὖὊ. An illustration of the 

Pareto optimal set and corresponding Pareto front for a two-objective problem is shown in 

Figure 2.8. 

 

 

Figure 2.8  The mapping of solution vectors from decision space to objective space shows which solutions 

belong to the Pareto optimal set in decision space and the Pareto front in objective space. 

 



42 

2.5.3 Scalarization 

We are not usually satisfied by simply determining the Pareto optimal set of 

solutions (or an approximation thereof); most problems require the decision-maker to 

actually decide upon a single solution. In general, multiobjective optimization problems 

are solved using the method of scalarization, in which a scalarizing function Ὣȡɤᴼᴙ  is 

defined over the multidimensional objective space that maps any given objective vector 

into a single non-negative real value. The decision-maker then chooses the solution from 

the feasible region that minimizes the scalarized objective value. We define the resulting 

single-objective optimization problem as 

 
ÍÉÎÉÍÉÚÅὫἮὀ

ÓÕÂÊÅÃÔ ÔÏὀɴ ɱȢ
 (2.18) 

Once the problem has been scalarized into a single objective, we can use traditional 

optimization techniques to find a solution. 

Before scalarizing the objective space, it is usually advisable to normalize the 

output range of each objective function into a common range. This helps to ensure that 

each objective is treated equally and that the natural scale of the objective values does not 

bias the decision toward certain objectives. One common strategy is to normalize the range 

of the Pareto front into the unit hypercube. This can be accomplished by defining the ideal 

and nadir objective vectors for a given multiobjective problem. The ideal objective vector 

is defined as  ὂẘ ᾀẘȟȣȟᾀẘ , where ᾀẘ ÍÉÎ
ὀɴ
Ὢὀ for  Ὥ ρȟȣȟὯ. This point 

represents the best possible objective value in each dimension, although it is almost 

certainly outside of the feasible objective region. In contrast to the ideal objective vector, 

the nadir objective vector ὂÎÁÄ represents the upper boundary of the Pareto front and may 
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or may not lie within the feasible objective region. While the ideal objective vector is 

straightforward to define, the nadir objective vector is often unknown until the problem has 

been solved. For a given approximation of the Pareto optimal set ὖὛ, we define the nadir 

objective vector as ὂÎÁÄ ᾀÎÁÄȟȣȟᾀÎÁÄ, where ᾀÎÁÄ ÍÁØ
ὀɴ

Ὢὀ for Ὥ ρȟȣȟὯ. Figure 

2.9 shows two examples of the Pareto front and the associated ideal and nadir objective 

vectors. Note that the ideal and nadir objective vectors form a bounding box around the 

complete Pareto front, which may be disjoint. 

 

Given the range of the Pareto front defined by ὂẘ and ὂÎÁÄ, we normalize the objective 

function values into a common range πȟρ by defining 

 ᾀ Ὢ ὀ
Ὢὀ ᾀẘ

ᾀÎÁÄᾀẘ 
ÆÏÒ Ὥ ρȟȣȟὯȢ (2.19) 

The normalized objective vectors are then defined as ὂ Ἦὀ ᾀȟȣȟᾀ . These 

vectors are used in place of the original objective vectors for the scalarization computation, 

although the decision-maker may still prefer to be presented with the original units when 

comparing alternatives. 

 

Figure 2.9  Examples of the range of the Pareto front. The ideal objective vector represents the minimum 

attainable value of each of objective and the nadir objective vector represents the upper boundary of the 

Pareto front. 
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2.5.4 Method of the Global Criterion 

If the decision-maker considers all criteria to be equally important, we can use the 

method of the global criterion, sometimes also called compromise programming (Zeleny 

1973). In this method, the decision-maker picks the solution from the Pareto optimal set 

that minimizes the distance to some ideal reference point. We use the ὒ-metric to measure 

the distance from the ideal objective vector and define the scalarization function as 

 Ὣ
ÇÃ
ὂ ᾀ ȟ (2.20) 

where each  ᾀ represents a normalized objective value from Equation 2.19 and ὴ π. 

Because we only need to find the solution that minimizes the scalarized value, the exponent 

 can be dropped without affecting the outcome. Common values of ὴ are 1, 2, and Њ. The 

ὒ -metric is also called the Tchebycheff1 metric, and the equivalent scalarization function 

can be expressed as 

 Ὣ
ÇÃ
ὂ ÍÁØ

ȟȣȟ
ᾀȢ (2.21) 

Figure 2.10 shows the difference between the ὒ-, ὒ-, and ὒ -metrics. Each metric results 

in a different interpretation of the objective space and correspondingly selects a different 

solution from the Pareto front. 

 
1 An alternate spelling is the Chebychev metric. 
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2.5.5 Method of Weighted Metrics 

A decision-maker will usually wish to express some preference for certain 

objectives over others. The method of the global criterion can be extended to include a 

weight term for each objective indicating its relative importance. Doing so effectively 

scales the objective space so that different points on the Pareto front are measured to be 

closer to the ideal objective vector. Assume that the decision-maker has defined a weight 

vector ‗ȟȣȟ‗  such that ‗ π for all Ὥ ρȟȣȟὯ and В ‗ ρ. We define the 

weighted ὒ scalarization function as 

 Ὣ×Íὂȿ ‗ᾀ ȟ (2.22) 

 

Figure 2.10  Different metrics applied in the global criterion method. The decision-maker chooses the 

solution on the Pareto front that minimizes the distance to the ideal objective vector ὂẘ. The contours of each 

ὒ-metric are shown at the minimum value that intersects the Pareto front. 
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for ὴ π. If ὴ ρ, the scalarization function is equivalent to a weighted sum of the 

objective values, 

 Ὣ×Óὂȿ ‗ᾀȢ (2.23) 

The weighted sum is one of the earliest and most commonly used scalarization methods  

for multiobjective problems as it maintains the linearity of the problem if the objective 

functions are linear (Gass and Saaty 1955; Zadeh 1963). If ὴ ς, the scalarization function 

uses Euclidean distance and becomes the method of least squares, 

 Ὣ ὂȿ ‗ᾀ Ȣ (2.24) 

When ὴ Њ, the scalarization function is equivalent to the Tchebycheff method, 

 ὫÔÅὂȿ ÍÁØ
ȟȣȟ
‗ᾀȢ (2.25) 

The Tchebycheff scalarization function favors solutions toward the middle of the 

Pareto front, whereas the weighted sum approach tends to result in solutions near the edges. 

In fact, if the shape of the Pareto front is concave, the weighted sum approach can only 

return solutions at the extrema points of the Pareto front, whereas the Tchebycheff method 

can find any Pareto optimal solution with some setting of the weight vector (Bowman 

1976). To illustrate this, consider the examples in Figure 2.11. The top row shows a convex 

Pareto front that has been scaled with three different weight vectors. The solutions closest 

to the origin are indicated for both the weighted sum and Tchebycheff approaches. Note 

that the Tchebycheff solution is closer to the midpoint of the Pareto front than the weighted 

sum solution, which moves closer to the endpoint with the larger weight value. The bottom 
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row shows another example with a concave Pareto front. In this case, the weighted sum 

approach cannot select a solution within the concave region because the endpoints are 

always closer to the origin regardless of the scaling applied by the weight vector. In 

contrast, the Tchebycheff approach can return solutions within the concave region because 

of the way the distance measurement is computed. 

 

2.5.6 Ordered Weighted Average Approach 

The final method we consider for scalarizing an objective vector is the ordered 

weighted average (OWA) operator (Yager 1988). The OWA operator is a flexible 

aggregation function that lies somewhere between the min and max operators. It allows for 

 

Figure 2.11  Comparison of the weighted sum and Tchebycheff scalarization approaches. The weighted sum 

can only return extrema points when the Pareto front is concave, whereas the Tchebycheff approach can find 

any Pareto optimal solution. 
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a more natural interpretation of the scalarization function by defining the degree to which 

each of the criteria need to be satisfied. At one extreme, the max operator acts as the logical 

ñand,ò requiring all criteria to meet some minimum degree of satisfaction. At the other 

extreme, the min operator acts as the logical ñor,ò requiring only one criteria to be satisfied. 

The mean operator lies in between these two extremes and optimizes the average 

satisfaction of all criteria. 

To apply the OWA operator to a normalized objective vector ὂ ᾀȟȣȟᾀ , we 

first apply the criteria preference weights ‗ȟȣȟ‗  and define a scaled objective 

vector Ἡ ὥȟȣȟὥ  where ὥ ‗ᾀ for all Ὥ ρȟȣȟὯ. The elements of Ἡ are then 

sorted in descending order ὥ ȟȣȟὥ  where ὥ  is the ὭÔÈ largest of the ὥ values. The 

OWA operator is parameterized by an additional weight vector Ἷ ύȟȣȟύ  where 

ύ π for all Ὥ ρȟȣȟὯ and В ύ ρ. The OWA scalarization function is defined as 

 Ὣ/7!ἩȿἿ ύὥ Ȣ (2.26) 

By changing the OWA weight vector, the OWA operator can be made to represent different 

aggregation functions. The following are some notable operators. 

¶ Average: ύ  for all Ὥ ρȟȣȟὯ. This method is equivalent to the weighted sum 

scalarization approach. All criteria are weighted equally (after scaling). 

¶ Max: ύ ρ and ύ π for all Ὥ ρ. This method is equivalent to the 

Tchebycheff scalarization approach and acts as the logical ñandò operator. All 

criteria must be satisfied when using this method since the scalarized value is 
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equivalent to the objective value of the least satisfied criteria (the largest of the ὥ 

values). 

¶ Min: ύ ρ and ύ π for all Ὥ Ὧ. This method acts as the logical ñorò operator 

and requires only a single criterion to be satisfied. The scalarized value is equal to 

the most satisfied criteria (the smallest of the ὥ values). In practice, this method is 

rarely used for multiobjective optimization because it does not consider the 

satisfaction of any other criteria other than the most satisfied criteria. 

2.6 Multiobjective Evolutionary Algorithms  

Evolutionary algorithms are well suited to solve multiobjective optimization 

problems. These algorithms create a population of potential solutions and use genetic 

operators such as selection, crossover, and mutation to iteratively improve the best 

individuals until a suitable solution is found. In a multiobjective problem, there may not be 

a single optimal solution, but rather a set of Pareto optimal solutions. The goal of a 

multiobjective evolutionary algorithm (MOEA) is to return a set of solutions that closely 

approximates the true Pareto optimal set (Fonseca and Fleming 1995; Zitzler, Laumanns, 

and Bleuler 2004; Zhou et al. 2011). There are several strategies that can be employed to 

modify an EA for a multiobjective problem. Typically, the algorithm needs to define the 

fitness of an individual solution and specify how the selection, crossover, and mutation 

operators should work. Whereas a single objective EA returns only a single solution, an 

MOEA needs to maintain population diversity so that the solutions are well distributed 

over the entire Pareto front. Additionally, there should be enough solutions to provide 

adequate coverage of the entire Pareto front. This can become a challenging issue when 
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there are many objectives. Two of the most influential MOEAs are the nondominated 

sorting genetic algorithm (NSGA-II) (Deb et al. 2002) and the multiobjective evolutionary 

algorithm based on decomposition (MOEA/D) (Qingfu Zhang and Hui Li 2007). 

NSGA-II uses a fast non-dominated sorting approach to partition the population of 

ὔ solutions into multiple nondominated fronts such that no solution dominates another 

solution in the same front, and each solution in front Ὂ is dominated by at least one solution 

in front Ὂ  for Ὥ ρ. The solutions within each front are then sorted based on crowding 

distance, so that solutions that are more separated receive a lower (better) rank. Each 

generation, a new population is generated using binary tournament selection, and the 

combined parents and offspring are sorted using the nondominated sorting approach. The 

top ὔ individuals survive to the next generation. 

The NSGA-II  algorithm achieves very good performance on problems with a small 

number of objectives, but suffers from the curse of dimensionality in high-dimensional 

spaces. Most solutions are nondominated in many-objective optimization problems, which 

weakens the selective pressure of the nondominated sorting approach. Furthermore, an 

exponentially greater number of solutions are required to model a high-dimensional Pareto 

front. These issues have given rise to a class of many-objective evolutionary algorithms 

(MaOEAs)  (Ishibuchi, Tsukamoto, and Nojima 2008; Li et al. 2015). One of the key 

difficulties of MaOEAs is the visualization of the population, which can be used to evaluate 

methods and to observe the evolutionary process (He and Yen 2016). Several MaOEA 

algorithms have been proposed, including NSGA-III (Jain and Deb 2014), ‭-MOEA (Deb, 

Mohan, and Mishra 2005), GrEA (Yang et al. 2013), HypE (Bader and Zitzler 2011), and 
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MOEA/D (Qingfu Zhang and Hui Li 2007). Of these, the decomposition strategy of 

MOEA/D has proven to be particularly adaptable to many problem domains and 

algorithmic variants (Trivedi et al. 2016). 

The general MOEA/D approach is outlined in Algorithm 2.3. The method requires 

the definition of ὔ evenly spread ά-dimensional weight vectors ⱦȟȣȟⱦ , representing ὔ 

scalarized single-objective problems. The method maintains a population of ὔ solutions 

ὼȟȣȟὼ , where ὼ is the current solution to subproblem Ὥ. A solution ὼ is evaluated as 

Ὂὼ Ὢὼ ȟȣȟὪ ὼ , where Ὢὼ  represents the value of ὼ against objective Ὦ. 

A reference point ◑ ᾀȟȣȟᾀ  maintains the ideal objective vector discovered so far 

and a scalarization function Ὣὼⱦȟ◑ provides a measure of how well solution ὼ solves 

subproblem Ὥ. The algorithm maintains an external population Ὁὖ that contains the 

nondominated solutions found during the search. 

The first step of the algorithm creates initial solutions to each of the subproblems 

and computes the neighborhood of each weight vector. In the second step, each weight 

vector is evaluated and a new solution is created using crossover and mutation operators 

on the solutions in the neighborhood. If necessary, a problem-specific repair or heuristic 

can be applied to improve the solution. The new solution is then compared with the current 

solutions of the neighboring subproblems and it replaces the old solution if the new one is 

better. The objective values of the solutions are compared and used to update the external 

population of nondominated solutions, which is returned at the end of the search. 

The decomposition approach allows MOEA/D to be applied to problems where a 

single-objective optimization strategy is readily available. For instance, the multiobjective 
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shortest path problem (MO-SPP) can define several weight vectors to scalarize the problem 

as a set of single-objective subproblems, and then use a shortest path algorithm such as 

Dijkstra's algorithm to find solutions to these subproblems. The MOEA/D algorithm can 

be used to find the Pareto optimal set of solutions to the MO-SPP before requiring a 

decision-maker to give any specific preferences. 



53 

 

 

 

 

Algorithm 2.3 MOEA/D 

 

Input:  

¶ MOP 

¶ a stopping criterion 

¶ ὔ: the number of subproblems considered 

¶ ⱦȟȣȟⱦ : ά-dimensional objective weight vectors 

¶ Ὕ: the size of each weight vector neighborhood 

¶ Ὣ: a scalarization function 

Output: Ὁὖ 

Step 1) Initialization:  

Step 1.1) Set Ὁὖ  ɲ

Step 1.2) Compute ὄὭ ὭȟȣȟὭ  as the Ὕ closest weight vectors to each weight 

vector ⱦ for Ὥ ρȟȣȟὔ 

Step 1.3) Generate an initial population ὼȟȣȟὼ  and set Ὂὠ Ὂὼ  

Step 1.4) Initialize the reference point ◑ ᾀȟȣȟᾀ   

Step 2) Update: 

For Ὥ ρȟȣȟὔ, do 

Step 2.1) Reproduction: Randomly select two indices Ὧ and ὰ from ὄὭ and generate a 

new solution ώ from ὼ and ὼ 

Step 2.2) Improvement: Use a problem-specific heuristic on ώ to produce ώ 

Step 2.3) Update ◑: Set ᾀ ÍÉÎᾀȟὪώ  for Ὦ ρȟȣȟά 

Step 2.4) Update neighbors: For each index Ὦɴ ὄὭ, if Ὣώⱦȟ◑ Ὣὼ ⱦȟ◑, 

then set ὼ ώ and Ὂὠ Ὂώ  

Step 2.5) Update ╔╟:  

Step 2.5.1) Remove all vectors from Ὁὖ that are dominated by Ὂώ  

Step 2.5.2) Add Ὂώ  to Ὁὖ if no vectors in Ὁὖ dominate Ὂώ . 

Step 3) Stopping criteria: If the stopping criteria has been satisfied, then stop and output 

Ὁὖ. Otherwise repeat Step 2. 
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2.7 Intelligent Agents 

A software agent that acts with purposeful behavior in a problem domain may be 

described as intelligent to some degree. As environmental psychologists developed models 

that could be used to explain human and animal behavior in real world environments, 

computer scientists worked to implement analogous models that could be used in simulated 

environments. The field of artificial intelligence grew around the concept of developing 

intelligent agents that behave autonomously to maximize some notion of success (Russell 

and Norvig 2009). There are several classes of intelligent agents, ranging from the simple 

reflex agents used in multi-agent models, to learning agents that can operate in unknown 

environments. The general agent model is very similar to the cognitive model used in 

Figure 2.1Error! Reference source not found.. Agents have a set of actuators that define 

the actions they can perform and a set of sensors that receive percepts from the 

environment. The agentôs actions are defined by the agent function, which maps percepts 

into actions and can be realized in various ways. For example, the agent function might use 

a lookup table or fuzzy rule base to decide which action to take. More complex agents can 

maintain some notion of the current state, and may be implemented as a finite state 

machine. The most advanced agents can adapt to unforeseen events and can learn the 

utilities of their actions. 

In the physical world, intelligent agents have been designed to control mobile 

robots using a variety of cognitive models (Luke et al. 2005; Eliashberg 2002; Busch et al. 

2007; Blisard and Skubic 2005; Phillips and Noelle 2005; Skubic et al. 2004). In some 

instances, the environment is not known completely and the robot must construct a map of 

its surroundings as it explores (Thrun 2002). The simultaneous localization and mapping 
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(SLAM) problem can be defined as determining the robotôs location ὼ and the 

environment map ά  from a sequence of observations έȡ. SLAM has been typically 

treated as a probabilistic problem that uses Bayes rule to maximize the posterior 

distribution ὖάȟὼȿέȡ  given sequentially defined updates for the location 

ὖὼȿέȡȟά  and the map ὖάȿὼȟέȡ . 

2.8 The Traveling Salesman Problem 

The traveling salesman problem (TSP) is a combinatorial optimization problem that 

has received wide attention in the fields of operations research and theoretical computer 

science as a benchmark for exploring issues of computational complexity (Applegate et al. 

2007). In its canonical form, the problem is to find the order in which an agent should visit 

a set of cities separated by known distances so as to minimize the total distance traveled. 

Several variations of the TSP have been proposed (Gutin and Punnen 2007) including the 

probabilistic TSP (Jaillet 1985), physical TSP (Perez, Rohlfshagen, and Lucas 2012), 

partially observable TSP (Buck and Keller 2016), and the traveling purchaser problem 

(TPP) (Boctor, Laporte, and Renaud 2003; Riera-Ledesma and Salazar-González 2005). 

The TPP can be considered a generalization of the TSP, where an agent must visit a set of 

known market locations with various prices for goods in an order that allows it to purchase 

a given list of items at the lowest price while also accounting for the cost of travel. This 

form of the problem can be parameterized in many ways to create simpler problem types 

such as the resource collecting TPP. In this variation, each market offers a single type of 

resource and the agent needs to collect a set number of each resource type by visiting the 

appropriate markets in the shortest distance possible. An even simpler variation that can be 
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expressed in this form is the k-TSP in which the agent only needs to visit k of the market 

locations. 

One application of the TSP and the TPP is to create problems that can be solved by 

agent-based systems. Computer simulations have been used in many domains to study the 

complex problems that often arise as the result of physical processes or agent interaction. 

The latter case is the subject of study in agent-based modeling, which seeks to explain the 

collective behavior of a population of autonomous agents that model natural systems by 

obeying simple rules (Bonabeau 2002). By using agents to represent individual decision-

makers, complex systems can be created that show emergent behavior  (Holland and Miller 

1991). In the context of human geography, agent-based models have been used to study 

evacuation scenarios in disaster situations (Keller, Popescu, and Gibeson 2012), and 

utilized concepts such as bounded rationality to guide agent behavior (Popescu and Keller 

2012) and rumor spreading models based on social networks (Zare et al. 2012). A related 

field is that of multi-agent systems, which focuses on using an interacting group of 

intelligent agents to model problems that are too complex for an individual agent (Niazi 

and Hussain 2011). In the area of computational intelligence, agent-based models have 

been used to solve optimization problems using techniques such as ant colony optimization 

(Dorigo, Maniezzo, and Colorni 1996) and particle swarms (Kennedy and Eberhart 1995). 
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3 CREATING GRID WORLD ENVIRONMENTS  

In this chapter, we introduce the grid world environments used in the CMM 

framework. The environments contain various attributes and are constructed using several 

different methods. These environments provide the problem structure for studying various 

aspects of multicriteria and partially observable decision-making in later chapters. 

3.1 Grid Worlds  

The CMM framework presented in this work uses grid worlds exclusively as the 

problem domain. A gridded environment provides structure and regularity that simplifies 

many of the practical issues of representing a physical environment. In a grid world 

problem, the environment space  ꜡ is discretized into a regular grid of cells so that cell 

ὧȟ ᶰ  ꜡is the cell in row Ὥ and column Ὦ. The world contains a single decision-making 

agent located in cell ὧ ȟ . The agent can move to adjacent cells ὧ ȟ , ὧ ȟ , 

ὧ ȟ , or ὧ ȟ  by travelling up, down, left, or right respectively, so long as the 

adjacent cell is traversable. We restrict the agentôs movement to these four directions to 

ensure that each step is of equal length, which simplifies the resulting analysis. Each cell 

has a set of attributes that describe the local state of the environment. In the CMM 

framework, we define the following attributes for each grid cell ὧɴ :꜡ 

¶ /0%.ὧᶰπȟρ indicates if the cell is traversable. A value of π indicates that the 

cell contains a wall, whereas ρ indicates that the cell is open and the agent can move 

into it. 
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¶ 4%22!).ὧᶰכ indicates the type of terrain in the cell, where כ is the set of all 

terrain types1. In simple environments, there may only be a single terrain type (e.g. 

כ ÏÐÅÎͺÓÐÁÃÅ). However, we can model more complex environments by 

including additional types of terrain such as ÓÎÏ×, ÒÏÃË, ÍÅÁÄÏ×, ÆÏÒÅÓÔ, ×ÁÔÅÒ, 

etc. 

¶ %,%6!4)/.ὧᶰπȟρ is a continuous-valued attribute that indicates the height of 

the grid cell. In our work, the domain is restricted to the unit interval. 

¶ 2%3/52#%3ὧᶰ᷾ד  ɲindicates which resource type, if any, is present in the cell, 

where ד is the set of all resource types. It may be preferable to associate a single 

resource type with each type of terrain, although this is not a strict requirement. 

Note that in our work we assume that each grid cell can have a maximum of one 

resource type. 

In the following sections, these attributes are generated independently as a set of n ³ m 

matrices, where each grid cell ὧȟ  references the corresponding matrix index ὭȟὮ and 

ρ Ὥ ὲ and ρ Ὦ ά. In practice, these matrices are used to look up the attribute 

values of any grid cell in the environment. 

 
1 We could implicitly include cells that contain walls as an additional type of terrain, however we separate 

them in our notation to better indicate where the agent can travel and to aid in the computation of visibility. 
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The grid world environment model is a flexible problem domain that can be adapted 

to create many interesting scenarios. Some examples of grid world problems generated in 

the CMM framework are shown in Figure 3.1. Simple occupancy grid environments can 

   
(a) (b) 

    
(b) (d) 

Figure 3.1  Examples of grid world problem domains generated in the CMM framework. (a) A cave-like 

occupancy grid environment with a single resource. (b) An environment with three different terrain types 

and multiple resources of the same type. (c) An environment with a real-valued elevation heightmap and 

multiple resources of the same type. (d) A synthetic world environment combining multiple terrain types 

with elevation and containing several different resource types. 
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be created by defining a single region type with constant elevation. Multiobjective 

problems can be created by defining multiple region types and/or an elevation heightmap. 

The different resource types provide goals for the agent to pursue while moving through 

the environment. While these environments can be defined manually, either as hand-crafted 

models or based on real-world data, our focus in this work is on the generation and study 

of purely synthetic environments using procedural methods. The various approaches used 

by the CMM framework to generate environments are described over the next several 

sections. 

Grid worlds are discrete domains that can simplify the representation of 

environment attributes, but they can also add significant overhead to the memory 

requirement and computational burden in large problems. We address this issue in two 

ways. First, we limit the size of the grid world environments to relatively small dimensions 

(typically between 30³30 and 100³100) to prevent an exponential growth in the number 

of grid cells. Second, we propose an approximate representation of the complete 

environment by clustering similar regions together using superpixels and working within 

this reduced domain. This latter approach forms the basis for the region graph 

representation of the mental map and will be discussed in more detail in Chapter 5. The 

remainder of this chapter is dedicated to explaining how a complete discrete grid-based 

environment model is generated from an initial random seed. 

3.2 Generating Caverns 

The first (and sometimes only) attribute layer we define is the occupancy grid that 

specifies which cells are traversable by the agent. Simple problem spaces can be defined 
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with few or no obstacles, but the problems become more interesting as the environments 

are filled with walls and passageways that limit the agentôs navigation options. In the 

extreme case, the environment could be a complex maze that is challenging even for a 

human to solve. State-of-the-art path planning algorithms make solving mazes and other 

fully  observable occupancy grid environments somewhat trivial, but when the environment 

is not completely visible, these obstacles serve to limit how much the agent can see. We 

model the occupancy grid layer as a 2D cavern map, generated using a cellular automation. 

These maps have an organic quality with both winding passageways and large open regions 

containing non-uniform random structure that leads to interesting shortest path problems 

and visibility constraints. 

The general outline of our method for creating the occupancy grid is given in 

Algorithm 3.1. The process begins by initializing an n ³ m grid with random values, where 

each grid cell is assigned a value of 1 with probability p0 and a value of 0 with probability 

1 ï p0 (lines 1-4). The algorithm then iterates through k steps of cellular automation rules, 

represented by the CELLULAR_AUTOMATA  function in Algorithm 3.2. The rules are applied 

simultaneously to all grid cells and are defined by two parameters, rb and rd, where rb Ó rd. 

For each grid cell, we check to see how many of the eight cells in the 3³3 Moore 

neighborhood around each cell are set to 1. If this number is greater than the birth rate (rb), 

the cell is set to 1. Otherwise, if it is less than the death rate (rd), the cell is set to 0. Between 

each generation, we apply an optional mask to constrain the cellular growth to a specified 

region (line 7). This is used when creating certain types of terrain in environments that 
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already have an occupancy grid layer defined. The border cells are always set to 0 between 

generations to ensure that the world is fully enclosed (line 8). 

 

 

Algorithm 3.1 Cave Environment Generation 

 

GENERATE_CAVE_ENVIRONMENT(n, m, p0, rb, rd, k, mask, opt ) 

1: W Ŷ n ³ m grid initalized to 0 

2: for  each (i, j) Í{( i, j) | 1 Ò i Ò n Ø 1 Ò j Ò m }  

3: if  r ~ U(0, 1) Ò p0 // With probability p0 

4: W [i, j] Ŷ 1 

5: for k iterations 

6: W Ŷ CELLULAR_AUTOMATA(W, rb, rd ) // Algorithm 3.2 

7: W [i, j] Ŷ 0 for all cells where mask[i, j] = 1 

8: W [i, j] Ŷ 0 for all cells where (i, j) is a border cell 

9: if  opt.makeConnected 

10: while (# of connected components in W ) > 1 

11: Z Ŷ the smallest connected component in W 

12: Z' Ŷ Z Ä [0 1 0; 1 1 1; 0 1 0] // Image dilation 

13: if opt.method = ñdilateò 

14: W Ŷ max(W, Z' ) 

15: elseif opt.method = ñrandomò 

16: Y Ŷ Z' Ø ×Z 

17: (i, j) Ŷ random grid cell where Y [i, j] = 1 

18: W [i, j] Ŷ 1 

19: W [i, j] Ŷ 0 for all cells where mask[i, j] = 1 

20: W [i, j] Ŷ 0 for all cells where (i, j) is a border cell 

21: W Ŷ REMOVE_DIAGONAL_PASSAGES(W ) // Algorithm 3.3 

22: return  W 

 



63 

 

In most cases, we want every open location in the environment to be reachable so 

that the agent can acquire all the resources. This is controlled by an options parameter that 

specifies if the environment is to be connected and which method should be used to make 

it connected. The two methods are referred to as dilate and random. In both approaches, 

the environment map is refined iteratively until there is only a single connected component. 

On each iteration, we identify the smallest connected component consisting of a contiguous 

set of 4-connected open cells (with a value of 1) and call this image Z, where Z [i, j] = 1 if  

cell (i, j) is part of the smallest connected component and Z [i, j] = 0 otherwise (line 11). 

We then compute Z' by dilating Z with a 4-connected mask that sets any cell in Z' to 1 if 

one of its 4-connected neighbors in Z is 1 (line 12). If the method is set to dilate, then the 

entirety of the newly dilated region is set to 1 (line 14). For the random method, only one 

of the newly opened grid cells is set to 1, chosen randomly (lines 16-18). The dilate method 

operates faster than the random method, but can produce irregular open regions if the 

smallest connected component is large. In contrast, the random method produces a more 

 

Algorithm 3.2 Cellular Automata 

 

CELLULAR_AUTOMATA(W, rb, rd ) 

1: (n, m) Ŷ size of W 

2: W' Ŷ W 

3: for each (i, j) Í{( i, j) | 1 Ò i Ò n Ø 1 Ò j Ò m }  

4: N Ŷ {( u, v) | i-1 Ò u Ò i+1 Ø  j-1 Ò v Ò j+1 Ø (u, v) Í (i, j) Ø W [u, v] = 1} 

5: if  | N | > rb 

6: W' [i, j] Ŷ 1 

7: elseif  | N | < rd 

8: W' [i, j] Ŷ 0 

9: return  W' 
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uniform appearance, but operates more slowly. Between each iteration, we perform a clean-

up step by setting all cells in the mask and on the border to zero (lines 19-20).  

We also remove any passageways that are only connected diagonally using the 

REMOVE_DIAGONAL_PASSAGES function presented in Algorithm 3.3. This procedure 

checks each grid cell to see if it is part of a diagonally connected passage and if it is found 

to be so, the cell is filled in and set to 0. This improves the visual appearance of the 

environment and helps the visibility computation, which is discussed further in Section 

4.1.2. Several examples of cave environments are shown in Figure 3.2. 

 

 

Algorithm 3.3 Remove Diagonal Passages 

 

REMOVE_DIAGONAL_PASSAGES(W) 

1: (n, m) Ŷ size of W 

2: changed Ŷ True 

3: while changed 

4: changed Ŷ False 

5: for each (i, j) Í{( i, j) | 2 Ò i Ò n -1 Ø 2 Ò j Ò m -1} 

6: if W [i, j] = 1 Ø  

((W [i-1, j-1] = 1 Ø W [i-1, j] = 0 Ø W [i, j-1] = 0) Ù 

(W [i+1, j-1] = 1 Ø W [i+1, j] = 0 Ø W [i, j-1] = 0) Ù 

(W [i-1, j+1] = 1 Ø W [i-1, j] = 0 Ø W [i, j+1] = 0) Ù 

(W [i+1, j+1] = 1 Ø W [i+1, j] = 0 Ø W [i, j+1] = 0)) 
7: W [i, j] Ŷ 0 

8: changed Ŷ True 

9: return  W 
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3.3 Region Partitioning 

The grid world environments can be partitioned into discrete regions to aid in the 

generation of additional features and to simplify the mental map representation. Our 

method for partitioning the environment is based on the SLIC superpixel clustering 

algorithm (Achanta et al. 2012). SLIC stands for simple linear iterative clustering and is 

an adaptation of the k-means algorithm for producing superpixels in color imagery. The 

version of SLIC used in this work is modified slightly from the original method used on 

color imagery and is designed for use in grid world environments. Instead of three color 

channels, we use an elevation map to group similar grid cells. Distances are also computed 

     
 p0 = 0.5, rb = 4, rd = 3, p0 = 0.5, rb = 4, rd = 3, p0 = 0.5, rb = 6, rd = 4, p0 = 0.5, rb = 6, rd = 4, 

 k = 1, dilate k = 10, dilate k = 1, dilate k = 1, random 

 

     
 p0 = 0.2, rb = 4, rd = 2, p0 = 0.2, rb = 4, rd = 2, p0 = 0.8, rb = 6, rd = 4, p0 = 0.8, rb = 5, rd = 3, 

 k = 10, dilate k = 10, random k = 30, dilate k = 30, dilate 

Figure 3.2  Examples of cavern maps generated using Algorithm 3.1. A wide range of map types can be 

created by varying the input parameters. These examples are 50³50 grids with all locations set to be 

reachable. 
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with respect to the cave wall boundaries. If no elevation map is provided, only spatial 

distance is used in determining region boundaries. We include the reference to an optional 

elevation map here since this procedure is used in the definition of region boundaries for 

the mental map representation in Chapter 5. However, since a region map may be needed 

to create an elevation map in Section 3.4, the elevation map is not required to define the 

region partitions. An overview of the region partitioning method is shown in Algorithm 

3.4. 

 

The algorithm takes a cave wall map W and an optional elevation map E as inputs, 

along with a cluster separation radius r, an elevation weighting parameter we, and an 

improvement tolerance threshold ‭. We start by sampling evenly spaced cluster centers. In 

 

Algorithm 3.4 Region Partitioning 

 

PARTITION_REGIONS(W, E, r, we, ‭) 
1: C Ŷ TABU_SAMPLING(W, r) // Algorithm 3.5 

2: C Ŷ ADJUST_CLUSTER_CENTERS(E, C) // Algorithm 3.7 

3: (n, m) Ŷ size of W 

4: R Ŷ n ³ m ³ | C | matrix initalized to Њ 

5: e Ŷ Њ 

6: for Ѝὶ  iterations 

7: for  k in 1 to | C | 

8: (u, v) Ŷ C[k]  

9: R[é, é, k] Ŷ GRID_DISTANCE(W, u, v, 2r) // Algorithm 3.6 

10: L, e' Ŷ ASSIGN_CELLS_TO_CLUSTERS(E, C, R, r, we) // Algorithm 3.8 

11: if  (e - e' ) Ⱦ e < ‭ 
12: break 

13: e Ŷ e' 

14: C Ŷ GET_REGION_CENTERS(L) // Algorithm 3.9 

15: L Ŷ FIX_ORPHANS(C, L, R) // Algorithm 3.10 

16: return  L 
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standard SLIC, this is accomplished by sampling on a grid at regular intervals. Because of 

the irregular nature of the cavern environments, this could lead to some narrow 

passageways being missed and having no local cluster center. Instead, we use tabu 

sampling to generate the cluster centers. Algorithm 3.5 shows the procedure for tabu 

sampling in a cavern map. The algorithm takes a cavern map W and a separation radius r 

as input. To begin, all open grid cells are added to a set of valid sample indices (line 3). 

While there are still grid cells in this set, a random location is sampled and added to the list 

of cluster centers (lines 5-7). After sampling a new cluster center, we compute the grid 

distance from that location and remove any cells within a specified radius r from the set of 

valid indices (lines 8-10). This ensures that no two samples are too close to one another. 

By continuing until there are no more valid locations, we obtain a set of samples that span 

the entire grid. Figure 3.3 shows several examples of tabu sampling using this approach 

with different values for the separation radius. 

 

 

Algorithm 3.5 Tabu Sampling 

 

TABU_SAMPLING(W, r) 

1: k Ŷ 0 

2: C Ŷ empty list 

3: I Ŷ {( i, j) | W [i, j] = 1}    // Get the set of valid indices 

4: while | I  | > 0 

5: k Ŷ k + 1 

6: (i, j) ~ I     // Sample a random grid cell in I 

7: C[k] Ŷ (i, j) 

8: D Ŷ GRID_DISTANCE(W, i, j, r)  // Algorithm 3.6 

9: for  each (u, v) Í {( u, v) | D [u, v] Ò r  }  

10: I Ŷ I  ʌ{ (u, v)}     // Remove from I 

11: return  C 
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The computation of grid distance on line 8 of the TABU_SAMPLING function is 

detailed in Algorithm 3.6. This function serves many roles throughout this work and will 

be revisited in Chapter 5 for computing edge attributes for the mental map representation 

of the environment. The input arguments are a cavern map W and a reference location (i, j), 

along with a maximum distance parameter dmax. The algorithm is based on the approach 

presented by (Lee 1961) and operates as a flood-fill, breadth-first search that radiates 

outward from the starting location. To summarize the procedure, we begin by initializing 

a matrix D to infinity (lines 1-2) that will store the shortest path grid distance from (i, j) 

that obeys the wall boundaries. A distance counter d is set to 0 and we initialize the open 

and closed sets, adding the starting location to the open set (lines 3-5). While the open set 

is not empty and the distance counter is less than the maximum value, we set the distance 

of each grid cell in the open set to the current distance counter value (line 9) and move the 

cell to the closed set (line 10). We then identify the neighbors of this cell that are not walls 

and have not yet been added to the closed set (lines 11-12). These locations are collected 

in the frontier set, which replaces the open set after all the previous cells in the open set 

have been evaluated (line 13) and the distance counter is incremented by one (line 14). 

This algorithm works as a flood fill method using breadth-first search to label each location 

     

 r = 32 r = 16 r = 8 r = 4 r = 2 

Figure 3.3  Tabu sampling on a 50³50 grid with different values for the separation radius. 
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in the environment. The maximum distance parameter allows the search to terminate early, 

which can greatly reduce computation time when only close distances are needed. Once all 

cells have been evaluated and the open set is empty, the algorithm returns the distance 

matrix D. 

 

After the initial cluster centers have been defined, they can be moved into a local 

minimum of the elevation gradient if an elevation map is provided. If no elevation is 

provided, the initial cluster centers are used without adjustment. Algorithm 3.7 shows the 

procedure for updating the set of cluster centers C using an elevation map E. The first step 

of this algorithm (line 1) is to compute the gradient of E which we denote as the matrix F. 

 

Algorithm 3.6 Grid Distance 

 

GRID_DISTANCE(W, i, j, dmax) 

1: (n, m) Ŷ size of W 

2: D Ŷ n ³ m matrix initalized to Њ 

3: d Ŷ 0 

4: open Ŷ {( i, j)}  

5: closed Ŷ  ɲ

6: while | open| > 0 Ø d Ò dmax 

7: frontier Ŷ  ɲ

8: for  each (u, v) Í open 

9: D [u, v] Ŷ d 

10: closed Ŷ closed ᷾  (u, v)  

11: N Ŷ {(u-1, v), (u+1, v), (u, v-1), (u, v+1)}  

12: frontier Ŷ frontier  ᷾{( u', v') | (u', v') Í N Ø (u', v') Î closed Ø W [u', v'] = 1}  

13: open Ŷ frontier 

14: d Ŷ d + 1 

15: return  D 
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Element F [i, j] is defined as the magnitude of the central difference for interior points such 

that 

 ὊὭȟὮ ὊὭȟὮ ὊὭȟὮ ȟ ×ÈÅÒÅ (3.1) 

 ὊὭȟὮ πȢυz ὉὭȟὮ ρ ὉὭȟὮ ρ ȟ (3.2) 

 ὊὭȟὮ πȢυz ὉὭ ρȟὮ ὉὭ ρȟὮȢ (3.3) 

For exterior points and points where one of the neighbors of ὉὭȟὮ is undefined, the 

gradient is computed as the single-sided difference using only the defined values. For 

instance, if ὉὭ ρȟὮ is undefined, but ὉὭ ρȟὮ, ὉὭȟὮ ρ, and ὉὭȟὮ ρ are defined, 

then ὊὭȟὮ keeps the same definition as Equation 3.2, but ὊὭȟὮ is defined as 

 ὊὭȟὮ ὉὭ ρȟὮ ὉὭȟὮȢ (3.4) 

Once the gradient matrix has been computed, the algorithm cycles through each cluster 

center and moves it to the location of the minimum gradient value within a 3³3 

neighborhood. This helps prevent clusters from being located on natural region boundaries 

and generally improves the stability of the algorithm. 

 

 

Algorithm 3.7 Adjust Cluster Centers 

 

ADJUST_CLUSTER_CENTERS(E, C) 

1: F Ŷ ÐE 

2: for  k in 1 to | C | 

3: (i, j) Ŷ C[k] 

4: G Ŷ {( u, v) | i-1 Ò u Ò i+1 Ø  j-1 Ò v Ò j+1} 

5: (u, v) Ŷ (u, v) Í G s.t. F [u, v] Ò F [u', v' ] " (u', v' ) Í G 

6: C[k] Ŷ (u, v) 

7: return  C 
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At this point, we begin the main loop of Algorithm 3.4 and iteratively assign all 

grid cells to the nearest cluster center and then update the cluster center locations. This 

outer loop can be repeated until the cluster assignments do not change, or until some 

improvement threshold is reached. In practice, we have found it useful to scale the 

maximum number of iterations to be proportional to the effective cluster size, which is 

determined by the separation radius r. In our experiments, we use Ѝὶ  as the maximum 

number of iterations and 0.01 as the improvement tolerance threshold ‭. The first step 

during each iteration is to precompute the grid distance values for each cluster. These are 

stored in the n ³ m ³ | C | matrix R, where n and m are the dimensions of the environment 

and | C | is the number of clusters. This reference distance matrix is updated each iteration 

with new cluster center locations and allows for quick distance lookups for each grid cell. 

Note that the call to the GRID_DISTANCE function on line 9 of Algorithm 3.4 uses 2r as the 

maximum distance parameter to reduce computation time, which assumes that cells will 

not be assigned to clusters greater than 2r steps away. 

The next step of the main loop is the assignment of each grid cell to the nearest 

cluster center. This is accomplished by the ASSIGN_CELLS_TO_CLUSTERS function in 

Algorithm 3.8. This function starts by initializing a distance matrix D and a label matrix L 

(lines 1-3). The distance matrix will store the distance from each grid cell to the nearest 

cluster center and the label matrix will store the index of the nearest cluster center. For 

each grid cell (i, j) and each cluster center (u, v), we compute both a spatial and an elevation 

distance. The spatial distance Ὠ is computed from the grid distance reference matrix R and 

normalized by the cluster separation radius r (line 7). The elevation distance is computed 
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as the absolute difference between the elevation of the two grid cells and is multiplied by 

a weighting parameter we (line 8). Note that since the elevation values come from the range 

[0, 1] the unweighted elevation distance is also restricted to the unit interval. If no elevation 

map is used, we can be set to zero. The two distance measures are combined using the 

Љ-norm to give the overall cluster distance d (line 9). The index of the cluster center with 

the smallest distance to a given grid cell is stored in the label matrix L and the distance to 

this cluster center is saved in the distance matrix D (lines 11-12). After all clusters and grid 

cells have been evaluated, the error is computed as the sum of all non-infinite distances 

between grid cells and their assigned cluster centers. This error value and the label matrix 

are then returned to the main algorithm. 

 

 

Algorithm 3.8 Assign Cells to Clusters 

 

ASSIGN_CELLS_TO_CLUSTERS(E, C, R, r, we) 

1: (n, m) Ŷ size of E 

2: L Ŷ n ³ m matrix initalized to 0 

3: D Ŷ n ³ m matrix initalized to Њ 

4: for  k in 1 to | C | 

5: (u, v) Ŷ C[k] 

6: for each (i, j) Í {( i, j) | 1 Ò i Ò n Ø 1 Ò j Ò m }  

7: ds Ŷ R[i, j, k] Ⱦ r 

8: de Ŷ we ×| E[i, j] - E[u, v]  | 

9: d Ŷ Ὠ Ὠ 

10: if  d < D[i, j] 
11: D[i, j] Ŷ d 
12: L[i, j] Ŷ k 
13: e Ŷ ВὈὭȟὮ for all (i, j) such that ὈὭȟὮ Њ 
14: return  L, e 
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Once all the grid cells have been assigned a cluster label, we can check if the error 

term has improved significantly from the previous iteration. Lines 11-13 of Algorithm 3.4 

check to see if the improvement is less than the error tolerance threshold and break out of 

the main loop if it is small enough. If not, then the main loop continues and we use the 

GET_REGION_CENTERS function to get new cluster centers at the centroids of each region. 

Algorithm 3.9 gives the pseudocode for this procedure. We begin by initializing a new 

empty cluster list C (line 1). We then loop over each region label index and identify the 

grid cells that belong to each region (line 4). It should be noted that this algorithm assumes 

that there is at least one cell in the label map L for each index k in 1, ..., max(L). Next, we 

compute the centroid of the region, rounding to the nearest cell (lines 5-10). If this cell is 

not already part of the region, we move the region center to the cell closest to the centroid 

that is already labeled as part of the region (lines 11-12). The list of region centers is then 

returned to the main algorithm to be used as the new cluster centers. 
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The main loop in Algorithm 3.4 continues until the maximum number of iterations 

has been reached or the improvement threshold has been met. A final post-processing step 

is performed to remove orphaned grid cells that are not connected to a cluster center. This 

is done by the FIX_ORPHANS function in Algorithm 3.10. The function takes the current 

cluster centers C, the label matrix L, and the reference distance matrix R as input. The 

 

Algorithm 3.9 Get Region Centers 

 

GET_REGION_CENTERS(L) 

1: C Ŷ empty list 

2: t Ŷ 0 

3: for  k in 1 to max(L) 

 

/* Get the grid cells that belong to this region */ 

4: S Ŷ {( i, j) | L[i, j] = k}  

 

/* Compute the centroid of the region */ 

5: (ci, cj) Ŷ (0, 0) 

6: for  each (i, j) Í S 

7: ci Ŷ ci + i / | S | 

8: cj Ŷ cj + j / | S | 

9: ci Ŷ ὧ πȢυ 

10: cj Ŷ ὧ πȢυ 

 

/* Move the centroid to the closest cell in the region if not already in the region */ 

11: if  L[ci, cj] Í k 

12: (ci, cj) Ŷ (i, j) Í S s.t. Ὥ ὧ Ὦ ὧ Ὥ ὧ Ὦ ὧ  

 ᶅὭȟὮ ᶰὛ 
 

/* Save the region center */ 

13: t Ŷ t + 1 

14: C [t] Ŷ (ci, cj) 

 

15: return  C 
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algorithm loops repeatedly until it can be verified that there are no remaining orphans. For 

each cluster, we identify the main connected component by using the GRID_DISTANCE 

function seeded at the cluster center with the non-cluster cells acting as walls (lines 7-11). 

Any grid cells that were labeled as part of the cluster, but that were unreachable by the 

GRID_DISTANCE function are marked as orphan cells (line 12). For each orphan cell, we 

get the 4-connected neighbors (line 15) and check to see which of these have different 

labels from the label of the orphan cell (line 16). If none of the neighbor cells have different 

labels, then the algorithm moves on to the next orphan cell and will eventually return to 

this cell after the other orphans have been processed (lines 17-18). The label of the orphan 

cell is then set to the label of the neighboring cell with the smallest distance to the original 

cluster center (lines 19-20). After the outer loop of the FIX_ORPHANS function can verify 

that none of the clusters contain any orphans, the updated label matrix is returned to the 

main algorithm. Note that we do not explicitly check for race conditions that could lead to 

an infinite loop. In practice this is very rare and is best resolved by restarting with a 

different random seed or separation radius. Some examples of the final cluster labeling 

using different values of separation radius are shown in Figure 3.4. 

 

     

 r = 32 r = 16 r = 8 r = 4 r = 2 

Figure 3.4  Results of the region partitioning algorithm on a 50³50 grid with different values for the 

separation radius. 
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3.4 Creating a Heightmap 

A heightmap provides a real-valued elevation attribute for every grid cell. This can 

add a sense of realism to the problem domain and give a new set of features that influence 

how the agent makes decisions. The heightmaps for the grid world environments are 

 

Algorithm 3.10 Fix Orphans 

 

FIX_ORPHANS(C, L, R) 

1: (n, m) Ŷ size of L 

2: hasOrphans Ŷ true 

3: while hasOrphans 

4: hasOrphans Ŷ false 

5: for  k in 1 to | C | 

6: (u, v) Ŷ C[k] 

 

/* Get the orphans for this cluster */ 

7: S Ŷ {( i, j) | L[i, j] = k}  

8: B Ŷ n ³ m matrix initalized to 0 

9: for  each (i, j) Í S 

10: B[i, j] Ŷ 1 

11: D Ŷ GRID_DISTANCE(B, u, v, Њ) // Algorithm 3.6 

12: O Ŷ {( i, j) | (i, j) Í S Ø D[i, j] = Њ}  

 

/* Assign each orphan a neighboring label */ 

13: for  each (i, j) Í O 

14: hasOrphans Ŷ true 

15: N Ŷ {(i-1, j), (i+1, j), (i, j-1), (i, j+1)}  

16: G Ŷ {( u, v) | (u, v) Í N Ø L[u, v] Í 0 Ø L[u, v] Í k}  

17: if  | G | = 0 

18: continue 

19: (u, v) Ŷ (u, v) Í G s.t. R[u, v, k] Ò R[u', v', k] " (u', v' ) Í G 

20: L[i, j] Ŷ L[u, v] 

 

21: return  L 
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generated using the method of successive random additions. This approach is based on the 

fractal terrain methods presented in Section 2.2.3. Several random noise layers are created 

using the PARTITION_REGIONS function at multiple scales. These are combined to give the 

overall heightmap. 

Algorithm 3.11 gives an overview of the GENERATE_HEIGHTMAP procedure. The 

algorithm takes as input a cave wall map W and two control parameters, p and q, which 

influence the overall shape and texture of the heightmap. The algorithm starts by 

initializing the elevation map E to zero and the scale factor to one (lines 1-3). The main 

loop of the algorithm repeats while the scale factor is less than the largest dimension of the 

grid world. At the end of each iteration, the scale factor is doubled (line 17). At the start of 

each iteration, the environment is partitioned into regions proportional to the current scale 

factor (line 5). Each labeled region is then assigned a random value from the uniform 

distribution U(0, 1) (lines 6-10). This effectively creates a random noise image R at the 

current scale. Figure 3.5 and Figure 3.6 show several examples of random noise images 

generated at different scales with and without a cave wall map. Note that because we use 

the PARTITION_REGIONS function to define the region boundaries, the individual regions at 

larger scales will not cross the cells marked as walls. This allows high and low regions to 

be separated by only a thin wall, which is a difficult effect to achieve with other image 

scaling methods. Each noise image R is smoothed using a mean filter in a 3³3 window 

(lines 11-14). This is repeated q times, with larger values of q producing smoother terrain. 

The image R is then multiplied by a scale factor ί  and added to the current elevation 

map E (lines 15-16). Larger values of p produce more homogeneous noise, as all scales 
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begin to be weighted equally. Smaller values of p give sharply distinct regions, as the larger 

image scales dominate the overall elevation map. After all iterations have completed, the 

elevation map is normalized to the range [0, 1] and retuned. Figure 3.7 shows the effect of 

p and q on the generated heightmap. 

 

 

      

 s = 1 s = 2 s = 4 s = 8 s = 16 s = 32 

Figure 3.5  Random noise images at different scales on a 50³50 grid with no cave walls. (q = 3) 

      

 s = 1 s = 2 s = 4 s = 8 s = 16 s = 32 

Figure 3.6  Random noise images at different scales on a 50³50 grid with a provided cave wall map. (q = 3) 
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Algorithm 3.11 Heightmap Generation 

 

GENERATE_HEIGHTMAP(W, p, q) 

1: (n, m) Ŷ size of W 

2: E Ŷ n ³ m matrix initalized to 0 

3: s Ŷ 1 

4: while s < n Ù s < m 

 

/* Create a random elevation map at the current scale */ 

5: L Ŷ PARTITION_REGIONS(W, E, s, 0, 0.01) // Algorithm 3.4 

6: R Ŷ n ³ m matrix initalized to 0 

7: for  k in 1 to max(L) 

8: r ~ U(0, 1) 

9: for each (i, j) Í {( i, j) | L[i, j] = k}  

10: R[i, j] Ŷ r 
 

/* Smoothing */ 
11: for q iterations 

12: for each (i, j) Í {( i, j) | 1 Ò i Ò n Ø 1 Ò j Ò m Ø W[i, j] = 1} 

13: G Ŷ {( u, v) | i-1 Ò u Ò i+1 Ø  j-1 Ò v Ò j+1} 

14: R[i, j] Ŷ mean(R[u, v]) for all (u, v) Í G 

 

/* Add to existing heightmap */ 

15: for each (i, j) Í {( i, j) | 1 Ò i Ò n Ø 1 Ò j Ò m Ø W[i, j] = 1} 

16: ὉὭȟὮ Ŷ ὉὭȟὮ ὙὭȟὮẗί  

 

17: s Ŷ 2s   // Increase scale 

 

18: Ὁ Ŷ  // Normalize 

 

19: return  E 
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 p = 0.1, q = 0 p = 0.1, q = 1 p = 0.1, q = 3 p = 0.1, q = 10 p = 0.1, q = 50 

     
 p = 0.5, q = 0 p = 0.5, q = 1 p = 0.5, q = 3 p = 0.5, q = 10 p = 0.5, q = 50 

     
 p = 1, q = 0 p = 1, q = 1 p = 1, q = 3 p = 1, q = 10 p = 1, q = 50 

     
 p = 2, q = 0 p = 2, q = 1 p = 2, q = 3 p = 2, q = 10 p = 2, q = 50 

     
 p = 5, q = 0 p = 5, q = 1 p = 5, q = 3 p = 5, q = 10 p = 5, q = 50 

Figure 3.7  Heightmaps generated on a 50³50 grid with different values of p and q using the same random 

seed. Small values of p give more uniform regions, whereas larger values produce more noise. As q increases, 

the heightmap becomes smoother and sharp boundaries are eliminated. 
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3.5 Defining Terrain Types 

The terrain feature of the grid world environments provides a discrete attribute that 

agents can use in the decision-making process. There are several ways that the terrain 

feature can be generated depending on the desired characteristics of the problem 

environment. We consider four different problem types in this work. The first uses only a 

single terrain type, open_space, and is used when studying single-objective problems in 

cavern maps or when elevation is the only relevant environment feature. In this case, there 

is no need to define additional terrain types. The second problem type uses two terrain 

types, meadow and forest, and is used mainly to study bi-objective problems where one 

type of terrain is preferred over the other and in some multi-objective problems. The third 

problem type adds water to the meadow and forest terrain types and is used to demonstrate 

problems that have directional terrain transition preferences, where the agent prefers to 

move from one type of terrain into another. The last problem type utilizes all the procedural 

content generation methods discussed and simulates a real-world environment with five 

terrain types: meadow, forest, water, rock, and snow. 

3.5.1 Binary Terrain Environments 

In the binary terrain environment problem type, we define two types of terrain: 

meadow and forest. The meadow represents open space where the agent can move freely 

and the forest offers concealment that may be desirable to some agents. We begin by 

constructing a cave wall map using the cellular automata method of Section 3.2. The cave 

walls provide the mask for generating the forested region, which is also created using the 

GENERATE_CAVE_ENVIRONMENT function. If the initial probability p0 used to generate the 
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cave wall map is set to 1, then the wall map mask is set entirely to open space except for 

the border cells. In this case, the problem is focused entirely on the terrain and the 

heightmap if provided. 

Algorithm 3.12 gives the procedure for generating the binary terrain map. The call 

to the GENERATE_CAVE_ENVIRONMENT function on line 1 returns a binary map where the 

ñwallsò represent the forest terrain type and the open space represents meadow. Because 

the output of this function is binary and we wish to indicate three types of grid cells (wall, 

meadow, and forest), we remap the indices by subtracting the terrain index from 2 if the 

grid cell was open space in the original cave wall map (lines 2-3). The resulting matrix T 

maps 0 to walls, 1 to meadow, and 2 to forest and can be added as an attribute layer in the 

grid world environment. Several examples of binary environments are shown in Figure 3.8. 

One interesting parameter is the opt.makeConnected setting. If set to true, the meadow 

terrain will be completely connected, such that an agent could get from any meadow grid 

cell to any other meadow grid cell without ever going into the forest. If makeConnected is 

set to false, the agent may be forced to go through at least some forest terrain. 

 

 

Algorithm 3.12 Generate Binary Terrain 

 

GENERATE_BINARY_TERRAIN(W, p0, rb, rd, k, opt) 

1: T Ŷ GENERATE_CAVE_ENVIRONMENT(n, m, p0, rb, rd, k, W, opt ) // Algorithm 3.1 

2: for  each (i, j) Í{( i, j) | 1 Ò i Ò n Ø 1 Ò j Ò m Ø W[i, j] = 1}  

3: T [i, j] Ŷ 2 - T[i, j] 

4: return  T 
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3.5.2 Trinary Terrain Environments 

For the trinary environment problem type, we add water to the forest and meadow 

terrain types. We use fashion-based cellular automata such as the one presented in Section 

2.2.2 to generate the three terrain types. The outline of our approach is given in Algorithm 

3.13. We start by sampling an initial terrain type from a prior distribution P0 for every grid 

cell that is open in the cave wall map W (lines 1-4). For trinary terrain environments, P0 is 

a multinomial distribution over the domain {1, 2, 3}, indicating the probability of a grid 

cell starting as meadow, forest, or water respectively. We then apply the fashion-based 

cellular automation rules for k iterations (line 5-6). Algorithm 3.14 gives the pseudocode 

     
 p0 = 0.5, p0 = 0.5, p0 = 0.4, p0 = 0.5, p0 = 0.6, 

 rb = 5, rd = 3, rb = 5, rd = 3, rb = 5, rd = 3, rb = 5, rd = 3, rb = 5, rd = 3, 

 connected, dilate connected, random not connected not connected not connected 

     
 p0 = 0.5, p0 = 0.5, p0 = 0.5, p0 = 0.5, p0 = 0.6, 

 rb = 4, rd = 3, rb = 4, rd = 3, rb = 4, rd = 3, rb = 5, rd = 3, rb = 5, rd = 4, 

 connected, dilate connected, random not connected not connected not connected 

Figure 3.8  Examples of binary environments containing forest and meadow terrain types. The top row shows 

the binary environments in grid worlds with a cave wall map generated using parameters p0=0.5, rb=4, rd=3, 

k=10, and the dilate connection method. The bottom row shows binary environments created without a cave 

wall map. 
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for the FASHION_BASED_CELLULAR_AUTOMATA  function. The first part of this function 

computes the score of each cell that has been assigned a terrain type using a supplied rule 

matrix R. For each cell, we examine its 4 adjacent neighbors and lookup the score value 

R[i, j] that corresponds to a cell with terrain type i having a neighbor of terrain type j. The 

sum of these scores for each neighbor gives the overall score for the cell. Once all the 

scores have been computed, we set the terrain type of each open grid cell to that of its 

highest scoring neighbor. If a cell has a higher score than any of its neighbors, it keeps its 

current label. In this way, the cells ñfollow the fashionò of the neighborhood. 

Figure 3.9 shows several examples of the fashion-based cellular automata for 

creating trinary terrain environments. The resulting patterns are highly dependent on the 

rule matrix and the initial distribution of terrain types. It can be difficult to anticipate the 

type of pattern that any given rule will produce, and it may take several tries to generate a 

valid environment containing at least some cells of every terrain type. 

 

 

Algorithm 3.13 Generate Trinary Terrain 

 

GENERATE_TRINARY_TERRAIN (W, P0, R, k) 

 

/* Sample the initial terrain type for each cell */ 

1: (n, m) Ŷ size of W 

2: T Ŷ n ³ m grid initalized to 0 

3: for  each (i, j) Í{( i, j) | 1 Ò i Ò n Ø 1 Ò j Ò m Ø W[i, j] = 1}  

4: T[i, j] ~ P0  // Sample a terrain type from the initial distribution 

 

5: for k iterations 

6: T Ŷ FASHION_BASED_CELLULAR_AUTOMATA(T, R) // Algorithm 3.14 

 

7: return  T 
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Algorithm 3.14 Fashion-Based Cellular Automata 

 

FASHION_BASED_CELLULAR_AUTOMATA(T, R) 

 

/* Compute the score for each cell */ 

1: (n, m) Ŷ size of T 

2: S Ŷ n ³ m grid initalized to 0 

3: for  each (i, j) Í{( i, j) | 1 Ò i Ò n Ø 1 Ò j Ò m Ø T[i, j] Í 0}  

4: N Ŷ {(i-1, j), (i+1, j), (i, j-1), (i, j+1)}  

5: for  each (u, v) Í N s.t. T[u, v] Í 0 

6: S[i, j] Ŷ S[i, j] + ὙὝὭȟὮȟὝόȟὺ  

 

/* Assign the terrain type of the highest-scoring neighbor to each cell */ 

7: for  each (i, j) Í{( i, j) | 1 Ò i Ò n Ø 1 Ò j Ò m Ø T[i, j] Í 0}  

8: N Ŷ {(i, j), (i-1, j), (i+1, j), (i, j-1), (i, j+1)}  

9: (u, v) Ŷ (u, v) Í N s.t. S [u, v] ² S [u', v' ] " (u', v' ) Í N 

10: T[i, j] Ŷ T[u, v] 

 

11: return  T 
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3.5.3 Full World Environments 

The last environment type we present simulates a real-world environment with 

optional cave walls, elevation, and five terrain types: meadow, forest, water, rock, and 

snow. For this type of environment, we have hand-chosen some of the parameters after 

careful experimentation to ensure consistency. The pseudocode of our approach is given in 

Algorithm 3.15. We begin by creating a cave wall map W using the supplied parameters 

for the GENERATE_CAVE_ENVIRONMENT function (lines 1-2). Next, we create a heightmap 

E using the GENERATE_HEIGHTMAP function (line 3). The lowest elevations should be 

filled with water, but we would like for the above water elevations to remain scaled in the 

     

     
 ὖ πȢυȟπȢσȟπȢς ὖ πȢσȟπȢτȟπȢσ ὖ πȢρȟπȢψȟπȢρ ὖ πȢυȟπȢσȟπȢς 

 Ὑ
πȢυ πȢφ πȢτ
πȢω πȢτ π
π πȢω πȢυ

 Ὑ
πȢφ πȢσ πȢς
πȢχ πȢρ πȢω
πȢψ πȢρ πȢψ

 Ὑ
πȢω πȢς πȢρ
πȢυ πȢς πȢψ
πȢχ πȢς πȢψ

 Ὑ
ρ πȢς πȢψ
πȢτ ρ πȢψ
πȢω πȢτ ρ

 

Figure 3.9  Examples of the fashion-based cellular automata algorithm for creating trinary terrain 

environments. The top row shows the results of Algorithm 3.14 using a cave wall map generated using 

parameters p0=0.5, rb=4, rd=3, k=10, and the dilate connection method. The bottom row shows trinary 

environments created without a cave wall map. The initial distribution P0 and the rule matrix R are the same 

for each column. 
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range [0, 1]. Lines 4-5 achieve this effect by scaling the elevation map by a factor of 1.2 

and then subtracting 0.2. Any grid cells that result in an elevation below zero are marked 

as water cells and the elevation is set back to zero to indicate sea-level. The gradient of the 

heightmap is computed on line 6, which is used in the next step to initialize the terrain map. 

Lines 7-15 describe how the terrain map is initialized. We construct the prior 

distribution P0 independently for each grid cell (i, j) from a set of unnormalized values. A 

constant value of 0.8 is assigned to P0[1] representing meadow. P0[2] represents forest and 

is given a value of ρ ὉὭȟὮ to give greater weight to lower elevations. Terrain type 3 is 

used to represent water, which is handled separetely, so P0[3] is set to 0. P0[4] represents 

rock and is given a value proportional to the square root of the heightmap gradient so that 

steep slopes have a higher chance of being initialized with rock. P0[5] represents snow and 

is given a value of ὉὭȟὮ  to strongly favor high elevations. These values are normalized 

and used to construct a multinomial distribution from which the initial terrain type is 

sampled. 

The terrain is updated using the FASHION_BASED_CELLULAR_AUTOMATA  function 

for 10 iterations using the rule specified on line 16. This simple rule indicates that meadow 

and forest terrain types prefer their own types and each gives half weight to the other. The 

rock and snow terrain types give full weight to themselves and each other. The third row 

and column is set to zero to ignore the water terrain type since it has already been defined 

with the heightmap. After each iteration, the terrain type for each grid cell where the 

elevation is zero is set to water. After the terrain has been defined, the cave wall map, 

heightmap, and terrain map are returned to be used as attribute layers in the grid world 

environment. Several full world environment examples are shown in Figure 3.10. 
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Algorithm 3.15 Generate Full World Environment 

 

GENERATE_FULL_WORLD_ENVIRONMENT(n, m, p0, rb, rd, k, opt, p, q) 

 

/* Create the cave wall map */ 

1: mask Ŷ n ³ m grid initalized to 0 

2: W Ŷ GENERATE_CAVE_ENVIRONMENT(n, m, p0, rb, rd, k, mask, opt ) // Algorithm 3.1 

 

/* Create the heightmap */ 

3: E Ŷ GENERATE_HEIGHTMAP(W, p, q) // Algorithm 3.11 

4: for  each (i, j) Í{( i, j) | 1 Ò i Ò n Ø 1 Ò j Ò m}  

5: E[i, j] Ŷ ÍÁØπȟὉὭȟὮ ρzȢς πȢς 

6: F Ŷ ÐE  // Compute the slope of each grid cell 

 

/* Initialize the terrain map */ 

7: T Ŷ n ³ m grid initalized to 0 

8: for  each (i, j) Í{( i, j) | 1 Ò i Ò n Ø 1 Ò j Ò m Ø W[i, j] = 1}  

9: P0[1] Ŷ 0.8   // Meadow 

10: P0[2] Ŷ ρ ὉὭȟὮ  // Forest 

11: P0[3] Ŷ 0   // Water (handled separately)  

12: P0[4] Ŷ 
ȟ

 // Rock 

13: P0[5] Ŷ ὉὭȟὮ   // Snow 

14: P0 Ŷ P0 / sum(P0)  // Normalize 

15: T[i, j] ~ P0   // Sample a terrain type 

 

/* Create the terrain map */ 

16: R Ŷ 

ụ
Ụ
Ụ
Ụ
Ụ
ợρ πȢυ π π π
πȢυ ρ π π π
π π π π π
π π π ρ ρ
π π π ρ ρỨ

ủ
ủ
ủ
ủ
Ủ

 

17: for  10 iterations 

18: T Ŷ FASHION_BASED_CELLULAR_AUTOMATA(T, R) // Algorithm 3.14 

19: for  each (i, j) Í{( i, j) | 1 Ò i Ò n Ø 1 Ò j Ò m Ø E[i, j] = 0}  

20: T[i, j] Ŷ 3  // Set water terrain type 

 

21: return  W, E, T 
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3.6 Resource Placement 

The last attribute layer specifies the resources that are present in the environment. 

The resources represent goal locations that the agent needs to visit to satisfy the problem 

requirements. There are many ways that the resources can be placed in the environment 

and some problems may require a different approach from the methods presented here. We 

consider three general classes of problems: Shortest path problems (SPP), traveling 

salesman problems (TSP), and traveling purchaser problems (TPP). 

   

   

Figure 3.10  Examples of full world environments generated using Algorithm 3.15. The top row uses a cave 

wall map generated using parameters p0=0.5, rb=4, rd=3, k=10, and the dilate connection method. The 

heightmap generation parameters are p=2 and q=3. The bottom row shows examples without any cave wall 

map. 
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In shortest path problems, the agent must navigate through the environment to a 

single resource location, choosing a route that minimizes its objectives. To initialize the 

problem, we only need to place the agent and a single resource. One straightforward way 

to accomplish this is to use tabu sampling with Algorithm 3.5 to sample many possible 

locations with some minimum separation, and then select two locations that are reasonably 

far apart. For instance, a SPP can be initialized by using tabu sampling to sample locations 

with a 5-cell separation radius and then placing the agent at the sampled location closest to 

the origin and the goal at the location farthest from the origin. This approach is simple to 

implement, but may not utilize the entire environment space. An alternative is to compute 

the all-pairs shortest path distances between every open grid cell and place the agent and 

the goal at the two locations that have the maximum distance between them. This requires 

a graph representation of the environment, which will be discussed further in Chapter 4. 

Figure 3.11 shows an example cavern environment with the SPP initialized using these two 

approaches. 
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In the traveling salesman problem, the agent must plan a minimum-cost route that 

visits a set of known waypoints. In some variants, the agent only needs to visit a certain 

number of waypoints. For this type of problem, we can again use tabu sampling to sample 

the desired number of waypoints and one additional point to use as the agent starting 

location. This ensures that the agent and all the waypoints meet some minimum separation 

distance. Depending on the specifics of the problem, we can choose to restrict the valid 

sampling area to one type of terrain, such as meadow. When using elevation as a feature, 

some interesting problems can be created by placing waypoints at extrema locations in the 

environment. Placing the agent in a relatively flat location at a middle elevation helps 

maximize the difference between the agentôs possible choices, particularly if only some of 

the waypoints need to be visited. Figure 3.12 shows two environments with the TSP 

demonstrating these approaches. 

   
 (a) (b) 

Figure 3.11  Examples of shortest path problems in a cavern environment using the tabu sampling approach 

(a) and the longest path approach (b). The agent is shown as a red circle and the goal is a blue cross. 
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The last problem type we consider is the traveling purchaser problem. In the CMM 

framework, the TPP is presented as a resource collecting problem. Various resource types 

are distributed throughout the environment and the agent is required to collect a specified 

number of each type. We use five resource types; one for each type of terrain in the full 

world environment. Just as with the TSP, tabu sampling is used to sample the resource 

locations, with each terrain type handled independently. For each type of terrain, we create 

a mask that leaves only grid cells of that terrain type and sample the resources using a 

separation distance of 10 for meadow, 4 for forest, 8 for water, 2 for rock, and 3 for snow. 

For meadow and forest, we sample resource locations until 100% of the feasible area has 

selected. For water, rock, and snow, we sample 50%, 5% and 20% respectively. Other 

values can be used, but these were found to create suitable problems for this work. The 

   
 (a) (b) 

Figure 3.12  Examples of traveling salesman problems initialized using the tabu sampling method in meadow 

terrain only (a) and using extrema locations in the elevation (b). The agent is a red circle and the waypoints 

are blue crosses. 
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agent location is sampled from an open location in the meadow terrain type. Figure 3.13 

shows two examples of full world environments with the TPP. 

 

3.7 Summary 

This chapter described how the grid world problem environments are procedurally 

generated in the CMM framework. The environments are represented as multiple matrices 

representing the attributes of each grid cell, including the presence or absence of a wall, 

the type of terrain, the elevation, and the locations of any resources. Not all properties need 

to be defined, depending on the problem being studied. Maze-like environments can be 

created by only using the cave wall layer and discrete problems can be created by using 

only the terrain layer. Adding an elevation layer introduces a continuous feature that can 

lead to interesting agent strategies. Finally, the full world environment uses all of these 

   

Figure 3.13  Examples of traveling purchaser problems in full world environments. The agent is a red circle 

and the other symbols represent different resource types. Each type of resource is restricted to a specific type 

of terrain. 
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layers to simulate a synthetic real-world environment, although an agent need not consider 

all of the environment attributes when deciding where to go. 

Each environment presents a problem for an agent to solve, designed as a resource 

gathering game. In the simplest problem type, there is a single resource (goal) placed 

somewhere in the environment for the agent to collect. The traveling salesman problem 

can be simulated by placing several resources of the same type throughout the environment. 

It may be worthwhile to consider a problem in which the agent only needs to collect one 

or a few resources, to observe how different destinations are compared. Finally, if the 

resource types are different, the problem is modeled as the traveling purchaser problem, in 

which the agent needs to collect a certain number of each resource. To decide which 

resources to pursue and the routes to take, the agent needs to develop a working model of 

the environment and understand the cost of each movement action. The next chapter 

introduces the mental map grid and defines the fundamental features that the agent can use 

to evaluate problems in the CMM framework. 
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4 THE MENTAL MAP GRID  

The grid world environments defined in the previous chapter provide rich problem 

domains for studying agent movement and planning. The agentôs actions are influenced by 

how the agent sees and interprets the environment. This chapter introduces the mental map 

that formalizes how the agent observes the environment and assigns costs to each 

movement action. These costs are represented as features in an action graph, which defines 

all possible actions that the agent can take. Later chapters summarize this information and 

use it to develop plans that guide the agentôs movements. 

4.1 The Mental Map 

The CMM framework consists of two basic components: the simulation server and 

the agent. The server is responsible for defining the grid world environment using the 

procedural content generation methods presented in Chapter 3. The server also provides 

information about the environment to the agent in the form of observations. The knowledge 

that the agent accumulates through these observations is stored in a mental map 

representation of the environment. This mental map contains the only information that the 

agent can use to develop a plan that will solve the specified problem. Initially, the mental 

map is empty and represents complete uncertainty about the environment. As the agent 

moves, it discovers new regions and adds these to the mental map. 
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Formally, the server provides a grid world environment  ꜡consisting of several 

attribute layers as defined in Chapter 3. For each cell ὧɴ ,꜡ the following attributes are 

defined:  

¶ OPENὧᶰπȟρ, 

¶ 4%22!).ὧᶰכ, 

¶ %,%6!4)/.ὧᶰπȟρ, and 

¶ 2%3/52#%3ὧᶰ᷾ד .ɲ 

 ,is the set of all resource types. In our examples ד is the set of all terrain types and כ

כ πȟρȟςȟσȟτȟυ representing the terrain types wall, meadow, forest, water, rock, and 

snow. Likewise, ד πȟρȟςȟσȟτȟυ, where 0 indicates no resource and 1-5 indicate the 

resource that appears in the respective terrain type. In practice, these attribute layers are 

stored as n ³ m matrices ꜡Ȣὡ, Ȣ꜡Ὕ, Ȣ꜡Ὁ, and ꜡ ȢὙ for the open, terrain, elevation, and 

resource attributes respectively. 

The agent maintains an internal representation of the environment as a mental map 

יִ . Each grid cell ὧɴ יִ  has the same attribute properties as  ꜡and one additional attribute, 

/"3%26%$ὧᶰπȟρ (represented as the matrix V) indicating if the grid cell has been 

observed by the agent (1) or not (0). Initially, /"3%26%$ὧ π for all ὧɴ יִ  and the other 

attributes are undefined. As the environment is revealed to the agent, /"3%26%$ὧ is set to 

1 for the grid cells that have been observed, and the other attributes are defined as equal to 

the corresponding values in .꜡ We assume that a grid cell is either fully observed, in which 

case all other attributes are defined, or completely unobserved, in which case the other 

attributes are undefined. 
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Algorithm 4.1 shows the INITIALIZE _MENTAL_MAP function used at the beginning 

of the simulation to initialize ִי  with a specified size of n ³ m, and with terrain types כ 

and resource types ד. The size of the map is saved in ִיȢÓÉÚÅ (line 2), the terrain and 

resource types are saved for later use (lines 3 and 4), and the other attributes are initialized 

to default values. The position of the agent ִיȢÐÏÓ is set to NIL (line 5) and a map of all 

visited grid cells is initialized to zero (line 6). The visibility matrix ִיȢὠ is initialized to 

zero (line 7) and the other attribute layers ִיȢὡ, ִיȢὉ, ִיȢὝ, and ִיȢὙ are initialized to 

NIL (lines 8-11). Lines 12 and 13 initialize the region labels ִיȢὒ and the local region 

 ȢÌÏÃÁÌ2ÅÇÉÏÎ. These are used to construct the region graph and will be discussed furtherיִ

in Chapter 5. 

 

 

Algorithm 4.1 Initialize the Mental Map 

 

INITIALIZE _MENTAL_MAP(n, m, ד ,כ) 

יִ :1  Ŷ empty structure 

 ȢÓÉÚÅ Ŷ (n, m)יִ :2

 כ Ŷ כȢיִ :3

 ד Ŷ דȢיִ :4

ȢÐÏÓ Ŷ NILיִ :5  

 ȢÖÉÓÉÔÅÄ Ŷ n ³ m grid initalized to 0יִ :6

 Ȣὠ Ŷ n ³ m grid initalized to 0יִ :7

 Ȣὡ Ŷ n ³ m grid initalized to NILיִ :8

 ȢὉ Ŷ n ³ m grid initalized to NILיִ :9

 ȢὝ Ŷ n ³ m grid initalized to NILיִ :10

 ȢὙ Ŷ n ³ m grid initalized to NILיִ :11

 Ȣὒ Ŷ n ³ m grid initalized to 1יִ :12

 ȢÌÏÃÁÌ2ÅÇÉÏÎ Ŷ n ³ m grid initalized to 0יִ :13

14: return יִ   
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4.1.1 Creating Observations 

At the start of the simulation and after each movement action by the agent, the 

server provides an observation of the environment to the agent. An observation ַײ has the 

same form as the mental map ִי , but contains only the immediately visible image of the 

environment. In contrast, ִי  maintains a record of everything that has been seen since the 

start of the simulation and remembers what the environment looks like in places that are 

no longer visible. Since we assume that the environment does not change during the course 

of the simulation, portions of the mental map that have been observed but are no longer 

visible are considered to be accurate. 

The observation data structure is assembled using Algorithm 4.2. The first step in 

this algorithm is to determine the visible region. There are two ways to do this that are 

controlled by the opt.obsMode parameter: using the line of sight viewshed method or 

declaring the entire environment to be visible. If we use the second method, then we can 

bypass the visibility computation altogether and declare all cells to be in the visible region, 

V (line 10). This is useful for studying problems without any uncertainty arising from 

visibility. Using the first method, the visible region is computed from the viewshed (lines 

3-8), which will be discussed next. We return to the definition of the overall observation 

structure in Section 4.1.3. Figure 4.1 shows several examples of the observations computed 

at the current agent location in different environments. 
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Algorithm 4.2 Get Observation 

 

GET_OBSERVATION( ,꜡ ai, aj, opt) 

1: (n, m) Ŷ size of ꜡  

 

/* Get the visible region */ 

2: if  opt.obsMode = ñviewshedò 

3: E Ŷ Ȣ꜡Ὁ 

4: E[ Ȣ꜡ὡ = 0 Ù Ȣ꜡Ὕ = 2] Ŷ NIL  

5: E[ai, aj] Ŷ Ȣ꜡Ὁ[ai, aj] 

6: for  opt.k iterations 

7: E Ŷ E * G     // Apply a 3³3 Gaussian blur 

8: V Ŷ GET_VIEWSHED(E, aj, ai, opt.h)  // Algorithm 4.3 

9: else 

10: V Ŷ n ³ m grid initalized to 1 

 

11: V' Ŷ V Ä [0 1 0; 1 1 1; 0 1 0]   // 4-connected viewshed neighbors 

12: V'' Ŷ V Ä [1 1 1; 1 1 1; 1 1 1]   // 8-connected viewshed neighbors 

 

13: V [V'  = 1 Ø Ȣ꜡Ὕ = 2] Ŷ 1  // Mark adjacent forest cells as visible 

 

/* Get wall observation */ 

14: W Ŷ n ³ m grid initalized to NIL 

15: W [V = 1] Ŷ 1 

16: W [V''  = 1 Ø Ȣ꜡ὡ = 0] Ŷ 0 

17: W [y, x] Ŷ 0 for all cells where c(y, x) is a border cell 

 

/* Create the observation structure */ 

 Ŷ empty structure ײַ :18

 ȢÐÏÓ Ŷ (ai, aj)ײַ :19

 Ȣὠ Ŷ [W = 0 Ù W = 1]ײַ :20

 Ȣὡ Ŷ Wײַ :21

 ȢὉ Ŷ Ȣ꜡Ὁײַ :22

Ŷ NIL [Ȣὠ = 0ײַ] ȢὉײַ :23  

 ȢὝ Ŷ Ȣ꜡Ὕײַ :24

Ŷ NIL [Ȣὠ = 0ײַ] ȢὝײַ :25  

 ȢὙ Ŷ Ȣ꜡Ὑײַ :26

Ŷ NIL [Ȣὠ = 0ײַ] ȢὙײַ :27  

28: return  ײַ 
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4.1.2 Viewshed Computation 

If the server is configured to use the partially observable viewshed method, then 

the visible region V is computed using the GET_VIEWSHED function in Algorithm 4.3. The 

elevation map E that is sent to this function has cells that completely obstruct the line of 

sight, such as walls and forest terrain marked as NIL (lines 3-4 of Algorithm 4.2). The 

forest terrain in our model is designed to be traversable by the agent, but with restricted 

visibility, so these cells are marked as NIL in E. For the GET_VIEWSHED function to work 

properly, the current agent location should not be marked as NIL, so line 5 of Algorithm 

4.2 copies the true elevation value at the agent location into E. The qualitative appearance 

of the viewshed region computed by GET_VIEWSHED can be improved by first applying 

      

     

 (a) (b) (c) (d) 

Figure 4.1  Examples of observations in various environments computed using Algorithm 4.2 and Algorithm 

4.3. The top row shows the full environment  ꜡and the bottom row shows the observation ַײ at the current 

agent location (shown as a red dot). The environment values are observed within the visible region and hidden 

everywhere else. 
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Gaussian smoothing to E. This removes elevation noise and results in a more continuous 

viewshed region that is less sensitive to the discretized heightmap. Our implementation 

convolves a 3³3 Gaussian filter G with the heightmap ꜡ȢὉ for opt.k iterations, while 

maintaining the NIL values (lines 6-7). We found that repeated applications of small filter 

sizes produced more pleasing results than large filters when accounting for the NIL values. 

At this point, the smoothed elevaiton map E is passed to the GET_VIEWSHED function with 

the agent location (ai, aj) and the height parameter opt.h (line 8). 

The GET_VIEWSHED function is given in Algorithm 4.3. It follows the basic premise 

of the R3 viewshed algorithm given in Algorithm 2.1, but is optimized to avoid computing 

the line of sight to every grid cell. The function starts by computing the elevation angle A 

from the current agent location to every grid cell, and copying the NIL flag for cells that 

are marked NIL in the elevation map (lines 1-7). Rather than evaluating the visibility of all 

grid cells at once, the function starts at the agent location and works outward. We initialize 

the visibility map V and a processed map P to all zeros (lines 8-9). The visibility map is 

then set to 1 at the current agent location and this cell is added to the current working set, 

C (lines 10-11). The algorithm then cycles through the main loop (lines 12-22) while the 

current working set is not empty. Lines 13-16 get the next set of cells to process, N, which 

are determined as the neighbors of C. Each cell in C is also marked with a 1 in the processed 

map, P. Lines 17-22 check the visibility of each cell in N that has not already been 

processed. The variable v in line 19 is computed using Algorithm 2.2 and is either 1 if the 

grid cell is visible from the agent location, 0 if it is not visible, or -1 if the line of sight 

encountered an obstruction marked as NIL. If v = 1, it is updated in the visibility map. If 
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v Í -1, then the cell is added to C and its neighbors will be evaluated on the next iteration. 

If v = -1, then this cell will not be evaluated further. This allows the algorithm to stop 

looking in a direction that has a wall or forest cell that obstructs the line of sight regardless 

of the elevation.1 The algorithm can only stop looking in a direction once it encounters 

such a cell, because there is always the possibility that a distant mountain ridge is visible 

beyond a hidden valley. Figure 4.1 shows several examples of the viewshed region 

computed in different environments. 

 
1 A more accurate visibility model might account for tree height in a forested region and allow the agent to 

look over a forest cell if the elevation permits. This would allow the agent to observe an entire forest region 

on a distant mountainside, for instance. 
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Algorithm 4.3 Get Viewshed 

 

GET_VIEWSHED(E, x1, y1, h) 

 

/* Precompute the elevation angle to each grid cell */ 

1: (n, m) Ŷ size of E 

2: A Ŷ n ³ m grid initalized to 0 

3: for  each (x2, y2) Í{( x2, y2) | 1 Ò y2 Ò n Ø 1 Ò x2 Ò m Ø (x1, y1) Í (x2, y2)}  

4: if E[y2, x2] = NIL 

5: A[y2, x2] Ŷ NIL  

6: else 

7: A[y2, x2] Ŷ ÔÁÎ
ȟ ȟ

 

 

8: V Ŷ n ³ m grid initalized to 0 

9: P Ŷ n ³ m grid initalized to 0 

10: V[y1, x1] Ŷ 1 

11: C Ŷ {( x1, y1)}  

12: while |C| > 0 

 

/* Determine the next set of cells to process */ 

13: N Ŷ ɲ 

14: for  each (x, y) Í C 

15: P[y, x] Ŷ 1 

16: N Ŷ N  ᷾  { (x-1, y), (x+1, y), (x, y-1), (x, y+1)}  

 

/* Check the visibility */ 

17: C Ŷ ɲ 

18: for  each (x, y) Í N s.t. P[y, x] = 0 

19: v Ŷ CHECK_VISIBILITY (A, x1, y1, x, y) // Algorithm 2.2 

20: V[y, x] Ŷ [v > 0] 

21: if  v ² 0 

22: C Ŷ C  ᷾{(x, y)}  

 

23: return  V 
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4.1.3 Finalizing the Observation 

Returning to the GET_OBSERVATION function in Algorithm 4.2, we have now 

defined the visible region, V. We use this as a mask to define which cells have known 

attributes in the observation structure ַײ and which cells are unobserved and marked as 

NIL. Some heuristics are used to update the knowledge in the observation for cells adjacent 

to the visible region. First, we define two dilations of V using both 4- and 8-connected 

neighbors (lines 11-12 of Algorithm 4.2). We want to make sure that the cells adjacent to 

the agent location are always visible, even in forest terrain, so line 13 marks these cells as 

visible in V. Next, we create the observation wall map W from the environment wall map 

Ȣ꜡ὡ and the visible region. Line 14 initializes W as a grid with all cells marked as NIL to 

indicate complete uncertainty. Line 15 marks any cells in the visible region as being 

traversable open space in W. Because the edges of the visible region include cells that are 

adjacent to walls but not the walls themselves, we use the 8-connected neighbors of the 

visible region to identify which wall cells to include in the observation. Any cells in this 

expanded visible region that are marked as walls in the environment wall map are marked 

as walls in W (line 16). We also mark the border cells of the environment as walls to prevent 

the agent from moving off the edge of the map (line 17). 

Lines 18-27 of Algorithm 4.2 create the actual observation structure ַײ. The 

observation consists of several information layers and the current agent position, which is 

stored as ַײȢÐÏÓ (line 19). The visible region of the observation ַײȢὠ is defined as any cell 

that has been identified as either open space or a wall. Note that this may be somewhat 

different from the visible region computed using the GET_VIEWSHED function since we use 

additional heuristics to determine where the walls are. The observation wall map is saved 
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as ַײȢὡ and the remaining attribute layers are saved using the values from the environment. 

Any cells that are not marked as visible in the observation visible region ַײȢὠ are set to 

NIL in the elevation ַײȢὉ, terrain ַײȢὝ, and resource ַײȢὙ attribute layers. The complete 

observation data structure ַײ is returned on line 28. 

4.1.4 Updating the Mental Map 

After receiving an observation from the server, the agent identifies any new 

information and updates its mental map. An example is shown in Figure 4.2. Algorithm 

4.4 gives the UPDATE_MENTAL_MAP procedure that takes an existing mental map structure 

יִ  and an observation ַײ and integrates the new information from ַײ into ִי . Lines 1-2 

update the agent position and the map of visited locations. Line 3 identifies the grid cells 

that have new information, defined as cells that are visible in the observation but have not 

yet been observed in the mental map. These cells are saved as ִיȢÎÅ× and are used to 

avoid recomputing regions and features that have not changed since the last observation. 

The new cells are marked as observed in ִיȢὠ (line 5) and the corresponding attribute 

values are copied from the observation to the mental map (lines 6-9). Line 10 applies some 

heuristics to the cave wall attribute layer to mark additional cells as walls based on 

inference rules. These are given in the CAVE_WALL _HEURISTICS function in Algorithm 

4.5. After updating the known wall locations, line 11 updates the region labels to remove 

the label from any cell that is known to be a wall. The UPDATE_MENTAL_MAP procedure 

ends by returning the updated mental map structure on line 12. 
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 (a) (b) (c) 

Figure 4.2  Updating the mental map from an observation. (a) The agentôs mental map before receiving the 

observation. The agentôs path is shown in red, and the agent has just moved north into a cell that opens to the 

west. The previous observation is highlighted and previously observed cells are darkened. (b) The 

observation returned by the server at the agentôs new position. (c) The agentôs updated mental map after 

integrating the new information from the observation. The new observation is highlighted and previously 

observed cells are darkened. 

 

Algorithm 4.4 Update Mental Map 

 

UPDATE_MENTAL_MAP(ִי  (ײַ ,

 

 Ȣὴέίײַ ȢÐÏÓ Ŷיִ :1
 Ŷ 1 [ ȢÐÏÓיִ] ȢÖÉÓÉÔÅÄיִ :2

 

3: new Ŷ {( i, j) | ַײȢὠ [i, j] = 1 Ø ִיȢὠ [i, j] = 0} 

 ȢÎÅ× Ŷ newיִ :4

 Ȣὠ [new] Ŷ 1יִ :5

 Ȣὡ [new]ײַ Ȣὡ [new] Ŷיִ :6

 ȢὉ [new]ײַ ȢὉ [new] Ŷיִ :7

 ȢὝ [new]ײַ ȢὝ [new] Ŷיִ :8

 ȢὙ [new]ײַ ȢὙ [new] Ŷיִ :9

 

Ȣὡ Ŷ CAVE_WALLיִ :10 _HEURISTICS(ִיȢὡ) // Algorithm 4.5 

 

 Ŷ 0 [Ȣὡ = 0יִ]Ȣὒיִ :11

 

12: return יִ   
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There are two main heuristics applied by the CAVE_WALL _HEURISTICS function in 

Algorithm 4.5. The first seeks to fill in unreachable areas that have been surrounded 

completely by walls such as the example in Figure 4.3. These cells are inaccessible to the 

agent, and are therefore assumed to be wall cells. Line 1 of the function identifies all 

unobserved wall cells that are currently labeled as NIL. The 4-connected components are 

 

Algorithm 4.5 Cave Wall Heuristics 

 

CAVE_WALL _HEURISTICS(W) 

 

/* Fill in unreachable areas */ 

1: U Ŷ {( i, j) | W [i, j] = NIL}    // Get all unobserved cells 

2: L Ŷ 4-connected component labeling of U 

3: for  k in 1 to max(L) 

4: Z Ŷ {( i, j) | L[i, j] = k}  

5: D Ŷ Z Ä [0 1 0; 1 1 1; 0 1 0]   // Image dilation 

6: B Ŷ {( i, j) | Z [i, j] = 0 Ø D[i, j] = 1}  // Get the boundary cells 

7: if  W [i, j] = 0 for all (i, j) Í B 

8: W [Z] Ŷ 0 

 

/* Fix diagonals */ 

9: (n, m) Ŷ size of W 

10: for  each (i, j) Í{( i, j) | 1 Ò i Ò n-1 Ø 1 Ò j Ò m-1} 

11: if  W [i, j] = 0 Ø W [i+1, j+1] = 0 

12: if  W [i+1, j] = 1 

13: W [i, j+1] Ŷ 0 

14: if  W [i, j+1] = 1 

15: W [i+1, j] Ŷ 0 

16: if  W [i, j+1] = 0 Ø W [i+1, j] = 0 

17: if  W [i, j] = 1 

18: W [i+1, j+1] Ŷ 0 

19: if  W [i+1, j+1] = 1 

20: W [i, j] Ŷ 0 

 

21: return  W 
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identified on line 2, and for each one we apply an image dilation to identify the boundary 

cells of this unobserved region (lines 4-6). If all the boundary cells are marked as walls, 

then there is no way for an agent to access the cells in the unobserved region, so they are 

marked as walls (lines 7-8). 

 

The second heuristic is used to improve the wall boundary on diagonal edges. 

Because Algorithm 3.3 removed any diagonal passages during the generation of the cave 

wall map, the agent can assume that there will be no diagonal passages in the environment. 

This means that if two diagonally adjacent grid cells are both observed to be wall cells and 

one of the two cells between them is observed to be open, then the other cell must be a wall 

to prevent the creation of a diagonal passage. Lines 9-20 apply this rule to the entire map 

and mark cells that meet these criteria as walls. An example is shown in Figure 4.4. 

 

 (a) (b) (c) 

Figure 4.3  Filling in unreachable areas with walls. (a) An unobserved region (gray) is surrounded by wall 

cells (black) and is inaccessible to the agent. (b) The boundary cells (marked with red dots) of the unobserved 

region are checked and if they are all walls, then the unobserved region is filled in. (c) The filled in region. 
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4.2 The Action Graph 

The mental map structure ִי  is stored internally as a set of raster image layers, 

representing the agentôs knowledge of the environment at each grid cell location. However, 

for planning future actions, it is useful to represent the mental map as an attributed weighted 

graph. We begin by defining the action graph Ὃ that is the most granular representation 

of the knowledge stored in ִי . In Chapter 5 we will introduce the region graph, which 

summarizes the information in Ὃ for distinct regions in the environment. Each vertex in 

Ὃ represents a grid cell where the agent can be located and edges represent the movement 

actions between adjacent grid cells. The vertex set is defined as ὠὋ

ὧɴ ȿ /0%.ὧ יִ ρ᷉ /"3%26%$ὧ π, which represents every grid cell that has 

either been observed to be traversable, or has not yet been observed and therefore may be 

traversable. Each vertex ὺɴ ὠὋ  inherits the attributes of the grid cell associated with 

it. Adjacent grid cells are connected by a directed edge Ὡ όȟὺ where όȟὺᶰὠὋ  and 

 

 (a) (b) (c) 

Figure 4.4  Fixing diagonal boundaries. (a) The wall layer of a mental map before fixing diagonals. Open 

space is white, walls are black, and the unobserved cells are gray. (b) Locations that match the pattern of 

diagonally adjacent wall cells with one open and one unobserved cell in between are marked in red. (c) The 

unobserved cells in these patterns are marked as walls. 
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the cell represented by ό is adjacent to the cell represented by ὺ. We denote 34!24Ὡ ό 

as the starting vertex and %.$Ὡ ὺ as the ending vertex of edge Ὡ. The set of all edges 

in the graph forms the edge set ὉὋ . Figure 4.5 shows the action graphs computed from 

mental maps of two example environments. 

 

Consider a single edge Ὡ όȟὺᶰὉὋ  where ό represents grid cell ὧ and ὺ 

represents an adjacent grid cell ὧ. If a grid cell is observed, then its attributes are known; 

otherwise the attributes are marked as NIL. We denote the terrain type of cell ὧ as ὸ, the 

elevation (height) as Ὤ, and the observability as έ, where Ὧᶰρȟς. (Note that we use Ὤ 

to represent elevation to avoid confusion with the notation for graph edges.) 

 έ /"3%26%$ὧ  (4.1) 

 ὸ
4%22!).ὧ ȟ έ ρ

.),ȟ έ π
 (4.2) 

   

Figure 4.5  Examples of the action graph for two mental maps. All grid cells that are not walls are included 

as vertices, regardless of observability. Adjacent grid cells are connected with edges. 
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 Ὤ
%,%6!4)/.ὧ ȟ έ ρ

.),ȟ έ π
 (4.3) 

The attributes of grid cell ὧ are defined as the pair ὸȟὬ  and the attributes of an edge 

can be written as the pair of pairs, ὸȟὬ ȟὸȟὬ . For notational convenience, we 

define ὩȢὸ and ὩȢὸ as the starting and ending terrain types of an edge, ὩȢὬ and ὩȢὬ as 

the starting and ending elevations, and ὩȢέ and ὩȢέ as the observability of the starting 

and ending cells. We occasionally drop the Ὡ prefix when referring to only a single edge. 

The terrain, elevation, and observability of ὧ and ὧ are used to define several features 

ὪὩ for an edge Ὡ. Multiple edge features are combined into a feature vector 

ἮὩ ὪὩȟȣȟὪ Ὡ , where ὪȡὩm ᴙ  for all Ὥ ρȟȣȟά. We assume that each 

feature maps into a non-negative real number to aid in the formulation of agent objective 

functions, which will be defined so that edge features are minimized. The next two sections 

give several possible feature functions that an agent can use to define ἮὩ. We first 

consider the case in which both grid cells are observed, resulting in a crisp feature vector 

with no uncertainty. Then, we show how these features become fuzzy when one or both 

grid cells are unobserved. 

4.3 Crisp Feature Functions 

In the case where both grid cells of an edge Ὡ are observed (i.e. ὩȢέ ὩȢέ ρ), 

the attributes are known exactly and the resulting feature vector contains no uncertainty. 

The following subsections define several crisp features for action graph edges. An edge 

feature ὪὩ may depend only on some of the cell attributes, so for notational clarity, only 
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the required arguments are included in the following feature definitions. An example 

showing the computation of these features is given in Section 4.3.6. 

4.3.1 Distance Feature 

The simplest feature we consider is a basic measure of the distance the agent has 

traveled. We denote this feature as Ὢ. For a single edge in a uniform grid, the distance 

feature is defined as a constant value, 

 Ὢ ρȢ (4.4) 

The distance feature is independent of the grid cell attributes and can be applied in any 

environment. 

4.3.2 Terrain Type Features 

In environments with multiple types of terrain, we can define a separate feature for 

each terrain type. These features indicate how much of each type of terrain is represented 

by an edge. For terrain type Ὥ, we denote this feature as Ὢ , defined as 

 Ὢ ὸȟὸ

πȟ ὸ Ὥ᷈ ὸ Ὥ
πȢυȟ ὸ Ὥ᷈ ὸ Ὥ
πȢυȟ ὸ Ὥ᷈ ὸ Ὥ
ρȟ ὸ Ὥ᷈ ὸ ὭȢ

 (4.5) 

There are four possible cases considered, where each cell either is or is not of terrain type 

Ὥ. Equation 4.5 can be expressed more compactly as 

 Ὢ ὸȟὸ
ρ

ς
ὸ Ὥ

ρ

ς
ὸ Ὥȟ (4.6) 

where the notation z  evaluates to 1 if the condition in the brackets is true and 0 otherwise. 

A terrain type feature is computed for each terrain type Ὥɴ  The feature will be 1 if both .כ
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grid cells are of type Ὥ and 0 if neither grid cell is of type Ὥ. If only one grid cell is of type 

Ὥ, the feature will evaluate to 0.5. 

4.3.3 Terrain Transition Features 

In some circumstances, it may be important for the agent to consider the transition 

between different types of terrain (e.g. when getting into or out of a boat at the edge of a 

lake). For these types of features, we define a transition matrix 4ᶰπȟρȿכȿȿכȿ where ὸ 

is 1 if the transition between two grid cells is from terrain type Ὥ to terrain type Ὦ and 0 

otherwise. If the direction of the transition is important, we can use each element of 4 as a 

separate feature. We denote these directional terrain transition features as ὪộȟỚ and define 

them formally as 

 ὪộȟỚὸȟὸ
ρȟ ὸ Ὥ᷈ ὸ Ὦ
πȟ ÏÔÈÅÒ×ÉÓÅȢ

 (4.7) 

This can also be written as 

 ὪộȟỚὸȟὸ ὸ Ὥ ᷈ὸ ὮȢ (4.8) 

If the direction of the transition is unimportant, we can reduce the number of features by 

accounting for symmetries. The symmetric terrain transition features are denoted as Ὢ ȟ  

where we assume that Ὥ Ὦ and they are defined as 

 Ὢ ȟ ὸȟὸ
ρȟ ὸ Ὥ᷈ ὸ Ὦ
ρȟ ὸ Ὦ᷈ ὸ Ὥ
πȟ ÏÔÈÅÒ×ÉÓÅȢ

 (4.9) 

Again, this can be written in square bracket notation as 

 Ὢ ȟ ὸȟὸ ὸ Ὥ ᷈ὸ Ὦ ᷉ ὸ Ὦ ᷈ ὸ ὭȢ (4.10) 
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Table 4.1 shows the difference between the terrain type features and the terrain transition 

features for all possible combinations of terrain types for the two cells. 

Table 4.1 Crisp terrain type and terrain transition features 

ὸ ὸ Ὢ  Ὢ   Ὢ ȟ Ὢ ȟ  Ὢ ȟ   ὪộȟỚ ὪộȟỚ ὪộȟỚ ὪộȟỚ 

Ὥ Ὥ 1 0  1 0 0  1 0 0 0 

Ὥ Ὦ 0.5 0.5  0 1 0  0 1 0 0 

Ὥ Ὥ᷉ Ὦ 0.5 0  0 0 0  0 0 0 0 

Ὦ Ὥ 0.5 0.5  0 1 0  0 0 1 0 

Ὦ Ὦ 0 1  0 0 1  0 0 0 1 

Ὦ Ὥ᷉ Ὦ 0 0.5  0 0 0  0 0 0 0 

Ὥ᷉ Ὦ Ὥ 0.5 0  0 0 0  0 0 0 0 

Ὥ᷉ Ὦ Ὦ 0 0.5  0 0 0  0 0 0 0 

Ὥ᷉ Ὦ Ὥ᷉ Ὦ 0 0  0 0 0  0 0 0 0 

 

Note that we define a separate directional terrain transition feature for each terrain 

type pair ὭȟὮ and ὮȟὭ whereas we only need to define the symmetric terrain transition 

feature for the pair ὭȟὮ where Ὥ Ὦ. Also, note that the self-transition features Ὢ ȟ and 

ὪộȟỚ are not quite the same as the terrain type feature Ὢ  since the terrain transition 

features can only take binary values. However, an agent need only use one of the terrain-

based feature sets because the same information is simply distributed across a different 

number of features. For ὔ terrain types, there are ὔ terrain type features, ὔ  directional 

terrain transition features, and  symmetrical terrain transition features. 

4.3.4 Elevation Features 

Whereas terrain is a discrete feature type, the difference in elevation between two 

grid cells is a continuous feature domain. Recall that the elevation values of the starting 
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and ending edge cells are given as Ὤ and Ὤ. The absolute difference in elevation for the 

edge is a feature that we denote as Ὢ and define as 

 Ὢ ὬȟὬ ȿὬ ὬȿȢ (4.11) 

Often, an agent will want to differentiate between an uphill slope and a downhill slope. To 

account for this, we define the uphill slope feature Ὢ  ᴻas 

 ὪᴻὬȟὬ ÍÁØπȟὬ Ὤ ȟ (4.12) 

And the downhill slope feature Ὢ  Ȣas 

 ὪᴽὬȟὬ ÍÁØπȟὬ Ὤ Ȣ (4.13) 

Note that the features are always non-negative to ensure that the objective values never go 

below zero. The uphill and downhill slope features are complementary and at least one of 

them will always be zero. The absolute elevation difference feature represents a 

combination of the two directional elevation difference features, so an agent will usually 

only use either just Ὢ or the pair Ὢ  ᴻand Ὢ .Ȣ Figure 4.6 shows plots of the elevation 

difference features for all values of Ὤ and Ὤ within the allowed range of πȟρ. 

 

   
 (a) (b) (c) 

Figure 4.6  Plots of the elevation difference features. (a) The absolute elevation difference Ὢ. (b) the uphill 

elevation difference Ὢᴻ . (c) The downhill elevation difference Ὢ .Ȣ 
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4.3.5 Other Features 

We limit our study in this work to the above features, but this list is by no means 

exhaustive. Many different problems can be expressed in this framework so long as it is 

possible to compute a feature for each edge based only on the attributes of its vertices. For 

instance, one could compute additional features in the environment such as proximity to a 

wall or the amount of terrain that is visible from a grid cell and develop edge features based 

on these environment attributes. We should mention that features that depend on multiple 

edges, such as the curviness or uniqueness of a path might be more difficult to use in this 

framework. These types of features would be more suitably defined over paths rather than 

individual edges, which would require different agent strategies than the ones presented 

here. 

4.3.6 Example 

Figure 4.7 shows four examples of the edge features computed between two grid 

cells. Each example shows a pair of cells representing a single edge going from the left cell 

to the right cell. The colors indicate the terrain type with light tan representing terrain type 

1 (meadow) and green representing terrain type 2 (forest). The numbers inside each cell 

indicate the elevation, and the computed features are shown below each example. 



117 

 

Figure 4.7  Four examples demonstrating the computation of the feature functions considered in this work 

for a single transition between two grid cells. The light tan region represents terrain type 1 (meadow) and the 

green region represents terrain type 2 (forest). The numbers in each cell indicate the elevation value. 

The distance feature Ὢ is a constant 1 for each of the examples. The terrain type 

features Ὢ ȟὪ  are either ρȟπ, πȟρ, or πȢυȟπȢυ depending on if the pair of cells 

is all of terrain type 1, 2, or both. The symmetric terrain transition features 

ὪȟȟὪȟȟὪȟ  are either ρȟπȟπ, πȟρȟπ, or πȟπȟρ, with the single nonzero element 

indicating which pair of terrain types is present in each example. Likewise, the directional 

terrain transition features ὪộȟỚȟὪộȟỚȟὪộȟỚȟὪộȟỚ each have a single nonzero element 

that indicates the appropriate configuration of the two terrain types. The absolute elevation 

difference feature Ὢ is simply the absolute difference in elevation between the two grid 
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cells. The directional elevation difference features ὪȟᴻὪȢ  indicate the direction of the 

slope and have one element equal to Ὢ and the other set to zero. An agent could use various 

subsets of these features to define its objective functions, which will be discussed further 

in Chapter 6. 

4.4 Fuzzy Feature Functions 

We now consider the case in which one or both grid cells of an edge Ὡ are 

unobserved (i.e. ὩȢέ π and/or ὩȢέ π). When this occurs, we introduce uncertainty 

into the feature vector, which now needs to capture the range and distribution of possible 

feature values given the unobserved attributes. Fuzzy numbers are well-suited for this task, 

as they can represent a range of values with different weights specified by a membership 

function. A fuzzy number ὃṖᴙ is a normalized convex fuzzy set with a membership 

function ‘ȡὃᴼ πȟρ that specifies how well a number ὼɴ ὃ is represented by ὃ. We 

use triangular fuzzy numbers in this work for their relative simplicity. For a value ὼɴ ᴙ, 

the membership function of a triangular fuzzy number ὃ 4ÒÉὥȟὦȟὧ is defined as 

 ‘ ὼȠὥȟὦȟὧ

ừ
ỬỬ
Ừ

ỬỬ
ứ

πȟ ὼ ὥ
ὼ ὥ

ὦ ὥ
ȟ ὥ ὼ ὦ

ρȟ ὼ ὦ
ὧ ὼ

ὧ ὦ
ȟ ὦ ὼ ὧ

πȟ ὼ ὧ Ȣ

 (4.14) 

Whereas a crisp feature function ὪὩ only needs to define a single value, a fuzzy feature 

function ὪὩ needs to define the three control parameters for the triangular fuzzy number. 

A natural interpretation of these parameters is the min, mean, and max values that the 

corresponding crisp feature function could take if the hidden grid cells were observed. 
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Using the notation from Equation 4.14, we denote these as ὥ ὪÍÉÎὩ, ὦ ὪÍÅÁÎὩ, 

and ὧ ὪÍÁØὩ. The following sections define these values for each of the feature 

functions considered in this work. 

4.4.1 Distance Feature 

Unlike the other features, the distance feature for a single edge is unaffected by 

observability. Because all edges in the action graph have the same length, the distance 

feature is defined as a crisp value of 1, regardless of whether the grid cells are observed or 

not. 

 ὪÍÉÎὩ ὪÍÅÁÎὩ ὪÍÁØὩ ρȢ (4.15) 

The resulting fuzzy feature is defined as 

 Ὢ Ὡ 4ÒÉρȟρȟρȢ (4.16) 

4.4.2 Terrain Type Features 

The terrain type features measure the amount of an edge that occurs within terrain 

type Ὥ. In the crisp case, the possible values are 0, 0.5, and 1, indicating that neither, one, 

or both grid cells were of type Ὥ. In the fuzzy case, we need to consider what the minimum, 

maximum, and expected values of the crisp feature would be over all possible 

configurations of the unknown terrain types. We start by defining some additional notation. 

Let ὸᶻȟὸᶻᶰכ be the true terrain types of the starting and ending cells respectively. 

The value of the terrain type feature in the fully observable case is given by Equation 4.5 

or Equation 4.6 as Ὢ ὸᶻȟὸᶻ . When either ὸᶻ or ὸᶻ is unknown, this value cannot be 
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evaluated directly, but we can determine the range and most likely value. Let Ὕ  be the 

event that ὸᶻ Ὥ for Ὧᶰρȟς. The probability that event Ὕ  occurs is defined as 

 ὴὝ  

ρȟ έ ρ᷈ ὸ Ὥ
πȟ έ ρ᷈ ὸ Ὥ

ὴὭȟ έ π ȟ
 (4.17) 

where ὴὭ is the prior likelihood of observing terrain type Ὥ. Often, ὴὭ
ȿכȿ

, where ȿכȿ 

is the number of possible terrain types, but other priors are possible. The complementary 

event Ὕ  is defined as the event that ὸᶻ Ὥ for Ὧᶰρȟς. Since these are the only two 

possible events describing the state of a single cell, 

 ὴὝ  ρ ὴὝ Ȣ (4.18) 

For the two cells involved in a graph edge, there are four possible states that need to be 

considered: 

¶ ί ὝȟὝ , (4.19) 

¶ ί ὝȟὝ , (4.20) 

¶ ί ὝȟὝ , and (4.21) 

¶ ί ὝȟὝ . (4.22) 

Here, ί  is the state where both grid cells have terrain type Ὥ, ί is the state where neither 

cell has terrain Ὥ, and ί and ί are the states where just one of the cells is of terrain type Ὥ. 

We call the set of all possible states Ὓ ίȟίȟίȟί , and each of these states results in 

a crisp terrain type feature vector for the edge. Adapting Equation 4.5 gives 

 Ὢ ί

πȟ ί ί
πȢυȟ ί ί ί᷉ ί
ρȟ ί ί Ȣ

 (4.23) 
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We assume that the terrain types of the two cells are independent, so the following 

expressions give the probability that each state is the true state of the environment. 

 ὴί ὴὝ ὴὝ  (4.24) 

 ὴί ὴὝ ρ ὴὝ  (4.25) 

 ὴί ρ ὴὝ ὴὝ  (4.26) 

 ὴί ρ ὴὝ ρ ὴὝ  (4.27) 

If the probability of a state is greater than zero, then it has some chance of occurring. We 

define the possibility that a state occurs as 

 ÐÏÓί ὴί πȟ (4.28) 

and the set of all possible states is given as 

 ὛÐÏÓ ίɴ ὛȿÐÏÓί πȢ (4.29) 

We can now express the minimum, maximum, and expected values of the terrain type 

feature for an edge Ὡ and terrain type Ὥ. 

 ὪÍÉÎὩ ÍÉÎ
ᶰÐÏÓ
Ὢί (4.30) 

 ὪÍÁØὩ ÍÁØ
ᶰÐÏÓ
Ὢί (4.31) 

 ὪÍÅÁÎὩ Ὢίὴί

ᶰ

 (4.32) 

In practice, the fuzzy terrain type feature values are computed using the following 

equivalent definitions. 
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 ὪÍÉÎὩ
ρ

ς
ὸ Ὥ᷈ έ ρ

ρ

ς
ὸ Ὥ᷈ έ ρ (4.33) 

 ὪÍÁØὩ
ρ

ς
ὸ Ὥ᷉ έ π

ρ

ς
ὸ Ὥ᷉ έ π (4.34) 

 

ὪÍÅÁÎὩ
ρ

ς
ὸ Ὥ᷈ έ ρ

ρ

ς
ὴὭέ π  

ρ

ς
ὸ Ὥ᷈ έ ρ

ρ

ς
ὴὭέ π 

(4.35) 

The fuzzy number representing the overall terrain type feature is defined as 

 Ὢ Ὡ 4ÒÉὪÍÉÎὩȟ   ὪÍÅÁÎὩȟ   ὪÍÁØὩ Ȣ (4.36) 

A summary of the triangular fuzzy number feature values is given in Table 4.2 for the case 

where ȿכȿ ς and ὴὭ πȢυ. Note that when both grid cells are observed, the fuzzy 

numbers are equivalent to the crisp version. 

Table 4.2 Example of the fuzzy terrain type feature when ȿכȿ ς and ὴὭ πȢυ 

Ὢ Ὡ 
έ ρ έ π 

ὸ Ὥ ὸ Ὥ  

έ ρ 
ὸ Ὥ 4ÒÉρȟρȟρ 4ÒÉπȢυȟπȢυȟπȢυ 4ÒÉπȢυȟπȢχυȟρ 

ὸ Ὥ 4ÒÉπȢυȟπȢυȟπȢυ 4ÒÉπȟπȟπ 4ÒÉπȟπȢςυȟπȢυ 

έ π  4ÒÉπȢυȟπȢχυȟρ 4ÒÉπȟπȢςυȟπȢυ 4ÒÉπȟπȢυȟρ 

  

To demonstrate, consider the examples in Figure 4.8. In (a), both cells are observed, 

so the fuzzy terrain type feature value is equivalent to the crisp case and the fuzzy number 

is a singleton value of 0.5 for both terrain type 1 (meadow) and 2 (forest). In (b), the first 

cell is observed to be terrain type 1 and the second cell is unobserved. Both terrain types 

have equal priors, so the second grid cell is equally likely to be either terrain type. If the 

second cell is type 1, then the crisp terrain type features would be Ὢ ρ and Ὢ π. 
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If the second cell is type 2, then they would be Ὢ πȢυ and Ὢ πȢυ. Clearly, the 

minimum value of Ὢ  is 0.5 and the maximum is 1. Likewise, the minimum of Ὢ  is 0 

and the maximum is 0.5. Since the priors are equal, the mean values are the averages of 

these two extremes. In (c), the first grid cell is unobserved and the priors favor terrain type 

1. The resulting triangular fuzzy numbers are skewed to reflect that the most likely outcome 

is that the unobserved cell is type 1 and the resulting crisp feature value would be 0.5. In 

(d), both cells are unobserved, so both terrain type features span the entire range [0, 1]. 

Because the priors slightly favor terrain type 1, the mean value of Ὢ  is slightly higher 

than that of Ὢ . 

 

 

 (a) (b) (c) (d) 

Figure 4.8  Four examples demonstrating the computation of the fuzzy terrain type features for a single 

transition between two adjacent grid cells. The light tan region represents terrain type 1 (meadow) and the 

green region represents terrain type 2 (forest). Gray cells are unobserved. The plots compare the fuzzy terrain 

type features for each example. 
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4.4.3 Terrain Transition Features 

The directional terrain transition feature ὪộȟỚὩ indicates if an edge Ὡ goes from 

terrain type Ὥ to terrain type Ὦ, whereas the symmetric terrain transition feature Ὢ ȟ Ὡ 

only checks if an edge Ὡ includes both terrain types Ὥ and Ὦ. In the fully observable case, 

these features could only take binary values. However, in the partially observable case, the 

terrain transition features are represented as triangular fuzzy numbers. Following the 

notation from the previous section, let ὸᶻȟὸᶻᶰכ be the true terrain types of the starting and 

ending grid cells for an edge Ὡ, and let Ὕ  be the event that ὸᶻ Ὥ and Ὕ  the event that 

ὸᶻ Ὦ for Ὧᶰρȟς. Equation 4.17 gives the probability of each event as ὴὝ  and 

ὴὝ . Note that the terrain priors ὴὭ and ὴὮ may be different, but the terrain priors 

for all terrain types must satisfy the requirements of a multinomial probability distribution 

(i.e. В ὴὯɴכ ρ and ὴὯ π for all Ὧᶰכ). For the directional terrain transition 

features, the only environment state that gives a feature value of one is ὝȟὝ ; all other 

states give a feature value of zero. The probability of this state is defined as ὴὝȟὝ , 

which is equivalent to ὴὝ ὴὝ  since the two terrain types are independent of each 

other. For the symmetric terrain transition features, both ὝȟὝ  and ὝȟὝ  give a 

feature value of one with all other states being zero. The probability of this occurring is 

ὴὝ ὴὝ ὴὝ ὴὝ  if Ὥ Ὦ and ὴὝ ὴὝ  if Ὥ Ὦ. The different expression 

for when Ὥ and Ὦ refer to the same terrain type is because there is only a single environment 

state where both terrain types are the same (type Ὥ), so it should only be counted once.  

As with the terrain type features, the fuzzy terrain transition features are defined 

using the minimum, maximum, and expected value of the crisp features over all possible 
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environment states. For the fuzzy directional terrain transition features, the expected value 

is given as 

 ὪộȟỚ
ÍÅÁÎὩ ὴὝ ὴὝ ȟ (4.37) 

and for the fuzzy symmetric terrain transition features, the expected value is given as 

 Ὢ ȟ
ÍÅÁÎὩ

ὴὝ ὴὝ ὴὝ ὴὝ ȟ Ὥ Ὦ

ὴὝ ὴὝ ȟ Ὥ ὮȢ
 (4.38) 

Because the crisp feature value is binary, we can infer that the minimum possible feature 

value will be zero, unless both terrain types are known and the feature value is observed to 

be one. In other words, if the expected value is less than one, then the minimum value will 

be zero; otherwise it will be one. Likewise, the maximum possible feature value will be 

one if the expected value is greater than zero; otherwise it will be zero. Formally, 

 ὪộȟỚ
ÍÉÎὩ

ρȟ ὴὝ ὴὝ ρ

πȟ ÏÔÈÅÒ×ÉÓÅ
ȟ ÁÎÄ (4.39) 

 ὪộȟỚ
ÍÁØὩ

πȟ ὴὝ ὴὝ π

ρȟ ÏÔÈÅÒ×ÉÓÅ
 (4.40) 

for the fuzzy directional terrain transition features and 

 Ὢ ȟ
ÍÉÎὩ

ρȟ ὴὝ ὴὝ ὴὝ ὴὝ ρ

πȟ ÏÔÈÅÒ×ÉÓÅ
ȟ ÁÎÄ (4.41) 

 Ὢ ȟ
ÍÁØὩ

πȟ ὴὝ ὴὝ ὴὝ ὴὝ π

ρȟ ÏÔÈÅÒ×ÉÓÅ
 (4.42) 

for the fuzzy symmetric terrain transition features. In practice, the fuzzy terrain transition 

features are computed using the following equivalent definitions. 

 ὪộȟỚ
ÍÉÎὩ ὸ Ὥ᷈ έ ρ᷈ ὸ Ὦ᷈ έ ρ (4.43) 

 ὪộȟỚ
ÍÁØὩ ὸ Ὥ᷉ έ π᷈ὸ Ὦ᷉ έ π  (4.44) 
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 ὪộȟỚ
ÍÅÁÎὩ

ừ
Ử
Ừ

Ử
ứ

ρȟ ὸ Ὥ᷈ έ ρ᷈ ὸ Ὦ᷈ έ ρ

ὴὮȟ ὸ Ὥ᷈ έ ρ᷈ έ π

ὴὭȟ έ π᷈ ὸ Ὦ᷈ έ ρ

ὴὭὴὮȟ έ π᷈ έ π
πȟ ÏÔÈÅÒ×ÉÓÅ

 (4.45) 

 Ὢ ȟ
ÍÉÎὩ ὸ Ὥ᷈ ὸ Ὦ᷉ὸ Ὦ᷈ ὸ Ὥ έ᷈ ρ᷈ έ ρ (4.46) 

 Ὢ ȟ
ÍÁØὩ ὸ Ὥ᷉ ὸ Ὦ᷉ έ π᷈ὸ Ὥ᷉ ὸ Ὦ᷉ έ π  (4.47) 

 Ὢ ȟ
ÍÅÁÎὩ

ừ
Ử
Ử
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
Ử
Ử
ứ

ρȟ ὸ Ὥ᷈ ὸ Ὦ᷉ὸ Ὦ᷈ ὸ Ὥ ᷈

έ ρ᷈ έ ρ

 

ὴὮȟ ὸ Ὥ᷈ έ ρ᷈ έ π᷉

έ π᷈ ὸ Ὥ᷈ έ ρ

ὴὭȟ ὸ Ὦ᷈ έ ρ᷈ έ π᷉

έ π᷈ ὸ Ὦ᷈ έ ρ

ὴὭȟ έ π᷈ έ π᷈ Ὥ Ὦ

ςὴὭὴὮȟ έ π᷈ έ π᷈ Ὥ Ὦ

πȟ ÏÔÈÅÒ×ÉÓÅ

 (4.48) 

The fuzzy numbers representing the directional and symmetric terrain transition features 

are defined as 

 Ὢ ȟ Ὡ 4ÒÉὪ ȟ
ÍÉÎὩȟ   Ὢ ȟ

ÍÅÁÎὩȟ   Ὢ ȟ
ÍÁØὩ ȟ ÁÎÄ (4.49) 

 ὪộȟỚὩ 4ÒÉὪộȟỚ
ÍÉÎὩȟ   ὪộȟỚ

ÍÅÁÎὩȟ   ὪộȟỚ
ÍÁØὩ Ȣ (4.50) 

A summary of these features is shown in Table 4.3 and Table 4.4. Note that this 

differs from the terrain type feature summary in Table 4.2 since we consider a problem 

with more than two terrain types (ȿכȿ ς), and unequal terrain type priors. There are a 

few noticeable differences between the symmetric and directional versions. In the 

directional version, only the case where ὸ Ὥ and ὸ Ὦ (blue) is a crisp 1, whereas in 
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the symmetric version, the case where ὸ Ὦ and ὸ Ὥ (red) is also a crisp 1. The bottom 

row and rightmost column indicate configurations where at least one of the cells is 

unobserved. The nonzero configurations are shaded to show the similarity between the two 

versions of the feature. Note that the mean feature value of the configuration where both 

cells are unobserved is twice as large in the symmetric version of the feature as compared 

to the directional version. (We assume that Ὥ Ὦ.) 

Table 4.3 Example of the fuzzy symmetric terrain transition feature when 

 ȿכȿ ς, ὴὭ πȢχ, and ὴὮ πȢς Ὥ Ὦ 

Ὢ ȟ Ὡ 
έ ρ έ π 

ὸ Ὥ ὸ Ὦ ὸ Ὥ᷈ ὸ Ὦ  

έ ρ 

ὸ Ὥ 4ÒÉπȟπȟπ 4ÒÉρȟρȟρ 4ÒÉπȟπȟπ 4ÒÉπȟπȢςȟρ 

ὸ Ὦ 4ÒÉρȟρȟρ 4ÒÉπȟπȟπ 4ÒÉπȟπȟπ 4ÒÉπȟπȢχȟρ 

ὸ Ὥ᷈  
ὸ Ὦ 

4ÒÉπȟπȟπ 4ÒÉπȟπȟπ 4ÒÉπȟπȟπ 4ÒÉπȟπȟπ 

έ π  4ÒÉπȟπȢςȟρ 4ÒÉπȟπȢχȟρ 4ÒÉπȟπȟπ 4ÒÉπȟπȢςψȟρ 

  

Table 4.4 Example of the fuzzy directional terrain transition feature when 

 ȿכȿ ς, ὴὭ πȢχ, and ὴὮ πȢς Ὥ Ὦ 

ὪộȟỚὩ 
έ ρ έ π 

ὸ Ὥ ὸ Ὦ ὸ Ὥ᷈ ὸ Ὦ  

έ ρ 

ὸ Ὥ 4ÒÉπȟπȟπ 4ÒÉρȟρȟρ 4ÒÉπȟπȟπ 4ÒÉπȟπȢςȟρ 

ὸ Ὦ 4ÒÉπȟπȟπ 4ÒÉπȟπȟπ 4ÒÉπȟπȟπ 4ÒÉπȟπȟπ 

ὸ Ὥ᷈  
ὸ Ὦ 

4ÒÉπȟπȟπ 4ÒÉπȟπȟπ 4ÒÉπȟπȟπ 4ÒÉπȟπȟπ 

έ π  4ÒÉπȟπȟπ 4ÒÉπȟπȢχȟρ 4ÒÉπȟπȟπ 4ÒÉπȟπȢρτȟρ 
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Figure 4.9 shows the same four examples from Figure 4.8, now evaluated for the 

terrain transition features. We assume that ȿכȿ ς in all cases. In (a), both cells are 

observed, so the terrain transition features are crisp binary values. In (b), the second cell is 

unobserved and is equally likely to be either terrain type 1 (meadow) or type 2 (forest). The 

feature values are either zero if the observation is incompatible with the feature type, or a 

completely uncertain fuzzy number spanning the range [0, 1] with a mean of 0.5. In (c), 

the first cell is unobserved and the priors favor terrain type 1. This changes the means of 

the fuzzy numbers to reflect the greater likelihood that the unobserved region is type 1. In 

(d), both cells are unobserved with unequal priors, making each feature span the range 

[0, 1], but with different mean values. Note that Ὢ ȟ and ὪộȟỚ are identical when Ὥ Ὦ, 

and that Ὢ ȟ
ÍÅÁÎςὪộȟỚ

ÍÅÁÎ. Again, this is because when Ὥ Ὦ, the symmetric version of the 

feature will consider the both cases where ὸȟὸ  is ὭȟὮ and ὮȟὭ, but when Ὥ Ὦ, there 

is only a single case, ὭȟὭ. 
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4.4.4 Elevation Features 

Unlike the discrete terrain features, the crisp elevation features come from the 

continuous domain πȟρ. We defined three elevation features in Section 4.3.4, given by 

Equations 4.11, 4.12, and 4.13: the absolute, uphill, and downhill elevation difference. In 

 
 (a) (b) (c) (d) 

Figure 4.9  Four examples demonstrating the computation of the fuzzy terrain transition features for a single 

transition between two adjacent grid cells. The light tan region represents terrain type 1 (meadow) and the 

green region represents terrain type 2 (forest). Gray cells are unobserved. The plots compare the fuzzy terrain 

transition features for each example. 
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the partially observed case, we need to compute the minimum, maximum, and expected 

values of these features over all possible configurations. To simplify the analysis, we 

assume that the elevation attributes of a grid cell are bounded by the range πȟρ and that 

the values are distributed uniformly over this range, so that all elevations are equally likely. 

Recall that the elevation values of the starting and ending edge cells are given as 

ὬȟὬᶰπȟρ and we denote the observability of the cells as έ and έ. If one or both cells 

of an edge are unobserved, then the minimum elevation difference for all three feature 

types will always be zero, because it is possible that both cells have the same elevation. 

 ὪÍÉÎὩ
ȿὬ Ὤȿȟ έ ρ᷈ έ ρ

πȟ ÏÔÈÅÒ×ÉÓÅ
 (4.51) 

 Ὢᴻ
ÍÉÎὩ

ÍÁØπȟὬ Ὤ ȟ έ ρ᷈ έ ρ
πȟ ÏÔÈÅÒ×ÉÓÅ

 (4.52) 

 Ὢᴽ
ÍÉÎὩ

ÍÁØπȟὬ Ὤ ȟ έ ρ᷈ έ ρ
πȟ ÏÔÈÅÒ×ÉÓÅ

 (4.53) 

If neither cell is observed, the maximum elevation difference is one, and if just one cell is 

observed, the maximum elevation difference is determined by the observed elevation value. 

 ὪÍÁØὩ

ȿὬ Ὤȿȟ έ ρ᷈ έ ρ

ÍÁØὬȟρ Ὤ ȟ έ ρ᷈ έ π

ÍÁØὬȟρ Ὤ ȟ έ π᷈ έ ρ
ρȟ έ π᷈ έ π

 (4.54) 

 Ὢᴻ
ÍÁØὩ

ÍÁØπȟὬ Ὤ ȟ έ ρ᷈ έ ρ
ρ Ὤȟ έ ρ᷈ έ π
Ὤȟ έ π᷈ έ ρ
ρȟ έ π᷈ έ π

 (4.55) 

 Ὢᴽ
ÍÁØὩ

ÍÁØπȟὬ Ὤ ȟ έ ρ᷈ έ ρ
Ὤȟ έ ρ᷈ έ π

ρ Ὤȟ έ π᷈ έ ρ
ρȟ έ π᷈ έ π

 (4.56) 
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For instance, if the first cell is observed but not the second, then the biggest absolute 

elevation difference is the greater of Ὤ and ρ Ὤ, since these are the differences between 

the two extremes of the possible range for Ὤ. Similar reasoning follows for the other cases 

and feature types. 

To get the expected elevation difference, we need to integrate over all possible 

unobserved values. Consider the plots shown in Figure 4.10. These plots show how the 

value of the elevation difference features change when just one grid cell is observed. In 

this case, we can express the expected value of the elevation difference features as 

 ὪᶻÍÅÁÎὩ ὪᶻὼȿᾀὴὼὨὼȟ   έ ρ᷈ έ π᷉έ π᷈ έ ρȢ (4.57) 

Here, Ὢ  zis the crisp feature function for either the absolute elevation difference Ὢ, the 

uphill elevation difference Ὢᴻ , or the downhill elevation difference Ὢ .Ȣ The function 

parameter ὼ is the unobserved elevation value and ᾀ is the elevation value from the 

observed cell. The probability of observing ὼ is given as ὴὼ, which can be ignored since 

we assume a uniform distribution over the interval πȟρ and therefore ὴὼ ρ. 
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As an example, consider the case where the first cell is observed with an elevation 

of ᾀ and the second cell is unobserved (top row of Figure 4.10). The value of the absolute 

elevation difference can be written as a piecewise linear function of ὼ, 

 Ὢ ὼȿᾀ
ᾀ ὼȟ ὼ ᾀ
ὼ ᾀȟ ὼ ᾀȢ

 (4.58) 

 

Figure 4.10  Plots of the elevation difference features when one cell is unobserved. The top row assumes that 

the second cell is unobserved (έ ρ and έ π) and the first cell has the value given in the plot title. The 

bottom row shows the opposite case, where the first cell is unobserved (έ π and έ ρ). These plots are 

cross-sections of the bivariate feature plots shown in Figure 4.6. 
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The expected value is then calculated as 

 ὪÍÅÁÎᾀ ᾀ ὼὨὼ ὼ ᾀὨὼ (4.59a) 

 ὼᾀ
ρ

ς
ὼ

ρ

ς
ὼ ὼᾀ   (4.59b) 

 
ρ

ς
ᾀ

ρ

ς
ᾀ ᾀ

ρ

ς
          (4.59c) 

 ᾀ ᾀ
ρ

ς
 Ȣ                                 (4.59d) 

The uphill and downhill elevation difference functions each contain only one of the linear 

segments from the absolute elevation difference with the other set to zero. 

 Ὢᴻὼȿᾀ
πȟ ὼ ᾀ

ὼ ᾀȟ ὼ ᾀ
 (4.60) 

 Ὢᴽὼȿᾀ
ᾀ ὼȟ ὼ ᾀ
πȟ ὼ ᾀ

 (4.61) 

The expected values of these functions are the corresponding components of the overall 

integral from Equation 4.59. 

ὪᴻÍÅÁÎᾀ ὼ ᾀὨὼ
ρ

ς
ᾀ ᾀ

ρ

ς
 (4.62) 

ὪȢÍÅÁÎᾀ ᾀ ὼὨὼ
ρ

ς
ᾀ (4.63) 

These functions are shown in Figure 4.11 for all possible values where only one cell is 

observed. Note that the expected elevation difference value is bounded by the range 

πȟπȢυ. 
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Finally, we consider the case where both grid cells are unobserved. The expected 

elevation difference in this case is the double integral over both possible elevation values,  

 ὪᶻÍÅÁÎὩ ὪᶻὼȟώὴὼὨὼὴώὨώȟ   έ π᷈ έ πȢ (4.64) 

Here, Ὢᶻὼȟώ is one of the crisp elevation difference feature functions for two elevation 

values, ὼ and ώ. These are given by Equations 4.11, 4.12, and 4.13. Again, since we assume 

a uniform distribution for ὼ and ώ, ὴὼ ὴώ ρ. First, consider the absolute elevation 

difference feature. To compute the double integral, the expression is divided into two parts, 

 
 (a) (b) 

Figure 4.11  Plots of the expected elevation difference features when only the first cell (a) or the second cell 

(b) is observed. Note that the uphill and downhill elevation difference features are switched in the two cases. 
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 ὪÍÅÁÎὩ ȿὼ ώȿὨὼὨώ                                             (4.65a) 

 ώ ὼὨὼὨώ ὼ ώὨὼὨώ (4.65b) 

 ὼώ
ρ

ς
ὼ Ὠώ

ρ

ς
ὼ ὼώὨώ   (4.65c) 

 
ρ

ς
ώ Ὠώ

ρ

ς
ώ ώ

ρ

ς
Ὠώ           (4.65d) 

 
ρ

φ
ώ

ρ

φ
ώ

ρ

ς
ώ

ρ

ς
ώ                         (4.65e) 

 
ρ

φ

ρ

φ

ρ

σ
ȟ έ π᷈ έ πȢ                     (4.65f) 

As before, the expected values of the uphill and downhill elevation difference features each 

contain only the corresponding component of the absolute elevation difference. 

ὪᴻÍÅÁÎὩ ώ ὼὨὼὨώ
ρ

φ
ȟ έ π᷈ έ π (4.66) 

Ὢᴽ
ÍÅÁÎὩ ὼ ώὨὼὨώ

ρ

φ
ȟ έ π᷈ έ π (4.67) 
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Collecting all the above definitions, we have the following expressions for the expected 

elevation difference. 

 ὪÍÅÁÎὩ

ừ
ỬỬ
Ừ

ỬỬ
ứ

ȿὬ Ὤȿȟ έ ρ᷈ έ ρ

Ὤ Ὤ
ρ

ς
ȟ έ ρ᷈ έ π

Ὤ Ὤ
ρ

ς
ȟ έ π᷈ έ ρ

ρ

σ
ȟ έ π᷈ έ π

 (4.68) 

 Ὢᴻ
ÍÅÁÎὩ

ừ
ỬỬ
Ừ

ỬỬ
ứ
ÍÁØπȟὬ Ὤ ȟ έ ρ᷈ έ ρ
ρ

ς
Ὤ Ὤ

ρ

ς
ȟ έ ρ᷈ έ π

ρ

ς
Ὤȟ έ π᷈ έ ρ

ρ

φ
ȟ έ π᷈ έ π

 (4.69) 

 Ὢᴽ
ÍÅÁÎὩ

ừ
ỬỬ
Ừ

ỬỬ
ứ
ÍÁØπȟὬ Ὤ ȟ έ ρ᷈ έ ρ

ρ

ς
Ὤȟ έ ρ᷈ έ π

ρ

ς
Ὤ Ὤ

ρ

ς
ȟ έ π᷈ έ ρ

ρ

φ
ȟ έ π᷈ έ π

 (4.70) 

As before, the triangular fuzzy numbers for each of the elevation difference features are 

defined using the min, mean, and max values computed above. 

 Ὢ Ὡ 4ÒÉὪÍÉÎὩȟ   ὪÍÅÁÎὩȟ   ὪÍÁØὩ  (4.71) 

 Ὢᴻ Ὡ 4ÒÉὪᴻ
ÍÉÎὩȟ   ὪᴻÍÅÁÎὩȟ   ὪᴻÍÁØὩ  (4.72) 

 ὪȢ Ὡ 4ÒÉὪᴽ
ÍÉÎὩȟ   ὪȢÍÅÁÎὩȟ   ὪȢÍÁØὩ  (4.73) 

Figure 4.12 shows the computation of the fuzzy elevation difference features for 

four different cases. In (a), both cells are observed, so the features are all crisp values. In 
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(b), only the first cell is observed with a height value of 0.4. The minimum possible value 

for all three features is 0. If the unobserved cell were to have a height of 1, Ὢ  ᴻwould have 

its maximum value of 0.6, whereas if it were to have a height of 0, Ὢ  Ȣwould have its 

maximum value of 0.4. The maximum of Ὢ is the greater of these two, 0.6. The mean 

values of all three features are given by the above definitions, and one can see that because 

the observed value is less than 0.5, Ὢ  Ȣhas the smallest expected value. The expected value 

of Ὢ is greater than that of Ὢᴻ  because the latter will be zero if the true height of the second 

cell is anything less than 0.4. In (c), the first cell is unobserved and the second cell is 

observed to be zero. Since the height of the first cell cannot be less than 0, there is no 

possibility of an uphill slope, so Ὢ  ᴻis a crisp 0. The other two features, Ὢ and Ὢ ,Ȣ both 

scale linearly with the unobserved height value and have a maximum value of 1 and an 

average value of 0.5. In (d), both cells are unobserved, so the feature definitions are given 

by the expressions derived previously. The minimum value of all three features is 0 and 

the maximum is 1. The expected value of Ὢ is  πȢσσ, and the expected value of both 

Ὢ  ᴻand ὪȢ  is  πȢρχ. 
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4.5 Summary 

This chapter introduced the mental map grid and the action graph used by the agent to 

represent the observed environment in the CMM framework. The simulation server keeps 

track of the agentôs location within the environment and computes the viewshed region 

using line-of-sight, considering obstructions from elevation and terrain. The agent 

maintains a record of all the observations it receives and stores the information in grid 

layers representing the attributes of the environment. An additional layer indicates which 

cells have been observed and which cells still have unknown properties. 

The action graph is defined over all grid cells that are potentially traversable and 

indicates possible movement actions by the agent. Each movement step is an edge in the 

graph between adjacent grid cells. Several features are defined for each edge representing 

 
 (a) (b) (c) (d) 

Figure 4.12  Four examples demonstrating the computation of the fuzzy elevation difference features for a 

single transition between two adjacent grid cells. The numbers inside the cells indicate the height value. Gray 

cells are unobserved. The plots compare the fuzzy elevation difference features for each example. 
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distance, the terrain type of each cell, and the change in elevation. When both cells are 

observed, the feature values are known with no uncertainty and are stored as crisp values. 

If one or both grid cells is unobserved, then there is some uncertainty in the feature values, 

which are represented as triangular fuzzy numbers. While the action graph provides a low-

level analysis of the cost of moving through the environment, it can often be helpful to 

summarize this information, both to reduce the number of decision points in the planning 

process and to more closely model the humanistic concepts of spatial reasoning. The next 

chapter introduces the region graph, which provides this summary by grouping similar 

nearby grid cells into regions and computing the feature costs between adjacent regions. 
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5 THE REGION GRAPH  

In this chapter, we introduce the concept of the region graph, which summarizes 

the information in the mental map and allows the agent to develop plans at a higher level. 

Whereas the action graph specifies the cost of individual actions, the region graph specifies 

the cost of multiple aggregated actions that cannot be performed immediately, but may be 

used in future plans. The region graph must therefore deal with the uncertainty inherent in 

extending the single-step feature definitions to multi-step features defined over regions of 

the environment. 

5.1 The Region Graph 

Up to this point, we have considered only single-step transitions between adjacent 

grid cells. These short edges comprise the action graph Ὃ and represent the actual steps 

that an agent can take within the environment. Each edge Ὡ in the action graph is attributed 

with one or more feature values to give a feature vector ἮὩ, which in the general case is 

comprised of triangular fuzzy numbers. While the action graph gives a low-level 

representation of the information in the mental map ִי , the decision-maker is often unable 

to fully utilize all this knowledge. Planning typically occurs at a higher level of cognition 

where the spatial information and feature values have been summarized into a more 

succinct form. We introduce the region graph Ὃ  to provide this summary of the 

information in the action graph. Note that the region graph will be less precise than the 

more granular action graph, but will allow planning to take place at a higher level with 

fewer decision points. 
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Our concept of the region graph is to combine similar nearby grid cells into a single 

region that is represented as one vertex in the graph. Adjacent regions are connected by 

bidirectional edges. This can drastically reduce the size of the graph and make it easier to 

develop high-level plans. To construct the region graph, we use the region partitioning 

algorithm introduced in Section 3.3. Each terrain type and the unobserved areas are 

partitioned separately to ensure that each resulting region is either completely unobserved 

or contains only a single type of terrain. This is an important restriction that we employ to 

facilitate the computation of fuzzy features in the region graph, which will be described in 

Sections 5.2 and 5.3. Additionally, we define a local region around the agent and any 

observed resources that will not be clustered. This ensures that the grid cells immediately 

surrounding the agent and any goal locations are given their own vertices in the region 

graph. The region graph within the local region is identical to the action graph, which 

means that the immediate decision actions available to the agent are actual movement steps 

that the agent can take in the environment. Without this restriction, an agent might develop 

a plan to move into an adjacent region that is accessible from multiple directions, but not 

specify to the simulation server which direction to move. The region graph is updated after 

each movement action by the agent, which will be discussed in Section 5.4. 

Algorithm 5.1 provides a high-level overview of the process for creating the initial 

region graph. The function takes the current mental map ִי  as input and a set of options 

specified by the variable opt. The first step is to get the local region (lines 1 and 2), which 

is given in Algorithm 5.2. Then, a clustering mask Q is created to define all areas outside 

of the local region as regions that need to be clustered (lines 3-5). The region boundaries 
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are defined on line 6 using Algorithm 5.3. Line 7 creates the structure and features of the 

region graph using Algorithm 5.5. The updated mental map structure is returned on line 8. 

 

5.1.1 Defining the Local Region 

The local region is first defined on line 1 of Algorithm 5.1 using the 

GET_LOCAL_REGION function in Algorithm 5.2. There are two methods we consider for 

defining the local region, specified by the option opt.lrMethod. If opt.lrMethod = ñallò, 

then the entire traversable space is marked as part of the local region (lines 3-4 of Algorithm 

5.2). This is essentially a control parameter to allow for experimentation with no region 

clustering. In the default case, the local region is first defined as all observed grid cells 

within a distance of opt.lrDist from the current agent position using the GRID_DISTANCE 

 

Algorithm 5.1 Create the Initial Region Graph 

 

INITIALIZE _REGION_GRAPH(ִי , opt) 

 

/* Get the local region */ 

1: LR Ŷ GET_LOCAL_REGION(ִי , opt) // Algorithm 5.2 

 ȢÌÏÃÁÌ2ÅÇÉÏÎ Ŷ LRיִ :2

 

/* Create the region boundaries */ 

3: (n, m) Ŷ ִיȢÓÉÚÅ 

4: Q Ŷ n ³ m grid initalized to 1 

5: Q[LR] Ŷ 0  

יִ)Ȣ,  Ŷ CLUSTER_MENTAL_MAP_REGIONSיִ :6 , LR, Q, opt) // Algorithm 5.3 

 

/* Construct the region graph */ 

ȢὋיִ :7  Ŷ CREATE_REGION_GRAPH(ִי ) // Algorithm 5.5 

 

8: return יִ   
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function from Algorithm 3.6 (lines 6-10). Next, any observed resources are included as 

part of the local region (line 11). This is done to ensure that cells that contain resources are 

given their own vertices in the region graph. This also ensures that a region will not contain 

more than one resource. Figure 5.1. shows an example of defining the local region. 

 

 

Algorithm 5.2 Get the Local Region 

 

GET_LOCAL_REGION(ִי , opt) 

1: (n, m) Ŷ ִיȢÓÉÚÅ 

2: LR Ŷ n ³ m grid initalized to 0 

3: if  opt.lrMethod = ñallò 

4: LR[ִיȢὡ Í 0] Ŷ 1  // Include all potentially traversable cells 

5: else 

6: (ai, aj) Ŷ ִיȢÐÏÓ 
7: W Ŷ ִיȢὡ 

8: W [ִיȢὡ Í 1] Ŷ 0 

9: D Ŷ GRID_DISTANCE(W, ai, aj, opt.lrDist) // Algorithm 3.6 

10: LR[Ὀ Ò opt.lrDist] Ŷ 1 // Include observed cells near the agent 

11: LR[ִיȢὙ π] Ŷ 1  // Include observed resource locations 

12: return  LR 
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5.1.2 Creating the Region Boundaries 

After determining the local region, the next step is to cluster the remaining area to 

define the region boundaries. This is done by the CLUSTER_MENTAL_MAP_REGIONS 

function in Algorithm 5.3. Lines 2-7 initialize the region label matrix L by assigning a 

unique label to each cell in the local region. Then, each type of terrain is clustered 

separately (lines 8-17). Line 9 identifies the grid cells within the clustering mask Q with 

terrain type t, and if there are none, the loop proceeds to the next terrain type (lines 10-11). 

A wall matrix is defined for these cells (lines 12-13) and the corresponding elevation values 

are extracted from the mental map (lines 14-15). These are passed to the 

PARTITION_REGIONS function from Algorithm 3.4 with a cluster separation radius defined 

by opt.regionSize to get a set of labels U (line 16). These labels are added to the region 

   
 (a) (b) 

Figure 5.1  An example of determining the local region. (a) The initial observation an agent receives in a new 

environment. (b) The local region is highlighted within a distance of 3 cells from the agent and in the cell 

containing an observed resource. Note that unobserved cells and walls are excluded from the local region. 
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label matrix using the UPDATE_REGION_MAP function given in Algorithm 5.4. This 

function ensures that the label indices from U do not conflict with those already in L. 

Once the terrain has been clustered, lines 18-24 of Algorithm 5.3 cluster the 

unobserved areas. The elevation matrix is set to all zeros and the separation radius for the 

PARTITION_REGIONS function is set by opt.hiddenSize, which we usually set to be larger 

than opt.regionSize to reduce the number of unobserved regions. After the entire 

environment has been clustered, the region labels are returned on line 25. The final region 

boundaries from the example in Figure 5.1 are shown in Figure 5.2 (a). 
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Algorithm 5.3 Create the Initial Mental Map Regions 

 

CLUSTER_MENTAL_MAP_REGIONS(ִי , LR, Q, opt) 

1: (n, m) Ŷ ִיȢÓÉÚÅ 

 

/* Assign labels to cells in the local region */ 

2: L Ŷ n ³ m grid initalized to 0 

3: I Ŷ {( i, j) | LR[i, j] = 1} 

4: k Ŷ 1 

5: for  each (i, j) Í I 

6: L[i, j] Ŷ k 

7: k Ŷ k + 1 

 

/* Cluster each terrain type separately */ 

8: for  each t ᶰִיȢכ 

9: I Ŷ {( i, j) | ִיȢὝ[i, j] = t Ø Q[i, j] = 1} 

10: if  I = ɲ  

11: continue 

12: W Ŷ n ³ m grid initalized to 0 

13: W [I  ] Ŷ 1 

14: E Ŷ ִיȢὉ 

15: E[W = 0] Ŷ NIL  

16: U Ŷ PARTITION_REGIONS(W, E, opt.regionSize, opt.we, opt.‭) // Algorithm 3.4 

17: L Ŷ UPDATE_REGION_MAP(L, U) // Algorithm 5.4 

 

/* Cluster the unobserved areas */ 

18: I Ŷ {( i, j) | ִיȢὡ[i, j] = NIL Ø Q[i, j] = 1} 

19: if  | I  | > 0 

20: W Ŷ n ³ m grid initalized to 0 

21: W [I  ] Ŷ 1 

22: E Ŷ n ³ m grid initalized to 0 

23: U Ŷ PARTITION_REGIONS(W, E, opt.hiddenSize, opt.we, opt.‭) // Algorithm 3.4 

24: L Ŷ UPDATE_REGION_MAP(L, U)  // Algorithm 5.4 

 

25: return  L 

 



147 

 

 

5.1.3 Constructing the Region Graph 

The final step in creating the initial region graph is to define the structure and 

features of the graph itself. The region graph Ὃ  is built from the current information stored 

in the mental map ִי . Each region with a unique label in the label map ִיȢὒ is defined as 

a vertex of the region graph, and adjacent regions are connected with bidirectional edges. 

 

Algorithm 5.4 Update Region Map 

 

UPDATE_REGION_MAP(L, U) 

1: kmax Ŷ max(L) 

2: for  k in 1 to max(U) 

3: I Ŷ {( i, j) | U [i, j] = k}  

4: L[I  ] Ŷ kmax + k 

5: return  L 

 

   
 (a) (b) 

Figure 5.2  (a) Region boundaries computed from the example in Figure 5.1 using Algorithm 5.3. (b) The 

region graph defined from the region labels. Each pair of adjacent regions is connected by a bidirectional 

edge in the graph. 
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Sections 5.2 and 5.3 describe the process for computing features for edges between regions. 

Within the local region, and anywhere that adjacent regions each contain only a single grid 

cell, the region graph and its edge attributes are identical to the corresponding vertices and 

edges of the action graph. Elsewhere, the region graph summarizes the information in the 

action graph using the structure presented in this section and the features computed in the 

next two sections. For consistency, we always use the region graph for planning agent 

actions, even in special circumstances where the region graph is identical to the action 

graph, such as when the local region method is defined using opt.lrMethod = ñallò, making 

each region a single cell. 

Algorithm 5.5 shows the procedure for creating the region graph. The function 

takes the mental map structure ִי  as input and returns a structure representing the region 

graph. We begin by creating the graph vertices on lines 2-6, which are stored in the list V. 

The center point of each region is found on line 2 using the GET_REGION_CENTERS 

function from Algorithm 3.9. This is saved along with a the cells belonging to each region 

on lines 4-6. After defining the graph vertices, lines 7-20 define the graph edges. We start 

with an empty adjacency matrix A on line 7 and an empty list of edge features on line 8. 

Line 9 initalizes the edge index, which is used to associate edge features with the adjacency 

matrix. For each vertex, lines 11 and 12 construct a mask of the region assigned to this 

vertex. This mask is dilated on line 13 to get the 4-connected neighbors. Line 14 identifies 

the region labels of the neighboring regions, and each one is added as an edge in lines 15-

20. The current edge index is incremented on line 16 and saved in the adjacency matrix on 

line 17. This allows for a quick lookup into the edge feature list E, which will contain the 

features computed by the COMPUTE_REGION_FEATURES function, discussed further in 
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Sections 5.2 and 5.3. Lines 18 and 19 create a region map R for each edge, with cells 

belonging to the first region labeled 1, cells belonging to the second region labeled 2, and 

all other cells labeled 0. This map is used to compute the region features for the edge using 

Algorithm 5.10 on line 20. After defining all the graph edges, the vertices, adjacency 

matrix, and edge features are all saved and returned as the region graph Ὃ  on lines 21-25. 

Figure 5.2 (b) shows the region graph for the example in Figure 5.1 with vertices drawn at 

the region centers. Note that while the edge is only drawn between the center points of 

adjacent regions, the edge exists conceptually between the two regions as a whole. 
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Algorithm 5.5 Create Region Graph 

 

CREATE_REGION_GRAPH(ִי ) 

1: (n, m) Ŷ ִיȢÓÉÚÅ 

 

/* Add vertices for each region */ 

2: C Ŷ GET_REGION_CENTERS(ִיȢὒ) // Algorithm 3.9 

3: V Ŷ list of | C | uninitialized vertices 

4: for  k in 1 to | C | 

5: V [k].region Ŷ {( i, j) | ִיȢὒ[i, j] = k}  

6: V [k].center Ŷ C [k] 

 

/* Add edges for adjacent regions */ 

7: A Ŷ | C | ³ | C | adjacency matrix initalized to 0 

8: E Ŷ empty list of edge features 

9: i Ŷ 0 

10: for  k in 1 to | C | 

11: U Ŷ n ³ m grid initalized to 0 

12: U [V [k].region] Ŷ 1 

13: U' Ŷ U Ä [0 1 0; 1 1 1; 0 1 0] // Dilate to get neighboring cells 

14: N Ŷ { l | l  ɴִיȢὒ[U' = 1] Ø l Í 0 Ø l Í k}  

15: for  n in 1 to | N | 

16: i Ŷ i + 1 

17: A[k][n] Ŷ i 

18: R Ŷ U 

19: R[V [n].region] Ŷ 2 

20: E [i] Ŷ COMPUTE_REGION_FEATURES(ִי , R) // Algorithm 5.10 

 

/* Save the graph structure */ 

21: Ὃ  Ŷ empty graph structure 

22: ὋȢὠ Ŷ V 

23: ὋȢὃ Ŷ A 

24: ὋȢὉ Ŷ E 

 

25: return  Ὃ  
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5.2 Fuzzy Region Distance 

Each edge Ὡ of the region graph Ὃ  connects two adjacent regions and is annotated 

with the same features defined in the previous chapter. Let Ὑ be the starting region and 

Ὑ be the ending region. We define the fuzzy region features of the edge Ὡ ᶰὉὋ  as 

triangular fuzzy numbers that represent the minimum, maximum, and average feature 

values that the agent could expect to encounter when moving from any grid cell in Ὑ to 

any grid cell in Ὑ. Consider the example in Figure 5.3 (a) that shows two adjacent regions 

of different terrain types with labeled elevation values. Let Ὃ  be a subgraph of the action 

graph Ὃ that contains only the vertices belonging to Ὑ or Ὑ. We define three additional 

subgraphs of Ὃ  that will be used to compute the fuzzy region features. Ὃ is the subgraph 

of Ὃ  that contains only the vertices belonging to grid cells in Ὑ. Likewise, Ὃ is the 

subgraph of Ὃ  for Ὑ. The boundary graph ὋÂÎÄ consists of only the edges and vertices 

belonging to the transition between the two regions. For every edge Ὡɴ ὉὋÂÎÄ, 

34!24ὩᶰὙ and %.$ὩᶰὙ. Note that the only edges from Ὃ  that are not assigned to 

Ὃ, Ὃ, or ὋÂÎÄ are those that return from Ὑ back to Ὑ. These three graphs are shown in 

Figure 5.3 (b). All edges except the boundary edges are bidirectional, indicating that only 

one boundary edge can be used in a path from Ὑ to Ὑ. In this section, we define a measure 

of the distance between two adjacent regions. This will be used to define the distance and 

terrain-based fuzzy region features. Section 5.3 will extend this approach to the elevation 

feature. 
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5.2.1 Computing the Distance Cost Matrix  

A prerequisite for many of the fuzzy region features is a measure of the distance 

between the two regions. Assume that each edge Ὡɴ ὉὋ  is assigned a crisp cost value 

of 1, corresponding to the distance feature in Equation 4.4. (In the following sections, we 

may consider a different cost for each edge.) An agent in Ὑ could exist in any one of the 

cells belonging to this region and need to know the minimum total distance cost required 

to get to any one of the cells in Ὑ. We define all possible costs using the matrix ὅ, where 

ὅ  represents the minimum cost required to move from cell Ὥɴ Ὑ to cell Ὦɴ Ὑ. In the 

special case where all edge costs are 1, this is equivalent to the distance between the two 

cells, restricted to only using cells from the two regions. This can be cast as a special case 

of the all-pairs shortest path problem where we are only interested in paths that originate 

in Ὑ and end in Ὑ. One way to compute this is to run the Floyd-Warshall algorithm (Floyd 

1962; Warshall 1962) on Ὃ  and then extract the submatrix corresponding to only the 

 
 (a) (b) 

Figure 5.3  (a) An example of two regions used to demonstrate the computation of fuzzy region features. The 

left region Ὑ is terrain type 1 (meadow) and the right region Ὑ is terrain type 2 (forest). The numbers in 

each cell indicate the elevation. (b) There are three graphs for the two regions. Ὃ (blue) and Ὃ (orange) are 

bidirectional graphs that are each completely contained in Ὑ and Ὑ respectively. ὋÂÎÄ (purple) consists of 

only the edges that start in Ὑ and end in Ὑ.  
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paths that start in Ὑ and end in Ὑ. The Floyd-Warshall algorithm has a computational 

complexity of ὕȿὠȿ , and results in significant overhead for this problem, since most of 

the computed distances are disregarded. Our approach improves on this by utilizing the 

regular grid structure of the graph and an additional requirement that each path can only 

contain one transition edge between the two regions. This ensures that the agent moves 

directly from Ὑ to Ὑ without moving repeatedly between the two regions. 

To compute the cost matrix ὅ efficiently, we consider each boundary edge 

independently and analyze the costs of all paths using that boundary edge. This allows us 

to only compute the single-source shortest path costs to and from each boundary edge, as 

opposed to the shortest paths between all pairs of cells.1 For each boundary edge 

ὯᶰὉὋÂÎÄ, let ό  be the minimum cost required to get from cell Ὥɴ Ὑ to the start of 

boundary edge Ὧ. Likewise, let ό  be the minimum cost required to get from the end of 

boundary edge Ὧ to cell Ὦɴ Ὑ. Also, let όÂÎÄ be the cost of boundary edge Ὧ (set to 1 for 

the distance feature). The distance feature computes the cost of a path as the total sum of 

the individual edge costs. This is an example of summation aggregation. Alternatively, the 

cost of a path for some features may be evaluated as the maximum cost of an edge in the 

path, such as when planning a path that minimizes the maximum change in elevation for 

each edge (see Section 5.3). We define the minimum cost of a path from cell Ὥ to cell Ὦ 

using boundary edge Ὧ as ό  where 

 ό ό όÂÎÄό  (5.1) 

 
1 This approach is different from computing the shortest paths to any cell on the region boundary using a 

shortest path algorithm with multiple source cells. Such an approach would overlook the cost of traveling 

along the region boundary, essentially allowing free travel from one end of the border to the other. 
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when using the summation aggregation method (as with the distance feature) and  

 ό ÍÁØό ȟόÂÎÄȟό  (5.2) 

when using the maximization aggregation method. The overall minimum cost to get from 

cell Ὥ to cell Ὦ is defined over all boundary edges as 

 ὅ ÍÉÎό Ȣ (5.3) 

The cost matrix for the distance feature is somewhat of a special case, since all 

edges are given a uniform cost of 1. This is true even if a region is unobserved. Since we 

define the region boundaries with no uncertainty, the only factor that influences the 

distance feature is the shape and arrangement of the two adjacent regions. We define the 

distance cost matrix as ὅ  and the individual region cost matrices as Ὗ  and Ὗ . These 

can be computed from the region map R using the GET_REGION_DISTANCE function in 

Algorithm 5.6. The input R is a grid that spans the two regions, with cells in Ὑ marked 1, 

cells in Ὑ marked 2, and all other cells marked 0. Line 1 gets the indices of the two regions 

using Algorithm 5.7. Note that these are stored as ordered lists of tuples that define a 

lexographic ordering of the grid cells. Lines 2-5 construct the individual regions maps W1 

and W2 that are 1 inside of their respective regions and 0 elsewhere. Line 6 gets the 

boundary edges Ebnd between the two regions using Algorithm 5.8. This function also 

defines an ordering of the boundary edges to maintain consistency between the various cost 

matrices. Each edge in Ebnd is represented as a 4-tuple (i1, j1, i2, j2), where (i1, j1) is a cell in 

Ὑ and (i2, j2) is an adjacent cell in Ὑ. Lines 7-9 initialize the output matrices, where Ὗ  

stores the distances from cells in Ὑ to each boundary edge, Ὗ  stores the distances from 

each boundary edge to cells in Ὑ, and ὅ  stores the distances between all pairs of cells in 
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the two regions. Lines 10-15 compute the distances to and from each boundary edge using 

the GRID_DISTANCE function from Algorithm 3.6. The starting and ending cells of each 

boundary edge are used as the starting points for the distance computations using the region 

map for each region. After computing the distances for the entire grid on lines 12 and 13, 

the distance values within each region are saved to Ὗ  and Ὗ  on lines 14 and 15. Finally, 

we compute the overall distance cost matrix ὅ  for each pair of cells in the two regions 

using Equations 5.1 and 5.3 on lines 16 and 17. Note that the όÂÎÄ values are set to 1, since 

the distance cost of each boundary edge is always 1. The cost matrices are returned on line 

18. 
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Algorithm 5.6 Get Fuzzy Distance Cost Matrices for Two Regions 

 

GET_REGION_DISTANCE(R) 

 

/* Get the indices of the two regions */ 

1: I1, I2 Ŷ GET_REGION_INDICES(R) // Algorithm 5.7 

 

/* Create individual region maps */ 

2: (n, m) Ŷ size of R 

3: W1, W2 Ŷ n ³ m matrices initalized to 0 

4: W1[I1] Ŷ 1 

5: W2[I2] Ŷ 1 

 

/* Get the boundary edges */ 

6: Ebnd Ŷ GET_BOUNDARY_EDGES(n, m, I1, I2) // Algorithm 5.8 

 

/* Initialize the output matrices */ 

7: Ὗ  Ŷ | I1 | ³ | Ebnd | matrix initalized to Њ 

8: Ὗ  Ŷ | I2 | ³ | Ebnd | matrix initalized to Њ 

9: ὅ  Ŷ | I1 | ³ | I2 | matrix initalized to Њ 

 

/* Compute region distances */ 

10: for  k in 1 to | Ebnd | 

11: (i1, j1, i2, j2) Ŷ Ebnd[k] 

12: D1 Ŷ GRID_DISTANCE(W1, i1, j1, Њ) // Algorithm 3.6 

13: D2 Ŷ GRID_DISTANCE(W2, i2, j2, Њ) // Algorithm 3.6 

14: Ὗ [  : , k] Ŷ D1[I1] 

15: Ὗ [  : , k] Ŷ D2[I2] 

  

/* Find the boundary edge that gives the minimum cost */ 

16: for each (i, j) Í in { (i, j) | 1 Ò i Ò | I1 | Ø 1 Ò j Ò | I2 |}  

17: ὅ  [i, j] Ŷ mink{Ὗ [i, k] + 1 + Ὗ [  j, k]}  

 

18: return  ὅ , Ὗ , Ὗ  
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Algorithm 5.7 Get Region Indices 

 

GET_REGION_INDICES(R) 

1: (n, m) Ŷ size of R 

2: I1, I2 Ŷ empty lists 

3: N1, N2 Ŷ 0 

4: for  j in 1 to m 

5: for  i in 1 to n 

6: if  R[i, j] = 1 

7: N1 Ŷ N1 + 1 

8: I1[N1]  Ŷ (i, j) 

9: else if R[i, j] = 2 

10: N2 Ŷ N2 + 1 

11: I2[N2]  Ŷ (i, j) 

12: return  I1, I2 

 

 

Algorithm 5.8 Get Boundary Edges 

 

GET_BOUNDARY_EDGES(n, m, I1, I2) 

1: Ebnd Ŷ empty list 

2: K Ŷ 0 

3: for  j in 1 to m 

4: for  i in 1 to n 

5: if  (i, j) Í I1 

6: if  (i, jï1) Í I2 

7: K Ŷ K + 1 

8: Ebnd[K] = (i, j, i, jï1) 

9: if  (i, j+1) Í I2 

10: K Ŷ K + 1 

11: Ebnd[K] = (i, j, i, j+1) 

12: if  (iï1, j) Í I2 

13: K Ŷ K + 1 

14: Ebnd[K] = (iï1, j, i, j) 

15: if  (i+1, j) Í I2 

16: K Ŷ K + 1 

17: Ebnd[K] = (i+1, j, i, j) 

18: return  Ebnd 
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Figure 5.4 shows the composite distance grids computed for the example problem 

in Figure 5.3. These are the values returned by the GRID_DISTANCE function on lines 12 

and 13 of Algorithm 5.6. The individual region and overall distance cost matrices for this 

example are shown in Figure 5.5. The grid cells are indexed by consecutive columns from 

left to right, and from top to bottom within each column. Note that the values of each 

column of Ὗ  and Ὗ  match the values of the corresponding distance grid region in 

Figure 5.4. 

 

 

 

   
 k = 1 k = 2 k = 3 

Figure 5.4  Composite distance grids for each of the three boundary edges for the example in Figure 5.3. The 

numbers indicate the number of steps required to get to or from the boundary edge. The index k is used to 

reference each of the three boundary edges. 

 

Figure 5.5  Individual region and overall distance cost matrices for the example in Figure 5.4, given as the 

output of Algorithm 5.6. 
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5.2.2 Region Distance Feature 

As mentioned previously, the fuzzy region features are defined to represent the 

minimum, mean, and maximum feature values that the agent could encounter when moving 

between regions. Let Ὡ ᶰὉὋ  be the region graph edge from Ὑ to Ὑ for which we 

need to compute a fuzzy feature value, and let Ὃ  be the subgraph of the action graph Ὃ 

that is completely within Ὑ and Ὑ. We define ὅ  as the cost matrix computed by 

Algorithm 5.6 using the distance feature for all edges, i.e. ὪὩ Ὢ ρ ᶅ Ὡɴ ὉὋ . 

The min, mean, and max region distance features are defined as 

 
ὪÍÉÎὩ ὅÍÉÎ ÍÉÎ

ȟȣȟȿ ȿ

ȟȣȟȿ ȿ

ὅȟ 
(5.4) 

 
ὪÍÅÁÎὩ ὅÍÅÁÎ

ρ

ȿὙȿȿὙȿ
ὅ

ȟȣȟȿ ȿ

ȟȣȟȿ ȿ

ȟ ÁÎÄ 
(5.5) 

 
ὪÍÁØὩ ὅÍÁØ ÍÁØ

ȟȣȟȿ ȿ

ȟȣȟȿ ȿ

ὅȢ 
(5.6) 

The resulting fuzzy region distance feature is 

 Ὢ Ὡ 4ÒÉὪÍÉÎὩ ȟ   ὪÍÅÁÎὩ ȟ   ὪÍÁØὩ Ȣ (5.7) 

To get the fuzzy region distance feature for the example problem in Figure 5.3, we 

compute the overall and individual distance cost matrices using Algorithm 5.6. The 

distance grids for each boundary edge shown in Figure 5.4 are used to define the individual 

region cost matrices Ὗ  and Ὗ , shown in Figure 5.5. The overall cost matrix ὅ  is 

computed using Equations 5.1 and 5.3. Using this as the input for the above equations gives 

a fuzzy region distance feature value of Ὢ Ὡ 4ÒÉρȟυȢπσȟω. 
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5.2.3 Region Terrain Type Features 

The terrain type features measure the amount of distance traveled in each type of 

terrain. For the fully observed single-step features defined in Section 4.3.2, this is a value 

between 0 and 1 that depends only on the two terrain types ὸ and ὸ. In Section 4.4.2, we 

consider the fuzzy case where we include the observability of each cell έ and έ and define 

the feature as a triangular fuzzy number that represents the minimum, maximum, and 

expected crisp feature values based on the prior likelihoods of each terrain type. For the 

region terrain type features, we extend this definition to account for the greater distance 

within each region. Equations 5.4-5.6 define the min, mean, and max values of the overall 

distance cost matrix ὅ . As a shorthand, we notate these as ὅÍÉÎ, ὅÍÅÁÎ, and ὅÍÁØ. For the 

individual region cost matrices Ὗ  and Ὗ , we first determine the minimum distance 

from each grid cell to one of the boundary edges. We define these matrices as ὠ  and ὠ  

where  

 ὠ ÍÉÎ
ȟȣȟ
Ὗ ȟ (5.8) 

 ὠ ÍÉÎ
ȟȣȟ
Ὗ ȟ (5.9) 

and ὑ is the number of boundary edges. The min, mean, and max values of these two 

matrices are given as ὠÍÉÎ, ὠÍÅÁÎ, ὠÍÁØ, and ὠÍÉÎ, ὠÍÅÁÎ, ὠÍÁØ, respectively. They represent 

the expected distances that an agent would need to travel to reach the nearest boundary 

edge from each cell within a region and assumes that the nearest boundary edge is the best 

option when moving to the adjacent region.  We make this assumption to avoid computing 

an explicit probability distribution of which boundary edge is used for each pair of cells in 

Ὑ and Ὑ. Such a distribution likely depends on other factors (such as elevation, which is 
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evaluated separately), and may be infeasible to compute accurately. The nearest boundary 

assumption is a simple and straightforward heuristic that works in most cases and provides 

a reasonable approximation of the required distances. Note that the minimum values ὠÍÉÎ 

and ὠÍÉÎ will always equal zero, since at least one of the cells in each region is already part 

of a boundary edge. 

Because we have defined each region to be only a single terrain type or completely 

unobserved, we can use the same approach as Section 4.4.2, treating each region as one of 

the two adjacent cells, but multiplying by some measure of the size of each region. Let ὸᶻ 

and ὸᶻ be the true terrain types of the two regions and let Ὕ  be the event that ὸᶻ Ὥ for 

Ὧᶰρȟς. The probability that event Ὕ  occurs is defined as 

 ὴὝ  

ρȟ έ ρ᷈ ὸ Ὥ
πȟ έ ρ᷈ ὸ Ὥ

ὴὭȟ έ π ȟ
 (5.10) 

where ὴὭ is the prior likelihood of observing terrain type Ὥ. The four possible state 

configurations that need to be considered are given as Ὓ ίȟίȟίȟί , where  

 ὴί ὴὝ ὴὝ ȟ (5.11) 

 ὴί ὴὝ ρ ὴὝ ȟ (5.12) 

 ὴί ρ ὴὝ ὴὝ ȟ ÁÎÄ (5.13) 

 ὴί ρ ὴὝ ρ ὴὝ Ȣ (5.14) 

States that have a probability greater than zero have some chance of occurring and are 

added to the set of possible states, 

 ὛÐÏÓ ίɴ Ὓ ȿ ὴί πȢ (5.15) 
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For each of the possible states, we consider the minimum, average, and maximum 

of the terrain type feature values. The minimum value for each state is defined as 

 ὪÍÉÎί

πȟ ί ί
πȢυȟ ί ί ί᷉ ί
ρȟ ί ί Ȣ

 (5.16) 

This is equivalent to the single-step feature, since the minimum value occurs when the 

agent only needs to take one step across the boundary edge. The maximum value for each 

state is defined as  

 ὪÍÁØί

ừ
Ừ

ứ
πȟ ί ί

ὠÍÁØ πȢυȟ ί ί

ὠÍÁØ πȢυȟ ί ί

ὅÍÁØȟ ί ί

 
 

Ȣ

 (5.17) 

This uses the maximum values from each of the region cost matrices: ὠÍÁØ when only 

region 1 is of terrain type Ὥ, ὠÍÁØ when only region 2 is of terrain type Ὥ, and ὅÍÁØ when 

both regions are of terrain type Ὥ. When only one region is the appropriate terrain type, 0.5 

is added to the feature value to include half of the cost of traveling the boundary edge. 

Since we may not know the true state if one or both regions are unobserved, the min and 

max overall terrain type feature values are given as the minimum and maximum of the 

costs for all possible states.  

 ὪÍÉÎὩ ÍÉÎ
ᶰÐÏÓ
ὪÍÉÎί (5.18) 

 ὪÍÁØὩ ÍÁØ
ᶰÐÏÓ
ὪÍÁØί (5.19) 

To get the average feature value, we sum up the mean distance costs multiplied by 

the expected likelihood of each state, 
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ὪÍÅÁÎὩ ὴί ὠÍÅÁÎπȢυ ὴί ὠÍÅÁÎπȢυ ὴί ὅÍÅÁÎȢ (5.20) 

Note that we do not need to consider ί since the feature value in this case would be zero. 

The resulting fuzzy region terrain type feature is 

 Ὢ Ὡ 4ÒÉὪÍÉÎὩ ȟ   ὪÍÅÁÎὩ ȟ   ὪÍÁØὩ Ȣ (5.21) 

For the example in Figure 5.3, the two terrain type features are computed as follows. 

Since both regions are observed, the true state is known with no uncertainty. For terrain 

type 1 (meadow), the state is ί and for terrain type 2 (forest) the state is ί. For both of 

these states, ὪÍÉÎ πȢυ. With only one possible state, ὪÍÉÎὩ πȢυ. From Figure 5.5 

we can see that ὠÍÁØ τ and ὠÍÁØ τ. For both ί and ί, ὪÍÁØ τȢυ and therefore 

ὪÍÁØὩ τȢυ. The average values of the individual region cost matrices are computed 

as ὠÍÅÁÎς and ὠÍÅÁÎρȢφχ. Since there is no uncertainty, ὪÍÅÁÎὩ ςȢυ and 

ὪÍÅÁÎὩ ςȢρχ. The overall fuzzy region terrain type features are then defined as 

Ὢ Ὡ 4ÒÉπȢυȟςȢυȟτȢυ and Ὢ Ὡ 4ÒÉπȢυȟςȢρχȟτȢυ. 

Consider now if both regions were unobserved. All four states would be possible 

and their likelihoods would be determined by the terrain type priors. Assume that ὴὸ

πȢχυ and ὴὸ πȢςυ. For terrain type 1, the state probabilities are computed as: 

¶ ὴί πȢχυπȢχυ πȢυφ 

¶ ὴί πȢχυρ πȢχυ πȢρω 

¶ ὴί ρ πȢχυπȢχυ πȢρω 

¶ ὴί ρ πȢχυρ πȢχυ πȢπφ 
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For terrain type 2, the state probabilities are computed as: 

¶ ὴί πȢςυπȢςυ πȢπφ 

¶ ὴί πȢςυρ πȢςυ πȢρω 

¶ ὴί ρ πȢςυπȢςυ πȢρω 

¶ ὴί ρ πȢςυρ πȢςυ πȢυφ. 

The minimum feature value ὪÍÉÎὩ  would be 0, since ί has a nonzero probability for 

both terrain types. The maximum feature value ὪÍÁØὩ  would be ὅÍÁØ ω, since ί  

is possible for both terrain types. For the average value, we would use ὠÍÅÁÎς and 

ὠÍÅÁÎρȢφχ as calculated before, and ὅÍÅÁÎυȢπσ. Using Equation 5.20, for terrain type 

1 we compute  

ὪÍÅÁÎὩ πȢρως πȢυ πȢρωρȢφχπȢυ πȢυφυȢπσ σȢχπȢ 

and for terrain type 2 we compute 

ὪÍÅÁÎὩ πȢρως πȢυ πȢρωρȢφχπȢυ πȢπφυȢπσ ρȢρωȢ 

Using Equation 5.21, the overall fuzzy region terrain type features are defined as 

Ὢ Ὡ 4ÒÉπȟσȢχπȟω and Ὢ Ὡ 4ÒÉπȟρȢρωȟω. Comparing these 

features to the observed case, we see that being unable to observe the regions increases the 

overall uncertainty. 

5.2.4 Region Terrain Transition Features 

In the same way that the previous section extended the single-step terrain type 

features to compute region features, the fuzzy region directional terrain transition features 

ὪộȟỚὩ  and symmetric terrain transition features Ὢ ȟ Ὡ  are computed as an 
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extension of the definitions presented in Sections 4.3.3 and 4.4.3. Recall from Section 4.3.3 

that the directional and symmetric terrain transition features always take binary values in 

the observable case. Given two terrain types Ὥ and Ὦ, the feature is 1 if the edge represents 

a transition from Ὥ to Ὦ and 0 otherwise. (The transition from Ὦ to Ὥ is also allowed in the 

symmetric feature version.) When one or both cells (now regions) are unobserved, the 

fuzzy feature is defined in Section 4.4.3 using the possibility and probability that the true 

state is the specified type. Consider first the fuzzy region directional terrain transition 

features ὪộȟỚὩ  and symmetric terrain transition features Ὢ ȟ Ὡ  when Ὥ Ὦ. 

Since we have defined the terrain within each region to be uniform and have the restricted 

the agent to only cross the region boundary once, the only edge on a path from Ὑ to Ὑ 

that could have a different starting and ending terrain type is the boundary edge. Therefore, 

if Ὥ Ὦ, the ὪộȟỚὩ  and Ὢ ȟ Ὡ  feature definitions are identical to those 

presented in Section 4.4.3 for the single-step case. The maximum value of the feature in 

this case is 1, regardless of the region sizes. 

We start by defining the true terrain types of the two regions as ὸᶻ and ὸᶻ. Let Ὕ  be 

the event that ὸᶻ Ὥ and Ὕ  the event that ὸᶻ Ὦ for Ὧᶰρȟς. The directional terrain 

transition feature is nonzero only when the environment state is ὝȟὝ , which occurs 

with probability ὴὝ ὴὝ . These values can be obtained from the observed terrain 

types and terrain priors using Equation 5.10. The symmetric terrain transition feature is 

nonzero for environment states ὝȟὝ  and ὝȟὝ , which occur with probability 

ὴὝ ὴὝ ὴὝ ὴὝ  if Ὥ Ὦ and ὴὝ ὴὝ  if Ὥ Ὦ. For the case where Ὥ Ὦ, 
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the fuzzy region directional terrain transition features are defined using the following 

equations based on those in Section 4.4.3. 

 ὪộȟỚ
ÍÉÎὩ

ρȟ ὴὝ ὴὝ ρ

πȟ ÏÔÈÅÒ×ÉÓÅ
 (5.22) 

 ὪộȟỚ
ÍÁØὩ

πȟ ὴὝ ὴὝ π

ρȟ ÏÔÈÅÒ×ÉÓÅ
 (5.23) 

 ὪộȟỚ
ÍÅÁÎὩ ὴὝ ὴὝ  (5.24) 

For the symmetric terrain transition feature when Ὥ Ὦ, the equations are as follows. 

 Ὢ ȟ
ÍÉÎὩ

ρȟ ὴὝ ὴὝ ὴὝ ὴὝ ρ

πȟ ÏÔÈÅÒ×ÉÓÅ
 (5.25) 

 Ὢ ȟ
ÍÁØὩ

πȟ ὴὝ ὴὝ ὴὝ ὴὝ π

ρȟ ÏÔÈÅÒ×ÉÓÅ
 (5.26) 

 Ὢ ȟ
ÍÅÁÎὩ ὴὝ ὴὝ ὴὝ ὴὝ  (5.27) 

When Ὥ Ὦ, both the directional and symmetric terrain transition features behave 

like the terrain type feature, essentially measuring the number of steps taken within the 

specified terrain type. The only real difference between the two is the handling of the region 

boundary transition. In the previous section, we added 0.5 to the cost values for states that 

only had one region of the specified terrain type to represent half the cost of crossing the 

region boundary. This meant that the boundary edge could have a cost of 0.5 instead of a 

binary value like the terrain transition features. Therefore, we redefine the equations from 

the previous section for the terrain transition features when Ὥ Ὦ. Equations 5.10-5.15 
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remain the same, noting that ὴὝ ὴὝ  since Ὥ Ὦ. The minimum feature value for 

each state is defined as 

 ὪÍÉÎί
πȟ ί ί ί᷉ ί ί᷉ ί
ρȟ ί ί

 (5.28) 

and the maximum feature values are defined as 

 ὪÍÁØί

ừ
Ừ

ứ
πȟ ί ί

ὠÍÁØȟ ί ί

ὠÍÁØȟ ί ί

ὅÍÁØȟ ί ί

 
 

Ȣ

 (5.29) 

From this it follows that the minimum and maximum of the feature values are the minimum 

and maximum values of all possible states for both the directional and symmetric feature 

versions. 

 ὪộȟỚ
ÍÉÎὩ Ὢ ȟ

ÍÉÎὩ ÍÉÎ
ᶰÐÏÓ
ὪÍÉÎί (5.30) 

 ὪộȟỚ
ÍÁØὩ Ὢ ȟ

ÍÁØὩ ÍÁØ
ᶰÐÏÓ
ὪÍÁØί (5.31) 

The mean value for both types is defined by multiplying the likelihood of each state by the 

mean distance costs and computing the sum. 

ὪộȟỚ
ÍÅÁÎὩ Ὢ ȟ

ÍÅÁÎὩ ὴίὠÍÅÁÎὴί ὠÍÅÁÎὴί ὅÍÅÁÎȢ (5.32) 

The resulting fuzzy region directional terrain transition feature is given as 

 ὪộȟỚὩ 4ÒÉὪộȟỚ
ÍÉÎὩ ȟ   ὪộȟỚ

ÍÅÁÎὩ ȟ   ὪộȟỚ
ÍÁØὩ ȟ (5.33) 

and the fuzzy region symmetric terrain transition feature is given as 

 Ὢ ȟ Ὡ 4ÒÉὪ ȟ
ÍÉÎὩ ȟ   Ὢ ȟ

ÍÅÁÎὩ ȟ   Ὢ ȟ
ÍÁØὩ Ȣ (5.34) 
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For the example in Figure 5.3, the fuzzy region directional terrain transition features 

are defined as 

¶ ὪộȟỚὩ 4ÒÉπȟςȟτȟ 

¶ ὪộȟỚὩ 4ÒÉρȟρȟρȟ 

¶ ὪộȟỚὩ 4ÒÉπȟπȟπȟ 

¶ ὪộȟỚὩ 4ÒÉπȟρȢφχȟτȟ 

and the symmetric terrain transition features are defined as 

¶ Ὢ ȟ Ὡ 4ÒÉπȟςȟτȟ 

¶ Ὢ ȟ Ὡ 4ÒÉρȟρȟρȟ 

¶ Ὢ ȟ Ὡ 4ÒÉπȟρȢφχȟτȢ 

Note that when Ὥ Ὦ, both feature versions are 0.5 less than the corresponding terrain type 

feature in the previous section. When Ὥ Ὦ, the feature is a crisp binary value indicating if 

the terrain transition is of the appropriate type. 

If we consider the situation where both regions are unobserved as in the previous 

section with the same terrain priors, ὴὸ πȢχυ and ὴὸ πȢςυ, the fuzzy region 

terrain transition features are defined as 

¶ ὪộȟỚὩ Ὢ ȟ Ὡ 4ÒÉπȟσȢυςȟωȟ 

¶ ὪộȟỚὩ Ὢ ȟ Ὡ 4ÒÉπȟρȢππȟωȟ 

¶ ὪộȟỚὩ ὪộȟỚὩ 4ÒÉπȟπȢρωȟρȟ 

¶ Ὢ ȟ Ὡ 4ÒÉπȟπȢσψȟρȢ 
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Note that the features where Ὥ Ὦ have slightly lower mean values than the corresponding 

terrain type features in the previous section. This comes from the possibility that only one 

region is of the specified type and the 0.5 cost of the boundary edge is not incurred. The 

symmetric Ὢ ȟ Ὡ  feature also has a mean value that is the sum of the two directional 

variants, indicating that both terrain configurations would contribute to the feature value. 

5.3 General Fuzzy Region Features 

In the previous section, we defined the graph Ὃ  for every pair of adjacent regions 

Ὑ and Ὑ in the region graph Ὃ . By assigning a uniform cost of 1 to each edge of Ὃ , 

we computed the distance cost matrices ὅ , Ὗ , and Ὗ , and used these to compute the 

distance and terrain-based fuzzy region features between the two regions. For the elevation 

feature, we can no longer assume that each edge has a uniform weight since the cost is 

defined as the difference in elevation between adjacent grid cells. Because of this, we 

introduce a more generic algorithm in this section for computing the cost matrices that can 

handle non-uniform edge weights. 

5.3.1 General Framework for Computing Region Features 

The three subgraphs of Ὃ  are Ὃ, Ὃ, and ὋÂÎÄ, where Ὃ contains only the vertices 

from Ὑ, Ὃ contains only the vertices from Ὑ, and ὋÂÎÄ contains the boundary edges. In 

practice, we represent the three subgraphs Ὃ, Ὃ, or ὋÂÎÄ as edge sets, where each edge Ὡ 

is a 4-tuple (i1, j1, i2, j2). The pair (i1, j1) indicates the starting cell, 34!24Ὡ, and (i2, j2) is 

the ending cell, %.$Ὡ. The edges for the Ὃ and Ὃ subgraphs are separated by direction 
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into four sets: up, down, left, and right. This makes it straightforward to define the edge 

sets and allows the shortest path algorithm to be optimized for grid world domains. 

 

Algorithm 5.9 gives the procedure for creating the edge sets E1, E2, and Ebnd for 

each of the three subgraphs using the function CREATE_REGION_EDGE_SETS. The 

algorithm takes a region map R as input, where cells are labeled 1 for Ὑ, 2 for Ὑ, and 0 

elsewhere. The indices for each region are found on line 2 using Algorithm 5.7, which 

provides an ordering that is consistant with the distance cost matrices computed in the 

previous section. Lines 3-8 create the directional edge sets E1 and E2 by identifying the 

adjacent grid cells in each direction. Note that these sets do not need to be ordered. Line 9 

gets the boundary edges using Algorithm 5.8, which also maintains the same ordering as 

the previous section. These three edge sets are returned on line 10 and are used in 

conjunction with the attributes of the mental map to compute the fuzzy features between 

the two regions. 

 

Algorithm 5.9 Create Region Edge Sets 

 

CREATE_REGION_EDGE_SETS(R) 

1: (n, m) Ŷ size of R 

2: I1, I2 Ŷ GET_REGION_INDICES(R) // Algorithm 5.7 

3: E1, E2  Ŷ empty structures 

4: for r in {1, 2}  

5: Er.up  Ŷ {( i1, j1, i2, j2) | (i1, j1) Í Ir Ø (i2, j2) Í Ir Ø i2 = i1 - 1} 

6: Er.down  Ŷ {( i1, j1, i2, j2) | (i1, j1) Í Ir Ø (i2, j2) Í Ir Ø i2 = i1 + 1} 

7: Er.left Ŷ {( i1, j1, i2, j2) | (i1, j1) Í Ir Ø (i2, j2) Í Ir Ø j2 = j1 - 1} 

8: Er.right  Ŷ {( i1, j1, i2, j2) | (i1, j1) Í Ir Ø (i2, j2) Í Ir Ø j2 = j1 + 1} 

9: Ebnd Ŷ GET_BOUNDARY_EDGES(n, m, I1, I2) // Algorithm 5.8 

10: return  E1, E2, Ebnd 
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The general algorithm for computing all the region features for a given edge of the 

region graph is given in Algorithm 5.10. The COMPUTE_REGION_FEATURES function is 

called on line 20 of the CREATE_REGION_GRAPH function from Algorithm 5.5 and takes 

the current mental map structure ִי  and the region map R as inputs. The first half of the 

function computes the distance and terrain-based features from the previous section. Lines 

1-5 get the terrain types and observability of each region and line 6 initializes an empty 

structure to hold the features. Line 7 gets the region distance matrices using Algorithm 5.6, 

which will be used to compute many of the features. Line 8 computes the distance feature 

using the formulas from Section 5.2.2. Lines 9-14 loop over each terrain type in the set of 

all terrain types, ִיȢכ. The terrain type feature from Section 5.2.3 is computed on line 10 

using the distance matrices computed previously by the GET_REGION_DISTANCE function. 

Lines 11-14 loop again over each terrain type to compute the terrain transition features 

from Section 5.2.4. The directional terrain transition features are computed on line 12, and 

if Ὥ Ὦ, then the symmetrical features are also computed on line 14. It is possible to skip 

any of these feature computations if they are not required by the problem. 
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Algorithm 5.10 Compute Region Features 

 

COMPUTE_REGION_FEATURES(ִי , R) 

1: (n, m) Ŷ ִיȢίὭᾀὩ 

2: ὸ Ŷ {ִיȢὝ[i, j] | 1 Ò i Ò n Ø 1 Ò j Ò m Ø R[i, j] = 1}  

3: ὸ Ŷ {ִיȢὝ[i, j] | 1 Ò i Ò n Ø 1 Ò j Ò m Ø R[i, j] = 2}  

4: έ Ŷ {ִיȢὠ[i, j] | 1 Ò i Ò n Ø 1 Ò j Ò m Ø R[i, j] = 1}  

5: έ Ŷ {ִיȢὠ[i, j] | 1 Ò i Ò n Ø 1 Ò j Ò m Ø R[i, j] = 2}  

6: Ὂ Ŷ empty structure 

 

/* Compute distance cost matrices */ 

7: ὅ , Ὗ , Ὗ  Ŷ GET_REGION_DISTANCE(R) // Algorithm 5.6 

 

/* Compute distance and terrain-based features (Sections 5.2.2-5.2.4) */  

8: ὊȢὪ Ŷ DISTANCE_FEATURE(ὅ  ) 

9: for  Ὥ in 1 to | ִיȢכ |  

10: ὊȢὪ  Ŷ TERRAIN_TYPE_FEATURE(Ὥ, ὅ  , Ὗ , Ὗ , ὸ, ὸ, έ, έ) 

11: for  Ὦ in 1 to | ִיȢכ |  

12: ὊȢὪộȟỚ Ŷ DIR_TERRAIN_FEATURE(Ὥ, Ὦ, ὅ  , Ὗ , Ὗ , ὸ, ὸ, έ, έ) 

13: if Ὥ Ὦ 

14: ὊȢὪ ȟ  Ŷ SYM_TERRAIN_FEATURE(Ὥ, Ὦ, ὅ , Ὗ , Ὗ , ὸ, ὸ, έ, έ) 

 

/* Get edge sets */ 

15: E1, E2, Ebnd Ŷ CREATE_REGION_EDGE_SETS(R) // Algorithm 5.9 

 

/* Compute elevation edge costs (Algorithm 5.11) */  

16: E1_abs, E2_abs, Ebnd_abs Ŷ GET_ELEVATION_EDGE_COSTS(ִיȢὉ, E1, E2, Ebnd, ñabsò) 

17: E1_ŷ, E2_ŷ, Ebnd_ŷ Ŷ GET_ELEVATION_EDGE_COSTS(ִיȢὉ, E1, E2, Ebnd, ñupò) 

18: E1_Ź, E2_Ź, Ebnd_Ź Ŷ GET_ELEVATION_EDGE_COSTS(ִיȢὉ, E1, E2, Ebnd, ñdownò) 

 

/* Compute elevation features (Algorithm 5.12) */ 

19: ὊȢὪ ÍͅÁØ Ŷ ELEV_FEATURE(R, Ὗ , Ὗ , έ, έ, E1_abs, E2_abs, Ebnd_abs, ñabsò, ñmaxò) 

20: ὊȢὪᴻͅÍÁØ Ŷ ELEV_FEATURE(R, Ὗ , Ὗ , έ, έ, E1_Ź, E2_ŷ, Ebnd_ŷ, ñupò, ñmaxò) 

21: ὊȢὪᴽͅÍÁØ Ŷ ELEV_FEATURE(R, Ὗ , Ὗ , έ, έ, E1_ŷ, E2_Ź, Ebnd_Ź, ñdownò, ñmaxò) 

22: ὊȢὪ ÓͅÕÍ Ŷ ELEV_FEATURE(R, Ὗ , Ὗ , έ, έ, E1_abs, E2_abs, Ebnd_abs, ñabsò, ñsumò) 

23: ὊȢὪᴻͅÓÕÍ Ŷ ELEV_FEATURE(R, Ὗ , Ὗ , έ, έ, E1_Ź, E2_ŷ, Ebnd_ŷ, ñupò, ñsumò) 

24: ὊȢὪᴽͅÓÕÍ Ŷ ELEV_FEATURE(R, Ὗ , Ὗ , έ, έ, E1_ŷ, E2_Ź, Ebnd_Ź, ñdownò, ñsumò) 

 

25: return  Ὂ 
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The second half of Algorithm 5.10 computes the elevation features between the two 

specified regions. This process begins on line 15, where the edge sets E1, E2, and Ebnd are 

constructed using the CREATE_REGION_EDGE_SETS function from Algorithm 5.9. These 

sets provide the starting and ending grid cells for the edges in each region and the boundary 

set. On lines 16-19, we append these edges with the elevation features defined in Chapter 

4. This is accomplished by the GET_ELEVATION_EDGE_COSTS function in Algorithm 5.11, 

which is called three times. Each function call computes a different feature: the absolute 

value of the elevation difference, the uphill difference, or the downhill difference. 

The inputs to Algorithm 5.11 are the heightmap H from the mental map, the edge 

sets E1, E2, and Ebnd, and a type flag indicating which elevation feature to compute. Lines 

1-14 compute the crisp elevation features for the two region edge sets. Since each region 

is either completely observed or unobserved, the feature values of each edge will either be 

known exactly or be unknown with maximum uncertainty. If the region is unobserved, the 

feature value of each edge is set to NIL (lines 5-6). We will discuss how unobserved regions 

are handled in more detail in the next section. In each direction, the edge (i1, j1, i2, j2) is 

used to compute the appropriate feature value c using Equations 4.11-4.13 (lines 7-12). 

These features are appended to the edges creating a 5-tuple (i1, j1, i2, j2, c), which is saved 

back to the edge set (lines 13-14). Note that it is not necessary to maintain the edge order 

within each of the region edge sets. 
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Algorithm 5.11 Get Elevation Edge Costs 

 

GET_ELEVATION_EDGE_COSTS(H, E1, E2, Ebnd, type) 

 

/* Get costs for each region */ 

1: for ὶ in {1, 2}  

2: for  dir in {up, down, left, right}  

3: F Ŷ  ɲ

4: for  each (i1, j1, i2, j2) Í Er.{dir}  

5: if H[i1, j1] = NIL Ù H[i2, j2] = NIL  

6: c Ŷ NIL  

7: else if type = ñabsò 

8: c Ŷ | H[i1, j1] ï H[i2, j2]  | // Equation 4.11 

9: else if type = ñupò 

10: c Ŷ max(0, H[i2, j2] ï H[i1, j1]) // Equation 4.12 

11: else if type = ñdownò 

12: c Ŷ max(0, H[i1, j1] ï H[i2, j2]) // Equation 4.13 

13: F Ŷ F ᷾  (i1, j1, i2, j2, c) 

14:  Er.{dir} Ŷ F 

 

/* Get boundary edge costs */ 

15: for  k in 1 to | Ebnd | 

16: (i1, j1, i2, j2) Ŷ Ebnd[k] 

17: Ὤ Ŷ H[i1, j1]  

18: Ὤ Ŷ H[i2, j2] 

19: έ Ŷ [H[i1, j1]  ̧NIL ] 

20: έ Ŷ [H[i2, j2]  ̧NIL ] 
21: if type = ñabsò 

22: c Ŷ Ὢ ὬȟὬȟέȟέ  // Equation 4.71 

23: else if type = ñupò 

24: c Ŷ ὪᴻὬȟὬȟέȟέ  // Equation 4.72 

25: else if type = ñdownò 

26: c Ŷ ὪᴽὬȟὬȟέȟέ  // Equation 4.73 

27: Ebnd[k] Ŷ (i1, j1, i2, j2, c) 

 

28: return  E1, E2, Ebnd 
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The elevation features for the boundary edges are computed on lines 15-27 of 

Algorithm 5.11. The order of these edges is maintained, and for each edge, we determine 

the starting and ending heights and observability (lines 16-20). These values are used to 

compute the appropriate fuzzy elevation features using Equations 4.71-4.73 (lines 21-26). 

Note that unlike the edge sets for each region, it is possible for only one side to be observed. 

Therefore, we save the complete fuzzy feature for each boundary edge, represented as a 

triangular fuzzy number. In practice, we only save the min, mean, and max points used to 

define the membership function. Once all the edge features have been computed, the 

updated edge sets are returned on line 28. 

Each call to the GET_ELEVATION_EDGE_COSTS function on lines 16-18 of 

Algorithm 5.10 returns three edge sets with either the absolute, uphill, or downhill 

elevation difference features appended to each edge. These are saved as the sets E1_abs, 

E2_abs, and Ebnd_abs for the absolute elevation difference, E1_ŷ, E2_ŷ, and Ebnd_ŷ for the uphill 

elevation difference, and E1_Ź, E2_Ź, and Ebnd_Ź for the downhill elevation difference. The 

actual elevation features are computed on lines 19-24 using different subsets of these edge 

sets, which will be discussed in the following sections. Note that for the uphill and downhill 

elevation features, the edge set for region 1 is opposite that of the boundary edges and 

region 2. This is done because costs are aggregated in the direction moving away from the 

boundary edge. For region 1, this is opposite of the direction of agent movement, so the 

edge set is replaced with that of the other elevation difference feature. This works because 

the uphill cost in one direction is equal to the downhill cost in the opposite direction. As 

with the distance and terrain type features, any features not required by the problem can be 
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skipped. The final set of features for this edge of the region graph is returned on line 25 to 

the CREATE_REGION_GRAPH function in Algorithm 5.5. 

Figure 5.6 shows the elevation edge costs computed for the example in Figure 5.3. 

The three images show the absolute, uphill, and downhill elevation difference features. 

These are saved in the corresponding edge sets and separated by edge direction. Note that 

the uphill costs in each direction are equal to the downhill costs in the opposite direction. 

 

 
 (a) 

   

 (b) (c) 

Figure 5.6  Elevation edge costs computed for the example in Figure 5.3. The elevation of each cell is shown 

in gray and the edge costs are displayed next to each edge. (a) Absolute elevation difference. (b) Uphill 

elevation difference. (c) Downhill elevation difference. 
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5.3.2 Region Elevation Features 

As mentioned previously, computing the region elevation features requires a 

generalization of the distance cost algorithm presented in the last section to account for 

non-uniform edge weights. Algorithm 5.12 shows the approach we use to compute the 

elevation features, which is very much like the GET_REGION_DISTANCE function in 

Algorithm 5.6. The function takes the following input arguments: 

¶ an ὲ ά grid map R, where cells in Ὑ are marked 1, cells in Ὑ are marked 2, and 

all other cells are 0, 

¶ region distance matrices Ὗ  and Ὗ , obtained as the outputs of Algorithm 5.6 on 

the grid map R,  

¶ the observability of the two regions έ and έ, 

¶ weighted edge sets E1, E2, and Ebnd, obtained as the outputs of Algorithm 5.11, 

¶ a type parameter set to either ñabsò, ñupò, or ñdownò to indicate which elevation 

feature to compute, and 

¶ an agg parameter set to either ñsumò or ñmaxò to indicate if summation or 

maximization aggregation should be used. 

The algorithm starts by obtaining the indices of the two regions using Algorithm 5.7 (line 

2) and initializing the cost matrices (lines 3-5). Ὗ  and Ὗ  will hold the expected 

aggregated elevation feature costs from each cell in Ὑ and Ὑ respectively to each 

boundary edge. ὟÂÎÄ will hold the three triangular fuzzy number parameters (min, mean, 

and max) for each boundary edge. 
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Algorithm 5.12 Elevation Feature 

 

ELEV_FEATURE(R, Ὗ , Ὗ , έ, έ, E1, E2, Ebnd, type, agg) 

1: (n, m) Ŷ size of R 

 

/* Get the indices of the two regions */ 

2: I1, I2 Ŷ GET_REGION_INDICES(R) // Algorithm 5.7 

 

/* Initialize the cost matrices */ 

3: Ὗ  Ŷ | I1 | ³ | Ebnd | matrix initalized to Њ 

4: Ὗ  Ŷ | I2 | ³ | Ebnd | matrix initalized to Њ 

5: ὟÂÎÄ Ŷ | Ebnd | ³ 3 matrix initalized to Њ 

 

/* Compute region costs */ 

6: for ὶ in {1, 2}  

7: if  έ = 1 

8: for  k in 1 to | Ebnd | 

9: (i1, j1, i2, j2, c) Ŷ Ebnd[k] 

10: D Ŷ n ³ m matrix initalized to Њ 

11: D[ir, jr] Ŷ 0 

12: D Ŷ BELLMAN _FORD_GRID_DIST(D, Er, agg) // Algorithm 5.13 

13: Ὗ [  : , k] Ŷ D[Ir] 

14: else 

15: Ὗ  Ŷ UNOBSERVED_ELEVATION_COST(Ὗ , type, agg) // Algorithm 5.14 

 

/* Get boundary edge costs */ 

16: for  k in 1 to | Ebnd | 

17: (i1, j1, i2, j2, 4ÒÉὪÍÉÎȟὪÍÅÁÎȟὪÍÁØ) Ŷ Ebnd[k] 

18: ὟÂÎÄ[k, 1] Ŷ ὪÍÉÎ 

19: ὟÂÎÄ[k, 2] Ŷ ὪÍÅÁÎ 

20: ὟÂÎÄ[k, 3] Ŷ ὪÍÁØ 
 

/* Compute the feature (Algorithm 5.15) */  

21: F Ŷ COMBINE_ELEVATION_COSTS(Ὗ , Ὗ , ὟÂÎÄ, Ὗ , Ὗ , έ, έ, type, agg) 

 

22: return  F 
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The first part of Algorithm 5.12 computes the region costs to fill in the Ὗ  and Ὗ  

matrices. For each region that is observed, we cycle over each boundary edge and compute 

the costs from that edge to each grid cell in the region. Unobserved regions are treated as 

a special case and are discussed in the next section. Whereas Algorithm 5.6 used the 

GRID_DISTANCE function from Algorithm 3.6 for each boundary edge in both regions, we 

rely here on a variation of the Bellman-Ford algorithm presented in Algorithm 5.13, which 

allows for non-uniform edge weights. Lines 9-11 prepare a distance grid D for the 

algorithm, where all values in D are set to infinity except for the source grid cell, which is 

set to zero at one of the boundary edge cells. 

The Bellman-Ford algorithm (Bellman 1958; Ford Jr. 1956) operates by iteratively 

relaxing an upper bound on the cost to each vertex from some source. Each vertex starts 

with an initial value of infinity except for the source, which starts with zero. The entire set 

of edges Ὁ is evaluated for a maximum of ȿὠȿ ρ iterations, and each time an edge is 

found that results in a smaller cost to reach a vertex, the upper bound is relaxed. The 

algorithm can terminate early if no edges are relaxed in an iteration. The worst-case runtime 

performance is given as ὕȿὠȿȿὉȿ, but the best-case performance is only ὕȿὉȿ. Our 

implementation of the Bellman-Ford algorithm is specifically designed to operate on grid 

graphs, where the edges can be divided into four sets: up, down, left, and right. This allows 

the cost updates to occur simultaneously for each set. This is possible because within each 

set, each vertex has at most one incoming edge that could change its current value. In 

practice, this results in a wave propagation of settled costs radiating outward from the 

source, similar to the breadth-first search approach of the Lee algorithm (Lee 1961) and 

our previous GRID_DISTANCE function. 



180 

 

The BELLMAN _FORD_GRID_DIST function presented in Algorithm 5.13 takes the 

following inputs: 

¶ a distance grid D, where all cells have been initialized to infinity except for the 

source cell, which is set to zero,  

¶ a set of edges E, that has been subdivided into four sets, up, down, left, and right, 

based on edge direction, and 

 

Algorithm 5.13 Bellman-Ford Grid Distance 

 

BELLMAN _FORD_GRID_DIST(D, E, agg) 

/* D is a grid initialized to Њ with source cells set to 0 */ 

 

1: (n, m) Ŷ size of D 

2: Dold Ŷ D 

3: while True 

 

/* Loop over the edges in each direction */ 

4: for  dir in {up, down, left, right}  

5: for  each (i1, j1, i2, j2, c) Í E.{dir}  

6: s Ŷ D[i1, j1]   // Get value of D at edge starting point 

7: t Ŷ D[i2, j2]   // Get value of D at edge ending point 

8: if  agg = ñsumò 

9: u Ŷ s + c 

10: else if agg = ñmaxò 

11: u Ŷ max(s, c) 

12: D[i2, j2] Ŷ min(u, t ) 

 

/* Check if finished */ 

13: if  D = Dold 

14: break 

15: else 

16: Dold Ŷ D 

 

17: return  D 
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¶ an option parameter agg that indicates if summation or maximization aggregation 

is to be used. 

The distance grid D represents an upper bound on the minimum cost required to reach 

each cell from the source. As the algorithm proceeds, the values in D are replaced with 

better estimates. The main loop of Algorithm 5.13 begins on line 3 and continues until D 

does not change, which is checked on lines 13-16. For each main loop iteration, each of 

the four directional edge sets is evaluated in sequence (lines 4-12). Lines 5-12 loop over 

each edge in the edge set. For each edge, we get the current values in D of the starting cell 

(i1, j1) and ending cell (i2, j2), saved as the variables s and t (lines 6 and 7). The cost of the 

edge is given as c and is aggregated with the value s, which represents the best-known cost 

from the source to (i1, j1). If using summation aggregation, this is evaluated as s + c (line 

9), whereas it is evaluated as max(s, c) if using maximization aggregation (line 11). The 

resulting value is saved as the variable u and is compared with t, which represents the best-

known cost from the source to (i2, j2). If u is less than t, then the edge offers a better path 

to (i2, j2). The value D[i2, j2] is updated to be the minimum of u and t on line 12. Note that 

we do not save the shortest paths themselves, but only the costs associated with the paths. 

Since we only consider edges in one direction at a time, each cell can have only a 

single incoming edge and a single outgoing edge. This ensures that there are no conflicts 

when the values in D are updated and allows lines 5-12 to operate in parallel, which can 

greatly improve the speed of the algorithm. If no values in D have changed after evaluating 

the edges in each direction (checked on lines 13-16), the algorithm terminates and D is 

returned on line 17. 
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Figure 5.7  Composite distance grids computed using Algorithm 5.13 for the example in Figure 5.3 using the 

maximum aggregation method. The top row shows the absolute elevation difference feature costs, the middle 

row shows the uphill costs, and the bottom row shows the downhill costs. The three columns show the 

different costs for reaching each of the three boundary edges. 

  

Figure 5.8  Composite distance grids computed using Algorithm 5.13 for the example in Figure 5.3 using the 

summation aggregation method. The top row shows the absolute elevation difference feature costs, the 

middle row shows the uphill costs, and the bottom row shows the downhill costs. The three columns show 

the different costs for reaching each of the three boundary edges. 
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Figure 5.7 shows the output of the BELLMAN _FORD_GRID_DIST function on the 

example from Figure 5.3 using the maximization aggregation method. Likewise, Figure 

5.8 shows the output when using summation. Each image shows the distance values 

computed for each grid cell in both regions using a specific boundary edge and feature 

type. The absolute, uphill, and downhill elevation difference features are shown. It can be 

helpful to reference the elevation edge costs computed in Figure 5.6 when examining these 

figures.  

5.3.3 Unobserved Elevation Costs 

We now return to the first part of Algorithm 5.12 where we compute the individual 

region elevation costs for each boundary edge. If the region is observed, the edge costs are 

computed using the BELLMAN _FORD_GRID_DIST function in Algorithm 5.13. However, if 

the region is unobserved, then each edge in the region will have an unknown cost. In this 

case, all edges can be assigned a fuzzy cost using the equations in Section 4.4.4. Because 

each edge has the same fuzzy cost value, we can make use of the distance cost matrices 

computed by the GET_REGION_DISTANCE function from Algorithm 5.6. 

Consider first the average cost value of reaching one of the boundary edges from 

each grid cell within a region. The matrices Ὗ  and Ὗ  give the number of steps required 

to reach each boundary edge from any location within one of the regions. In general, ὲ 

steps are required where ὲ π. Using the values computed in Equations 4.65-4.67, we 

know that the mean elevation feature value for a single unobserved edge is  for the 

absolute elevation difference and  for both the uphill and downhill elevation differences. 
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Therefore, for the summation aggregation method, the average total cost to reach one of 

the boundary edges is Ὗ  for the absolute elevation difference and Ὗ  for the uphill and 

downhill elevation differences. 

For maximization, the approach is not so straightforward. The average cost of 

reaching each boundary edge using maximization aggregation is the expected maximum 

value of ὲ randomly sampled elevation feature values. Consider a set of ὲ independent1 

and identically distributed (i.i.d.) random variables ὢȟὢȟȣȟὢ  where each variable ὢ is 

sampled from a probability distribution Ὢ ὼ. Let ὣ ÍÁØὢȟὢȟȣȟὢ  be the 

maximum value of the set. We can define the expected value of ὣ as 

 ὣ ώὪ ώὨώȟ (5.35) 

where Ὢ ώ is the probability distribution function (PDF) of ὣ. If the PDF is continuous, 

it can be computed as 

 Ὢ ώ
Ὠ

Ὠώ
Ὂ ώȟ (5.36) 

where Ὂ ώ is the cumulative distribution function (CDF) of ὣ, which is defined as 

 Ὂ ώ ὖὣ ώȢ (5.37) 

Replacing ὣ with its definition, we get 

 Ὂ ώ ὖÍÁØὢȟὢȟȣȟὢ ώȢ (5.38) 

 
1 The elevation features within a region are not actually independent since they depend on the shared heights 

of the grid cells. The heightmap is also generated in such a way that adjacent cells are more likely to have 

the same elevation, biasing the elevation difference features toward zero. However, we assume independence 

here for the sake of analysis and recognize that the resulting estimate will likely be larger than the true value. 
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Since the ὢ variables are independent, this can be expressed as 

 Ὂ ώ ὖὢ ώὖὢ ώȣὖὢ ώ (5.39a) 

 Ὂ ώ ὖὢ ώ                                          (5.39b) 

 Ὂ ώ Ὂ ώ Ȣ                                                (5.39c) 

Here, Ὂ ώ is the CDF of the random variable ὢ, which is one of the elevation feature 

values. 

Each of the elevation features introduced in Section 4.3.4 are defined in terms of 

the starting and ending grid cell heights, Ὤ and Ὤ. In the completely unobserved case, 

both values are assumed to be randomly sampled from a uniform distribution over the unit 

interval ὬȟὬ ͯ Ὗπȟρ. Let ὢ  be the absolute elevation difference feature computed 

from Ὤ and Ὤ such that  

 ὢ ȿὬ ὬȿȢ (5.40) 

The CDF of ὢ  is defined as 

 Ὂ ὼ ὖὢ ὼȢ (5.41) 

The easiest way to evaluate this expression is to imagine a unit square representing all 

possible values of the pair ὬȟὬ . The 3D surface plots of the elevation difference 

features were shown in Figure 4.6, and a top-down view is shown in Figure 5.9. For any 

value ὼ, the area of the square where ȿὬ Ὤȿ ὼ represents the probability that ὢ ὼ. 

From Figure 5.9 (a), we can see that this area is ρ ρ ὼ . Simplifying this expression 

gives, 

 Ὂ ὼ ςὼ ὼȟ   π ὼ ρȢ (5.42) 
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For the directional elevation difference features, we define ὢ  ᴻand ὢ  Ȣas 

 ὢᴻ ÍÁØπȟὬ Ὤ ȟ ÁÎÄ (5.43) 

 ὢᴽ ÍÁØπȟὬ Ὤ Ȣ          (5.44) 

Again, the CDFs of ὢ  ᴻand ὢ  Ȣare defined as  

 Ὂ
ᴻ
ὼ ὖὢᴻ ὼȟ ÁÎÄ (5.45) 

 Ὂ
ᴽ
ὼ ὖὢᴽ ὼȢ         (5.46) 

From Figure 5.9 (b) and (c), we see that the areas of the unit square where 

ÍÁØπȟὬ Ὤ ὼ and ÍÁØπȟὬ Ὤ ὼ are both ρ ρ ὼ . Simplifying 

gives 

 Ὂ
ᴻ
ὼ Ὂ

ᴽ
ὼ

ὼ

ς
ὼ
ρ

ς
ȟ   π ὼ ρȢ (5.47) 

 

Since the CDFs of the uphill and downhill elevation difference features are 

identical, we simplify our notation and refer to the two types of features as absolute and 

 
 (a) (b) (c) 

Figure 5.9  Plots of the elevation difference features over the unit square, with a shaded region showing the 

area where the function is less than a value ὼ. (a) The absolute elevation difference Ὢ. (b) The uphill elevation 

difference Ὢᴻ . (c) The downhill elevation difference Ὢ .Ȣ These represent top-down views of the 3D surface 

plots shown in Figure 4.6. 

Ὢ ὬȟὬ Ὤ Ὤ ὪᴻὬȟὬ ÍÁØπȟὬ Ὤ ὪᴽὬȟὬ ÍÁØπȟὬ Ὤ

Ὤ

Ὤ0
0 1

1

ὼ

ὼ

ρ ὼ

ρ ὼ

Ὤ

Ὤ0
0 1

1

ὼ

ρ ὼ
Ὤ

Ὤ0
0 1

1

ὼ

ρ ὼ
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directional elevation difference features. We notate these two CDFs as Ὂ
ÁÂÓ

Ὂ  and 

Ὂ
ÄÉÒ

Ὂ
ᴻ
Ὂ .Ȣ Figure 5.10 shows the plots of these CDFs as ὼ ranges between 0 and 

1. The value of each function for a given ὼ represents the probability that the feature value 

will be less than or equal to ὼ. Note that Ὂ
ÁÂÓ
π π, whereas Ὂ

ÄÉÒ
π πȢυ. This is 

because for half of the possible values of Ὤ and Ὤ, the directional features are zero. 

 

 

Figure 5.10  Plots of the cumulative distribution functions of the elevation difference features. 
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Returning to Equation 5.39, let ὣÁÂÓ be the maximum of ὲ values sampled from the 

distribution Ὢ , and let ὣÄÉÒ be the maximum of ὲ values sampled from either Ὢ  ᴻor Ὢ .Ȣ 

We can express the CDF of ὣÁÂÓ as 

 ὊÁÂÓώ Ὂ
ÁÂÓ
ώ                          (5.48a) 

                  ςώ ώ ȟ   π ώ ρ (5.48b) 

and the CDF of ὣÄÉÒ as 

 ὊÄÉÒώ Ὂ
ÄÉÒ
ώ                                        (5.49a) 

                 
ώ

ς
ώ
ρ

ς
ȟ   π ώ ρȢ (5.49b) 

Plots of these CDFs are shown in Figure 5.11. Note that ὊÁÂÓπ π and ὊÄÉÒπ ς . 

The functions shift toward higher values of ώ as ὲ increases, indicating that the expected 

maximum value should increase with more samples. 

 

 

 (a) (b) 

Figure 5.11  CDFs of the maximum of ὲ elevation difference feature values. (a) CDF of ὣÁÂÓ for various 

values of ὲ. (b) CDF of ὣÄÉÒ for various values of ὲ. 
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To get the PDFs of these functions, we differentiate using Equation 5.36. For the 

absolute elevation difference, this gives 

 ὪÁÂÓώ
Ὠ

Ὠώ
ὊÁÂÓώ                                                     (5.50a) 

                 ὲςώ ς ςώ ώ ȟ   π ώ ρȢ (5.50b) 

For the directional elevation difference, this gives 

 ὪÄÉÒώ
Ὠ

Ὠώ
ὊÄÉÒώ                                                                              (5.51a) 

                ὲώ ρ
ώ

ς
ώ
ρ

ς

ώ‏

ς
ȟ   π ώ ρ (5.51b) 

where ‏ is the Dirac delta function that models the probability point mass at ώ π. This 

represents the case where all sampled values are zero, and it is included to ensure that 

᷿ὪÄÉÒώὨώ ρ. Figure 5.12 shows these PDFs for several values of ὲ. Notice that the 

PDFs of the directional elevation features are skewed towards slightly lower values than 

those of the absolute elevation difference. This is in addition to the probability mass from 

the Dirac delta function at ώ π, which is not shown. 

 

 

 (a) (b) 

Figure 5.12  PDFs of the maximum of ὲ elevation difference feature values. (a) PDF of ὣÁÂÓ for various 

values of ὲ. (b) PDF of ὣÄÉÒ for various values of ὲ. Note that ‏ώ is not shown in these plots. 
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We use Equation 5.35 to get the expected values of ὣÁÂÓ and ὣÄÉÒ from their PDFs. 

For the expected absolute elevation difference, we obtain 

 ὣÁÂÓ ώὪÁÂÓώὨώ                                    (5.52a) 

                ὲώςώ ς ςώ ώ ὨώȢ (5.52b) 

For the uphill and downhill elevation differences, we obtain 

 ὣÄÉÒ ώὪÄÉÒώὨώ                                                             (5.53a) 

                 ὲώώ ρ
ώ

ς
ώ
ρ

ς

ώ‏ώ

ς
Ὠώ  (5.53b) 

         ὲώώ ρ
ώ

ς
ώ
ρ

ς
ὨώȢ          (5.53c) 

Note that we can ignore the Dirac delta function here, since ώ‏ώ π. Evaluating these 

integrals for large values of ὲ can become costly for real-time operation, so we precompute 

the expected values up to some limit ὲ ρππ and save these in a lookup table. Table 5.1 

shows the expected values of ὣÁÂÓ and ὣÄÉÒ for several values of ὲ. 

Table 5.1 Expected values of ὣÁÂÓ and ὣÄÉÒ for various values of ὲ 

ὲ 1 2 3 4 5 10 20 50 100 

ὣÁÂÓ 0.333 0.467 0.543 0.594 0.631 0.730 0.806 0.876 0.912 

ὣÄÉÒ 0.167 0.283 0.368 0.431 0.480 0.618 0.725 0.824 0.875 
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To verify that our method is correct, we randomly sampled ὲ values of Ὤ and Ὤ 

from a uniform distribution Ὗπȟρ and computed the maximum value of the absolute and 

directional elevation features. This was repeated 100 times for each value of ὲ in ρȟȣȟρππ. 

Figure 5.13 shows the box plots of the distributions of computed values for each ὲ along 

with a curve representing the expected values ὣÁÂÓ and ὣÄÉÒ computed using 

Equations 5.52 and 5.53. The box plots show the maximum, minimum, median, and upper 

and lower quartiles of each distribution, along with any outliers. A green óxô is plotted on 

each box plot at the location of the mean value. For both the absolute and directional 

elevation features, the red line representing the computed expected values is in alignment 

with the means of the sampled distributions. 
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Algorithm 5.14 shows how the above computations are implemented as part of the 

ELEV_FEATURE function in Algorithm 5.12.  Lines 6-15 of  Algorithm 5.12 compute the 

region cost matrices Ὗ  and Ὗ , using the BELLMAN _FORD_GRID_DIST function in 

Algorithm 5.13 when the regions are observed and the UNOBSERVED_ELEVATION_COST 

function in Algorithm 5.14 when the regions are unobserved. Algorithm 5.14 provides a 

cost matrix Ὗ  containing the expected elevation feature costs for a region using the 

distance cost matrix Ὗ  and the above definitions. For the maximum aggregation method, 

the values are precomputed in a lookup table to avoid unnecessary computation. 

 (a) (b) 

Figure 5.13  Expected values of (a) ὣÁÂÓ and (b) ὣÄÉÒ for ὲ in ρȟȣȟρππ. For each ὲ, 100 samples of ὣ were 

computed for the absolute and directional elevation features and the resulting distributions are shown in blue 

as box plots. The mean value of each sampled distribution is shown as a green óxô. The red line indicates the 

expected value computed using Equations 5.52 and 5.53. 

ὣ
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ὣ
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Ò
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5.3.4 Combining Region Elevation Costs 

The second half of Algorithm 5.12 combines the region elevation costs from both 

regions to compute the actual elevation difference feature. Lines 16-20 of Algorithm 5.12 

construct the ὟÂÎÄ matrix from the provided boundary edge list Ebnd. Each row of ὟÂÎÄ 

contains the min, mean, and max feature values of one of the boundary edges. Line 21 calls 

the COMBINE_ELEVATION_COSTS function, which is given in Algorithm 5.15. This 

function takes the following input arguments: 

¶ expected aggregated elevation cost matrices Ὗ  and Ὗ , containing the average 

costs of traveling between each grid cell and each boundary edge, 

¶ the boundary edge cost matrix ὟÂÎÄ, 

 

Algorithm 5.14 Unobserved Elevation Costs 

 

UNOBSERVED_ELEVATION_COST(Ὗ , type, agg) 

1: (N, K) Ŷ size of Ὗ  

2: Ὗ  Ŷ N ³ K matrix initalized to Њ 

3: for  each (i, k) Í {1 Ò i Ò N Ø 1 Ò k Ò K}  

4: if  agg = ñsumò 

5: if type = ñabsò 

6: Ὗ [i, k] Ŷ Ὗ [i, k] 

7: else if type = ñupò or type = ñdownò 

8: Ὗ [i, k] Ŷ Ὗ [i, k] 

9: else if  agg = ñmaxò 

10: ὲ Ŷ Ὗ [i, k] 

11: if type = ñabsò 

12: Ὗ [i, k] Ŷ ὣÁÂÓ 

13: else if type = ñupò or type = ñdownò 

14: Ὗ [i, k] Ŷ ὣÄÉÒ 

15: return  Ὗ  
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¶ region distance cost matrices Ὗ  and Ὗ , containing the number of steps required 

to travel between each grid cell and each boundary edge, 

¶ the observability of the two regions έ and έ, and 

¶ an agg parameter set to either ñsumò or ñmaxò to indicate if summation or 

maximization aggregation should be used. 

The algorithm starts on lines 1 and 2 by getting the number of cells in each region (N1 and 

N2) and the number of boundary edges (K). These are used to produce an index set I of 

starting and ending cells from the two regions (line 3) and to initialize the mean and max 

N1 ³ N2 cost matrices ὅÍÅÁÎ and ὅÍÁØ (line 4). Note that we do not need a cost matrix for 

the minimum feature value because this will always be represented by a single-step 

transition along one of the boundary edges. 

We first consider the computation of the mean cost matrix ὅÍÅÁÎ for both 

aggregation types. Recall from Equations 5.1 and 5.2 that the minimum cost of a path from 

cell i in Ὑ to cell j in Ὑ using boundary edge k is given as ό όÂÎÄό  for summation 

aggregation and as ÍÁØό ȟόÂÎÄȟό  for maximization. The expected values of ό  and 

ό  are provided by the Ὗ  and Ὗ  matrices respectively, and the mean cost of the boundary 

edge όÂÎÄ is given by the second column of ὟÂÎÄ. From Equation 5.3, the minimum 

expected cost is defined using the boundary edge that gives the minimum value. Since Ὗ  

and Ὗ  have already been defined to contain the expected region elevation costs for the 

appropriate aggregation type regardless of observability, we can apply the above 

expressions to each pair of cells in the index I to get ὅÍÅÁÎ on line 6 for the max type and 

on line 13 for the sum type. 
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To compute the maximum cost matrix ὅÍÁØ, we need to update the definitions of 

Ὗ  and Ὗ  depending on if each region has been observed. If a region has been observed, 

then the corresponding cost matrix contains the actual observed costs and does not need to 

be changed. However, if a region is unobserved (έ = 0 or έ = 0), then we need to update 

the cost matrix to contain the maximum cost that the agent could encounter along the path 

between each cell and each boundary edge. 

First, consider an unobserved region with the maximum aggregation type. If the 

region distance cost matrix Ὗ  or Ὗ  indicates that a grid cell is one or more steps away 

from the boundary edge, then there is at least one completely unobserved edge that could 

take the maximum value of 1. Lines 8 and 10 apply this test to each cost matrix element in 

an unobserved region, setting the value of Ὗ  or Ὗ  to 1 if the corresponding value in Ὗ  

or Ὗ  is greater than zero and setting it to 0 otherwise. The only reason the expected cost 

is not simply set to 1 for any unobserved region is to handle the edge case where one region 

is unobserved and contains only a single grid cell. In this case, the maximum cost would 

be determined by the maximum region cost of the other region and the boundary edge, 

since there would be no edges completely within the unobserved region. 

Next, consider an unobserved region with the summation aggregation type. For 

summation, each unobserved step could mean the addition of the largest possible elevation 

difference feature value. In the worst case, an elevation pattern of (0, 1, 0, 1, 0, ...) would 

produce an absolute elevation difference of 1 for each grid step. Therefore, when the feature 

type is set to ñabsò and one of the regions is unobserved with summation aggregation, the 

corresponding cost matrix Ὗ  or Ὗ  is set to be the same as the corresponding region 
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distance cost matrix Ὗ  or Ὗ  (lines 16 and 21). The situation is only half as bad for the 

directional elevation costs. Even in the worst case, the uphill or downhill feature value can 

only take its maximum every other step. Each element of the corresponding cost matrix is 

set to  where Ὠ is the value of the distance cost matrix Ὗ  or Ὗ  (lines 18 and 23). 

After updating the cost matrices Ὗ  and Ὗ  to account for unobserved regions, we 

compute the maximum cost matrix ὅÍÁØ, using Equations 5.1 or 5.2 and Equation 5.3 as 

before, but using the third column of ὟÂÎÄ, which contains the maximum feature value of 

each boundary edge (lines 11 and 24). To get the final feature as a triangular fuzzy number, 

we first define the minimum feature value ὪÍÉÎ as the minimum of the first column of ὟÂÎÄ, 

which contains the minimum cost of each boundary edge (line 25). The mean feature value 

ὪÍÅÁÎ is the average of all values in the mean cost matrix ὅÍÅÁÎ (line 26). The maximum 

feature value ὪÍÁØ is the maximum of all values in ὅÍÁØ (line 27). The final feature is 

constructed as the triangular fuzzy number 4ÒÉὪÍÉÎȟὪÍÅÁÎȟὪÍÁØ on line 28 and returned to 

the ELEV_FEATURE function in Algorithm 5.12 on line 29. This is eventually returned to 

the original COMPUTE_REGION_FEATURES function in Algorithm 5.10. 
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Algorithm 5.15 Combine Elevation Costs 

 

COMBINE_ELEVATION_COSTS(Ὗ , Ὗ , ὟÂÎÄ, Ὗ , Ὗ , έ, έ, type, agg) 

1: (N1, K) Ŷ size of Ὗ  

2: (N2, K) Ŷ size of Ὗ  

3: I Ŷ {( i, j) | 1 Ò i Ò N1 Ø 1 Ò j Ò N2}  

4: ὅÍÅÁÎ, ὅÍÁØ Ŷ N1 ³ N2 matrices initalized to Њ 

 

/* Combine costs */ 

5: if  agg = ñmaxò 

6: ὅÍÅÁÎ[i, j] Ŷ mink{ max(Ὗ [i, k], ὟÂÎÄ[k, 2], Ὗ [  j, k])}  " (i, j) Í I 

7: if  έ = 0 

8: Ὗ [i, k] Ŷ [Ὗ [i, k] > 0]  " (i, k) Í {( i, k) | 1 Ò i Ò N1 Ø 1 Ò k Ò K}  

9: if  έ = 0 

10: Ὗ [ j, k] Ŷ [Ὗ [ j, k] > 0] " ( j, k) Í {(  j, k) | 1 Ò  j Ò N2 Ø 1 Ò k Ò K}  

11: ὅÍÁØ[i, j] Ŷ mink{ max(Ὗ [i, k], ὟÂÎÄ[k, 3], Ὗ [  j, k])}  " (i, j) Í I 

12: else if agg = ñsumò 

13: ὅÍÅÁÎ[i, j] Ŷ mink{Ὗ [i, k] + ὟÂÎÄ[k, 2] + Ὗ [  j, k]}  " (i, j) Í I 

14: if  έ = 0 

15: if type = ñabsò  

16: Ὗ  Ŷ Ὗ  

17: else if type = ñupò or type = ñdownò 

18: Ὗ [i, k] Ŷ èὟ [i, k] / 2ø  " (i, k) Í {( i, k) | 1 Ò i Ò N1 Ø 1 Ò k Ò K}  

19: if  έ = 0 

20: if type = ñabsò  

21: Ὗ  Ŷ Ὗ  

22: else if type = ñupò or type = ñdownò 

23: Ὗ [ j, k] Ŷ èὟ [ j, k] / 2ø  " ( j, k) Í {(  j, k) | 1 Ò  j Ò N2 Ø 1 Ò k Ò K}  

24: ὅÍÁØ[i, j] Ŷ mink{Ὗ [i, k] + ὟÂÎÄ[k, 3] + Ὗ [  j, k]}  " (i, j) Í I 

 

/* Construct feature */ 

25: ὪÍÉÎ Ŷ mink{Ὗ
ÂÎÄ[k, 1]}  

26: ὪÍÅÁÎ Ŷ В ὅÍÅÁÎὭȟὮȟ  

27: ὪÍÁØ Ŷ maxi, j{ὅÍÁØ[i, j]}  

28: F Ŷ 4ÒÉὪÍÉÎȟὪÍÅÁÎȟὪÍÁØ 
 

29: return  F 
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To demonstrate the computation of the elevation features for the example in Figure 

5.3, consider the maximum absolute elevation difference feature when region 1 is observed 

but region 2 is unobserved. The cost matrix Ὗ  is implicitly given from the distance grid 

values from region 1 in the top row of Figure 5.7, 

Ὗ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
πȢσ πȢσ πȢσ
πȢσ πȢσ πȢσ
πȢυ πȢυ πȢυ
πȢρ πȢς πȢς
πȢρ πȢς πȢς
πȢς πȢς πȢς
π πȢς πȢς
πȢς πȢς πȢς
πȢς πȢς πȢς
π πȢς πȢς
πȢς π πỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

Ȣ 

The boundary edge matrix ὟÂÎÄ comes from the boundary edge list Ebnd computed in 

Algorithm 5.11. Using Equation 4.71, we compute 

ὟÂÎÄ
π πȢςυπȢυ
π πȢυ ρ
π πȢυ ρ

Ȣ 

The region distance cost matrices Ὗ  and Ὗ  are the same as those in Figure 5.5. Because 

region 2 is unobserved, Ὗ  is defined by Algorithm 5.14 using Ὗ  and the ñmax-absò 

configuration. The values are given by ὣÁÂÓ, where ὲ comes from Ὗ . Using the 

precomputed values shown partially in Table 5.1, the Ὗ  matrix is computed as 
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Ὗ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
πȢυωτπȢτφχ π
π πȢτφχπȢυωτ
πȢσσσπȢσσσπȢυτσ
πȢτφχ π πȢτφχ
πȢυτσπȢσσσπȢσσσ
πȢτφχπȢτφχπȢυωτ
πȢυτσπȢσσσπȢυτσ
πȢυωτπȢτφχπȢτφχ
πȢυωτπȢυωτπȢφυω
πȢυτσπȢυτσπȢφσρ
πȢυωτπȢτφχπȢυωτ
πȢυωτπȢυωτπȢφυωỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

Ȣ 

The mean cost matrix ὅÍÅÁÎ is computed on line 6 of Algorithm 5.15 as 

ὅÍÅÁÎ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
πȢυ πȢσ πȢσσπȢτχπȢυ πȢτχπȢυ πȢυ πȢυωπȢυτπȢυ πȢυω
πȢυ πȢσ πȢσσπȢτχπȢυ πȢτχπȢυ πȢυ πȢυωπȢυτπȢυ πȢυω
πȢυ πȢυ πȢυ πȢυ πȢυ πȢυ πȢυ πȢυ πȢυωπȢυτπȢυ πȢυω
πȢυ πȢςυπȢσσπȢτχπȢυ πȢτχπȢυ πȢυ πȢυωπȢυτπȢυ πȢυω
πȢυ πȢςυπȢσσπȢτχπȢυ πȢτχπȢυ πȢυ πȢυωπȢυτπȢυ πȢυω
πȢυ πȢςυπȢσσπȢτχπȢυ πȢτχπȢυ πȢυ πȢυωπȢυτπȢυ πȢυω
πȢυ πȢςυπȢσσπȢτχπȢυ πȢτχπȢυ πȢυ πȢυωπȢυτπȢυ πȢυω
πȢυ πȢςυπȢσσπȢτχπȢυ πȢτχπȢυ πȢυ πȢυωπȢυτπȢυ πȢυω
πȢυ πȢςυπȢσσπȢτχπȢυ πȢτχπȢυ πȢυ πȢυωπȢυτπȢυ πȢυω
πȢυ πȢςυπȢσσπȢτχπȢυ πȢτχπȢυ πȢυ πȢυωπȢυτπȢυ πȢυω
πȢυ πȢςυπȢσσπȢτχπȢυ πȢτχπȢυ πȢυ πȢυωπȢυτπȢυ πȢυωỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

. 

The max cost matrix ὅÍÁØ is computed on line 11 of Algorithm 5.15 after replacing the Ὗ  

matrix with 1 for any value where Ὗ π, 

ὅÍÁØ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ πȢυ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ
ρ πȢυ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ
ρ πȢυ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ
ρ πȢυ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ
ρ πȢυ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ
ρ πȢυ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ
ρ πȢυ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ
ρ πȢυ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ
ρ πȢυ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ
ρ πȢυ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ
ρ πȢυ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

Ȣ 
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From the boundary cost matrix, we compute ὪÍÉÎ π. The mean value of ὅÍÅÁÎ is 

computed as ὪÍÅÁÎπȢτψσ, and the max value of ὅÍÁØ is ὪÍÁØ ρ. The fuzzy number cost 

for the maximum absolute elevation difference feature for this example is therefore 

computed as ᾪÍÁØ 4ÒÉπȟπȢτψσȟρȢ Other configurations can be computed in a similar 

way using the above algorithms and definitions. 

5.4 Approximate Fuzzy Region Features 

The region feature definitions presented in Sections 5.2 and 5.3 are sometimes too 

computationally intensive for use in real-time applications or when performing many 

Monte Carlo simulations. This can also be true in large environments or where regions 

share long borders, resulting in many region boundary edges. In these situations, it may be 

acceptable to approximate the region features using simpler approaches. Any problem with 

partial observability or region partitioning will be subject to some approximation in the 

feature definitions since there is uncertainty represented in the triangular fuzzy numbers. 

The quality of any feature approximation depends on the type of environment and region 

clustering parameters. The agent designer must decide what is an acceptable tradeoff for 

any given problem. 

By far, the costliest operations in the computation of region features are the grid 

distance searches used to define the region distance and elevation cost matrices. The 

GRID_DISTANCE function is called twice for each boundary edge regardless of 

observability, and for each elevation feature type that needs to be computed, the 

BELLMAN _FORD_GRID_DIST function is called once for each boundary edge in an 

observed region. The result of these functions is a region cost matrix that specifies the 
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feature cost between each grid cell in a region and one of the boundary edges. One way to 

significantly reduce the computation time is to eliminate the distance searches for each 

boundary edge and instead use a single approximation of the distance from each grid cell 

to the region boundary. This approach is similar to the method used to compute the terrain-

based region features using the ὠ  and ὠ  matrices defined by Equations 5.8 and 5.9. 

The distance to the region boundary can be approximated quickly by using the 

region centroids. The centroid of each region is computed using Algorithm 3.9 during the 

creation of the region graph in Algorithm 5.5. Consider two regions Ὑ and Ὑ with 

centroids ὧȟὧ  and ὧȟὧ . For every cell ὼȟώᶰὙ, the distance to the centroid of 

Ὑ can be approximated as 

 Ὀ ὼȟώ ȿὼ ὧȿ ώ ὧȢ (5.54) 

Likewise, for every cell ὼȟώᶰὙ, the distance to the centroid of Ὑ is 

 Ὀ ὼȟώ ȿὼ ὧȿ ώ ὧȢ (5.55) 

This is simply the Manhattan distance from the centroids of each region. The minimum 

distance required to reach the region boundary from a cell ὼȟώᶰὙ can be approximated 

as 

 ὠ Ὀ ὼȟώ ÍÉÎ
ȟᶰ

Ὀ όȟὺȢ (5.56) 

Likewise, for a cell ὼȟώᶰὙ, 

 ὠ Ὀ ὼȟώ ÍÉÎ
ȟᶰ

Ὀ όȟὺȢ (5.57) 

These matrices can be reshaped into single column vectors that include only the distances 

for the grid cells in each region. The distance cost matrix is then defined to approximate 
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the distance between all pairs of cells in the two regions. For a cell Ὥ ὼȟώ ᶰὙ and 

a cell Ὦ ὼȟώ ᶰὙ, the distance cost is defined as 

 ὅ ὠ ὠ ρȟ (5.58) 

where 1 is added to account for the cost of crossing the boundary edge. If there are no walls 

or obstacles to navigate around, then this is an accurate measure of the distance to a single 

point on the region boundary. It becomes less accurate when the regions have irregular 

shapes or when the shortest path between the regions is not a straight line. The region 

distance feature and terrain-based features can be computed using these substitutions for 

the ὅ , ὠ , and ὠ  matrices. 

Figure 5.14 shows this approximation approach applied to the example in Figure 

5.3. The distances to each region centroid are shown in the top of each cell and the 

estimated distances to the region boundary are shown in the bottom of each cell. Figure 

5.15 shows the resulting cost matrices ὠ , ὠ , and ὅ  for this example. Using the 

approximated ὅ  matrix with Equations 5.4-5.7, we compute an approximate fuzzy region 

distance feature value of Ὢ Ὡ 4ÒÉρȟυȢσψȟψ. To compare, the original definition 

was Ὢ Ὡ 4ÒÉρȟυȢπσȟω. A comparison for all features is shown at the end of this 

section in Table 5.2 and Table 5.3. 
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To get the approximations of the elevation difference features, we can use the 

COMBINE_ELEVATION_COSTS function in Algorithm 5.15 with some substitutions for the 

distance matrices. For the Ὗ  and Ὗ  matrices, we use ὠ  and ὠ  as computed above 

 

Figure 5.14  Approximation of the region distances using the region centroids for the example in Figure 5.3. 

The region centroids are marked with asterisks. The Ὀ  values (distance from the right centroid) are shown 

in the top right of each cell. The Ὀ  values (distance from the left centroid) are shown in the top left of each 

cell. The values in the bottom of each cell indicate the ὠ  and ὠ  values, which are the approximated 

distances to the region boundary. 

 

Figure 5.15  Approximation of the region distance cost matrices for the example in Figure 5.14. 
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using the region centroids. This implies only one boundary edge, so ὟÂÎÄ is computed as a 

1³3 matrix of the minimum, mean, and maximum feature values over all boundary edges 

between the two regions. The expeced aggregated elevation feature cost matrices Ὗ  and 

Ὗ  are approximated using the ὠ  and ὠ  matrices and any observed elevation values. 

If a region is unobserved, the UNOBSERVED_ELEVATION_COST function from Algorithm 

5.14 is used with the appropriate substitution of ὠ  or ὠ  for the Ὗ  matrix. For observed 

regions, the most accurate cost measure requires a distance search with the 

BELLMAN _FORD_GRID_DIST function from Algorithm 5.13, either from one (good) or all 

(better) boundary edges. If just one boundary edge is used, it is prefereable to choose one 

near the center of the region boundary. If all boundary edges are used, then the original 

elevation feature definition from Algorithm 5.12 should be used. To avoid any iterative 

distance search when computational resources are extremely limited, the following 

procedure can be used to approximate the Ὗ  and Ὗ  matrices. 

First, let ὠ  be the approximated distance to the region boundary of grid cell Ὥ. 

Then, let Ὁ be the set of all edges in a region where each edge Ὡ ᶰὉ represents the 

transition from grid cell Ὥ to Ὦ, and let ὪὩ  be the elevation feature cost of that edge. 

Next, split the edge features into sets where set Ὓ ὪὩ ὠ ὠ Ὧ. Let Ὗ be the 

entry in the expeced aggregated elevation feature cost matrix Ὗ  or Ὗ  for grid cell Ὥ. When 

using summation aggregation, define 

 Ὗ
ρ

ȿὛȿ
ὪὩ

ᶰ

ȟ (5.59) 
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and when using maximization aggregation, define 

 Ὗ ÍÁØ
ȟȣȟ

ÍÁØ
ᶰ
ὪὩ Ȣ (5.60) 

This assigns the same cost value to each grid cell using the feature values of each edge set 

up to the given distance value. For summation, the cost is the sum of the average feature 

values in each edge set, and the cost is the overall maximum feature value in each edge set 

for maximization. After defining Ὗ  and Ὗ , the elevation features can be computed using 

the COMBINE_ELEVATION_COSTS function in Algorithm 5.15. 

Figure 5.16 shows the edge sets used to approximate the elevation difference 

features for the example in Figure 5.3. Using these feature sets, we compute the expeced 

aggregated elevation feature cost matrices Ὗ  and Ὗ  for each feature type that needs to be 

computed. For example, to compute the Ὢ ÓͅÕÍ feature using the absolute elevation 

difference and summation aggregation, we would assign the following values to each 

element Ὗ , where ὠ Ὧ: 

¶ Ὗ π 

¶ Ὗ πȢς 

¶ Ὗ πȢς πȢρ πȢσ πȢτ 

¶ Ὗ πȢτ πȢσ πȢς πȢτ πȢς π πȢφς 

¶ Ὗ πȢφς πȢς πȢυ πȢσ πȢρ πȢρ πȢψφ 
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For elements Ὗ  in region 2, we compute 

¶ Ὗ π 

¶ Ὗ πȢρ πȢυ πȢρ πȢςσσ 

¶ Ὗ πȢςσ πȢς πȢφ πȢς πȢς πȢρ πȢτωσ 

¶ Ὗ πȢτωσ πȢσ πȢς πȢτ πȢς π πȢφςχ 

The resulting Ὗ  and Ὗ  matrices are used in Algorithm 5.15 to compute an overall feature 

value of Ὢ ÓͅÕÍ 4ÒÉπȢρȟρȢτφȟςȢσσ. To compare, the original definition was Ὢ ÓͅÕÍ

4ÒÉπȢρȟπȢψχȟςȢρ. Table 5.2 and Table 5.3 at the end of this section compare all the feature 

values using the original and approximate definitions for observed and unobserved cases. 

In the unobserved cases, we define the terrain type priors as ὴὸ πȢχυ and ὴὸ

πȢςυ. 

 

 

Figure 5.16  Elevation feature edge sets used to approximate the elevation difference features for the example 

in Figure 5.14. The numbers in the bottom corners of each cell show the approximate distances to the region 

boundary. Only edges that increase in distance are used. The elevation values are shown for each cell, and 

the feature sets are split based on the farthest distance of each edge. The sets Ὓ and Ὓ show the feature 

values from regions 1 and 2 respectively with max distance Ὧ. The actual feature values depend on which 

feature is being computed using one of the Equations 4.11-4.13. 

Ὓ ὪπȟπȢς

Ὓ
ὪπȢςȟπȢσ

ὪπȢςȟπȢυ
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All approximations result in some loss of accuracy, but these methods can be used 

in many cases to reduce computation time. This can lead to significant time savings that 

may allow for more analysis and planning to occur between updates. These approximations 

work best when the regions are generally convex and have relatively smooth elevation 

changes. When there are many sudden, unexpected elevation changes or when the region 

boundary does not lie between the region centroids, the approximations become less 

accurate. 

 

Table 5.2 Original and approximate region features with both regions either observed or unobserved. For 

unobserved cases, the terrain type priors are ὴὸ πȢχυ and ὴὸ πȢςυ. 

 
 

Both Regions Observed   Both Regions Unobserved 

 
 

Original  Approximate   Original   Approximate 

 
 
ὪÍÉÎ ὪÍÅÁÎ ὪÍÁØ  ὪÍÉÎ ὪÍÅÁÎ ὪÍÁØ   ὪÍÉÎ ὪÍÅÁÎ ὪÍÁØ  ὪÍÉÎ ὪÍÅÁÎ ὪÍÁØ 

Ὢ  1 5.03 9  1 5.38 8   1 5.03 9  1 5.38 8 

                  

Ὢ   0.5 2.5 4.5  0.5 3.05 4.5   0 3.70 9  0 4.03 8 

Ὢ   0.5 2.17 4.5  0.5 2.33 3.5   0 1.12 9  0 1.34 8 

                  

Ὢ ȟ   0 2 4  0 2.55 4   0 3.52 9  0 3.85 8 

Ὢ ȟ   1 1 1  1 1 1   0 0.38 1  0 0.38 1 

Ὢ ȟ   0 1.67 4  0 1.83 3   0 1.00 9  0 1.16 8 

                  

ὪộȟỚ  0 2 4  0 2.55 4   0 3.52 9  0 3.85 8 

ὪộȟỚ  1 1 1  1 1 1   0 0.19 1  0 0.19 1 

ὪộȟỚ  0 0 0  0 0 0   0 0.19 1  0 0.19 1 

ὪộȟỚ  0 1.67 4  0 1.83 3   0 1.00 9  0 1.16 8 

                  

ᾪÍÁØ  0.1 0.24 0.5  0.1 0.56 0.8   0 0.52 1  0 0.52 1 

Ὢᴻ ÍͅÁØ  0 0.20 0.5  0 0.50 0.8   0 0.35 1  0 0.35 1 

ὪȢ ÍͅÁØ  0 0.17 0.3  0 0.48 0.6   0 0.35 1  0 0.35 1 

                  

Ὢ ÓͅÕÍ  0.1 0.87 2.1  0.1 1.46 2.33   0 1.68 9  0 1.79 8 

Ὢᴻ ÓͅÕÍ  0 0.44 1.2  0 0.78 1.31   0 0.84 5  0 0.90 5 

ὪȢ ÓͅÕÍ  0 0.43 1.1  0 0.68 1.11   0 0.84 5  0 0.90 5 
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Table 5.3 Original and approximate region features with only one region observed. For unobserved cases, 

the terrain type priors are ὴὸ πȢχυ and ὴὸ πȢςυ. 

 
 

Region 1 Observed; Region 2 Unobserved   Region 1 Unobserved; Region 2 Observed 

 
 

Original  Approximate   Original   Approximate 

 
 
ὪÍÉÎ ὪÍÅÁÎ ὪÍÁØ  ὪÍÉÎ ὪÍÅÁÎ ὪÍÁØ   ὪÍÉÎ ὪÍÅÁÎ ὪÍÁØ  ὪÍÉÎ ὪÍÅÁÎ ὪÍÁØ 

Ὢ  1 5.03 9  1 5.38 8   1 5.03 9  1 5.38 8 

                  

Ὢ   0.5 4.40 9  0.5 4.80 8   0 1.88 4.5  0 2.28 4.5 

Ὢ   0 0.54 4.5  0 0.58 3.5   0.5 2.88 9  0.5 3.09 8 

                  

Ὢ ȟ   0 4.27 9  0 4.67 8   0 1.5 4  0 1.91 4 

Ὢ ȟ   0 0.25 1  0 0.25 1   0 0.75 1  0 0.75 1 

Ὢ ȟ   0 0.42 4  0 0.46 3   0 2.51 9  0 2.72 8 

                  

ὪộȟỚ  0 4.27 9  0 4.67 8   0 1.5 4  0 1.91 4 

ὪộȟỚ  0 0.25 1  0 0.25 1   0 0.75 1  0 0.75 1 

ὪộȟỚ  0 0 0  0 0 0   0 0 0  0 0 0 

ὪộȟỚ  0 0.42 4  0 0.46 3   0 2.51 9  0 2.72 8 

                  

ᾪÍÁØ  0 0.48 1  0 0.48 1   0 0.45 1  0 0.57 1 

Ὢᴻ ÍͅÁØ  0 0.36 1  0 0.41 1   0 0.31 1  0 0.49 1 

ὪȢ ÍͅÁØ  0 0.28 1  0 0.35 1   0 0.29 1  0 0.48 1 

                  

Ὢ ÓͅÕÍ  0 1.38 5.7  0 1.56 4.86   0 1.28 5.4  0 1.57 5.47 

Ὢᴻ ÓͅÕÍ  0 0.70 3.2  0 0.71 3.12   0 0.65 3  0 0.90 3.19 

ὪȢ ÓͅÕÍ  0 0.69 3  0 0.85 3.24   0 0.64 2.8  0 0.67 2.87 

 

5.5 Updating the Region Graph 

Up to this point, the region graph Ὃ  has been defined for static problems where 

the agent does not move. Section 5.1 gave the initial region boundaries and created the 

graph structure. Sections 5.2 and 5.3 defined the fuzzy feature values for each graph edge, 

and Section 5.4 provided a way to approximate these features quickly. These region 

boundaries and features are valid until the agent moves. When the agent does move, new 

parts of the environment may be discovered and the local region can change. These updates 
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need to be integrated into the existing region graph. Rather than recompute the entire region 

graph from scratch after each agent movement, we utilize the existing region graph and 

update only the parts of the graph that have changed, maintaining the existing graph 

structure and features where possible. This drastically improves the runtime efficiency of 

the algorithm by only changing portions of the region graph that have new information. 

Consider an existing mental map structure ִי  and a new observation ַײ provided 

by the environment server. Upon receiving the observation, the agent will update its current 

position and the mental map grid layers using Algorithm 4.4. The updated mental map is 

then passed to the UPDATE_MENTAL_MAP_REGIONS function in Algorithm 5.16 to update 

the regions and the region graph. This function begins on line 1 by computing a new local 

region from the agent's updated position using Algorithm 5.2. This is the same method 

used to initialize the local region at the start of the simulation. However, since the agent 

has just moved to a new location, the updated local region may have changed. 

An additional option given is by opt.lrMemory that dictates whether the new local 

region should replace or extend the existing local region in the mental map. If 

opt.lrMemory is true, then the local region will continue to grow as the agent explores the 

environment. This can be thought of as an agent that does not forget what it has learned 

about the feature values of the action graph and can help to reduce ocilatory behavior. 

Without this parameter setting, it becomes possible for the agent to wander back and forth 

between two grid cells when the unique region graphs computed from each location 

indicate that the best action is to move to the other cell. This will be explored further in 

Section 6.6. 
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Algorithm 5.16 Update Mental Map Regions 

 

UPDATE_MENTAL_MAP_REGIONS(ִי , opt) 

 

/* Get the new local region */ 

1: LR Ŷ GET_LOCAL_REGION(ִי , opt) // Algorithm 5.2 

2: if opt.lrMemory 

3: LR[ִיȢÌÏÃÁÌ2ÅÇÉÏÎ = 1] Ŷ 1 

 

/ * Determine the regions that need to be reclustered */  

4: Q Ŷ GET_REGION_CLUSTERING_MASK(ִי , LR) // Algorithm 5.17 

 

/* Create new region boundaries */ 

5: L  Ŷ CLUSTER_MENTAL_MAP_REGIONS(ִי , LR, Q, opt) // Algorithm 5.3 

 

/* Merge with existing regions */ 

6: L Ŷ MERGE_REGION_LABELS(ִיȢὒ, L, Q, LR) // Algorithm 5.18 

 

/* Update the region graph */ 

7: Ὃ  Ŷ UPDATE_REGION_GRAPH(ִי , L) // Algorithm 5.19 

 

/* Save the updated variables */ 

 Ȣ, Ŷ Lיִ :8

 ȢÌÏÃÁÌ2ÅÇÉÏÎ Ŷ LRיִ :9

ȢὋיִ :10  Ŷ Ὃ  

 

11: return יִ   
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 (a) (b) (c) 

   
 (d) (e) (f) 

   
 (g) (h) (i) 

Figure 5.17  Step-by-step example of determining new regions. (a) Old regions before agent moves. (b) New 

observation. (c) New local region. (d) Cells with new information. (e) Update mask before dilation. (f) 

Update mask after dilation. (g) Removing walls and the new local region. (h) Old regions that need to be 

reclustered. (i) New regions after clustering. 
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Figure 5.17 shows a step-by-step example of updating the region boundaries after 

an agent moves. This is a continuation of the example in Figure 5.2. Subfigures (a) through 

(c) show the definition of the new local region. (a) shows the old regions that were 

computed at the initial agent location. (b) shows the new observation after the agent moves 

one cell to the right. Grid cells that are no longer visible are darkened, whereas cells that 

have never been observed are solid gray. (c) shows the new local region after the agent has 

moved one grid cell to the right. The parameter opt.lrD ist is set to 3, but notice that the 

agent still cannot observe beyond one cell into the forest region directly to the north. 

After determining the local region, the next step is to determine the set of cells that 

need to be reclustered. The GET_REGION_CLUSTERING_MASK function is called on line 4 

of Algorithm 5.16 and is defined in Algorithm 5.17. The function starts on lines 1-3 by 

defining a mask U that identifies the cells that have just been observed. This is given by 

the set ִיȢÎÅ×, which was defined as part of Algorithm 4.4 and is shown in subfigure (d) 

of Figure 5.17. These cells will need to be integrated into their adjacent regions, which may 

affect where the region boundaries are drawn. Additionally, since the local region may 

have changed, cells that have just been added to the local region will need to have their old 

regions redrawn and cells that left the local region will need to be included in neighboring 

regions. Line 4 of Algorithm 5.17 adds cells from the current and previous local region to 

the mask U, which is shown in subfigure (e).  

To identify the cells from the neighboring regions, the mask is dilated on line 5, 

which is shown in subfigure (f). After dilation, line 6 removes from the mask any cells that 

are known walls or are part of the new local region. The remaining cells are shown in 

subfigure (g). These cells and their current regions will all need to be reclustered. Line 7 
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identifies K as the set of unique region labels in the updated mask. Finally, lines 8-10 

construct the mask Q that will be used for clustering the regions. This mask consists of all 

grid cells that are currently assigned one of the labels in K and are not part of the new local 

region. Subfigure (h) shows the region clustering mask Q for the example with the old 

region boundaries marked. The final regions obtained after re-clustering are shown in 

subfigure (i). 

 

 

Algorithm 5.17 Get the Region Clustering Mask 

 

GET_REGION_CLUSTERING_MASK(ִי , LR) 

1: (n, m) Ŷ ִיȢÓÉÚÅ 

 

/* Get a mask of the cells that need to be updated */ 

2: U Ŷ n ³ m grid initalized to 0 

3: U [ִיȢÎÅ× ] Ŷ 1 

4: U [ִיȢÌÏÃÁÌ2ÅÇÉÏÎ  = 1 Ù LR = 1] Ŷ 1 

 

/* Dilate to include neighboring cells */ 

5: U' Ŷ U Ä [0 1 0; 1 1 1; 0 1 0] 

 

/* Remove cells that are walls and cells that are part of the new local region */ 

6: U' [ִיȢὡ = 0 Ù LR = 1] Ŷ 0 

 

/* Get the labels of the regions that need to be reclustered */ 

7: K Ŷ { k | k  ɴִיȢὒ[U' = 1]}  

 

/* Construct a mask of all cells in the identified regions */ 

8: Q Ŷ n ³ m grid initalized to 0 

9: for each (i, j) Í {( i, j) | ִיȢὒ[i, j]  ɴK Ø LR[i, j] = 0} 

10: Q[i, j] Ŷ 1 

 

11: return Q 
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Returning to Algorithm 5.16, we have now identified the local region LR and the 

region clustering mask Q. The next step is to cluster the grid cells within the clustering 

mask on line 5 using the CLUSTER_MENTAL_MAP_REGIONS function in Algorithm 5.3. As 

opposed to the first time this function was called during the creation of the initial region 

boundaries, the clustering mask Q now restricts where the new region labels are assigned 

outside of the local region. Only cells within the new local region and the clustering mask 

Q are assigned region labels greater than zero. These labels need to be merged with the 

existing region labels in ִיȢὒ. This is accomplished by the MERGE_REGION_LABELS 

function on line 6, which is defined in Algorithm 5.18. 

 

 

Algorithm 5.18 Merge Region Labels 

 

MERGE_REGION_LABELS(U, L, Q, LR) 

 

/* Remove old region labels that have been replaced */ 

1: S Ŷ {( i, j) | Q[i, j] = 1 Ù LR[i, j] = 1} 

2: U[S] Ŷ 0 

 

/* Merge the old and new region labels */ 

3: L Ŷ UPDATE_REGION_MAP(L, U) // Algorithm 5.4 

 

/* Renumber regions */ 

4: K Ŷ { k | ɱ (i, j)(L[i, j] = k Ø k > 0)} 

5: L' Ŷ L 

6: t Ŷ 1 

7: for  each k Í K 

8: I Ŷ {( i, j) | L[i, j] = k}  

9: L' [I  ] Ŷ t 

10: t Ŷ t + 1 

 

11: return  L' 
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The MERGE_REGION_LABELS function in Algorithm 5.18 takes a set of old region 

labels U, a set of new region labels L, a clustering mask Q, and the current local region LR. 

The first step in the algorithm is to eliminate old region labels that do not need to be 

included in the new label map. Line 1 identifies the cells that belong to either the clustering 

mask Q or the local region LR and line 2 sets these cells in U to zero. This allows us to use 

the UPDATE_REGION_MAP function from Algorithm 5.4 to combine the two sets of region 

labels (line 3). The combined region labels are likely not continuous, since some of the old 

regions were removed. Lines 4-10 renumber these regions so that each region is assigned 

a value between 1 and the total number of regions. 

Once the new regions have been defined, the region graph itself can be updated. 

Line 7 of Algorithm 5.16 calls the UPDATE_REGION_GRAPH function in Algorithm 5.19. 

This function provides a high-level overview of the region graph update. First, the graph 

vertices are reassigned on line 1 using Algorithm 5.20. Then the graph edges are updated 

on line 2 using Algorithm 5.21. These functions use the existing region graph from the 

mental map structure ִי  to avoid recomputing features that have not changed since the last 

update. Once the new graph has been defined, it is saved and returned on lines 3-7 as Ὃ . 
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The UPDATE_REGION_GRAPH_VERTICES function in Algorithm 5.20 uses the 

existing mental map structure ִי  and the new region label map L to construct a list of 

vertices V and a lookup table B that maps new region indices to old region indices. The 

function begins on line 1 by defining K as the number of regions in the new region map. 

Lines 2 and 3 initialize the lookup table B and the vertex list V with K elements. Then the 

algorithm loops on lines 4-16 for each region index k in K. Line 5 finds the grid cells in the 

new region map L that have index k and saves these as the set S. Line 6 saves S as the 

region cells of vertex V [k]. On line 7, we define T as the set of old region indices from 

 Ȣὒ that are included in the set S. We examine each index t in T on lines 8-12. Line 9 getsיִ

the set of cells from the old region map that have index t and saves these as the set U. If 

the sets S and U are identical (line 10), then we save the index t to B[k] (line 11) and copy 

the old vertex center from index t to the new vertex list at index k (line 12). The lookup 

 

Algorithm 5.19 Update Region Graph 

 

UPDATE_REGION_GRAPH(ִי , L) 

 

/* Create a lookup table between old and new regions and get vertices */ 

1: B, V Ŷ UPDATE_REGION_GRAPH_VERTICES(ִי , L) // Algorithm 5.20 

 

/* Add edges for adjacent regions */ 

2: A, E Ŷ UPDATE_REGION_GRAPH_EDGES(ִי , L, B, V ) // Algorithm 5.21 

 

/* Save the graph structure */ 

3: Ὃ  Ŷ empty graph structure 

4: ὋȢὠ Ŷ V 

5: ὋȢὃ Ŷ A 

6: ὋȢὉ Ŷ E 

 

7: return  Ὃ  
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table B will contain the corresponding old region index for each new region index if there 

is a matching region; otherwise it will be zero. Line 13 checks if B[k] = 0, which indicates 

that there was no matching region. In this case, the region center needs to be recomputed 

using Algorithm 3.9. Lines 14 and 15 prepare a grid R for the GET_REGION_CENTERS 

function, which is called on line 16. The lookup table B and new vertex list V are returned 

on line 17. 

 

After creating the lookup table B and the new vertex list V, these variables are 

passed to the UPDATE_REGION_GRAPH_EDGES function in Algorithm 5.21 along with the 

current mental map structure ִי  and the new region label map L. This function also begins 

on line 1 by defining K as the number of regions in L. Line 2 initializes the adjacency 

 

Algorithm 5.20 Update Region Graph Vertices 

 

UPDATE_REGION_GRAPH_VERTICES(ִי , L) 

1: K Ŷ max(L) 

2: B Ŷ K-dimensional vector initialized to 0 

3: V Ŷ list of K uninitialized vertices 

4: for k in 1 to K  

5: S Ŷ {( i, j) | L[i, j] = k}   // Get cells with this new label 

6: V [k].region Ŷ S 

7: T Ŷ {ִיȢὒ[i, j] | (i, j) Í S}   // Get all old labels assigned to these cells 

8: for  each t Í T 

9: U Ŷ {( i, j) | ִיȢὒ[i, j] = t}  // Get cells with this old label 

10: if   S = U    // New and old regions are identical 

11: B[k] Ŷ t 

12: V [k].center Ŷ ִיȢὋȢὠ[t].center 

13: if B[k] = 0    // New region needs to be recomputed 

14: R Ŷ n ³ m grid initalized to 0 

15: R[S] Ŷ 1 

16: V [k].center Ŷ GET_REGION_CENTERS(R) // Algorithm 3.9 

17: return  B, V 
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matrix A as a K ³ K matrix set to all zeros and line 3 creates an empty edge list E. Line 4 

starts the edge index counter at zero and lines 5-19 loop over each region index k in K. For 

each index, lines 6 and 7 create a mask U of the grid cells in the region. Lines 8 and 9 get 

the neighboring grid cells using image dilation and store the neighboring region labels as 

the set N. Lines 10-19 loop over each neighboring region label n in N. An edge is created 

for each neighbor between the vertices assigned to region indices k and n. For each 

neighbor, the edge index i is incremented (line 11) and then stored in the adjacency matrix 

at A[k][n] (line 12). We then use the lookup table B, to check if both regions already exist 

in the region graph (line 13). If so, then line 14 gets the index of the existing edge using 

the old adjacency matrix ִיȢὋȢὃ and line 15 saves the features in the new edge list E. If 

either region does not already exist in the old region graph, the features need to be 

recomputed. Lines 17 and 18 prepare the region map R used to compute the region features 

on line 19 using Algorithm 5.10. After evaluating all the neighbors for each region, the 

final adjacency matrix A and edge list E are returned on line 20. 

The UPDATE_REGION_GRAPH function in Algorithm 5.19 uses the vertex list 

computed by the UPDATE_REGION_GRAPH_VERTICES function and the adjacency matrix 

and edge list computed by the UPDATE_REGION_GRAPH_EDGES function to construct the 

new region graph ὋȢ This is returned to the UPDATE_MENTAL_MAP_REGIONS function on 

line 7 of Algorithm 5.16. The updated region labels, local region, and region graph are all 

saved to the mental map structure ִי  on lines 8-10 of Algorithm 5.16 and the new mental 

map can then be used to plan future actions as will be discussed in the next chapter. 
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5.6 Summary 

This chapter defined how an agent can represent the contents of its mental map as 

a region graph. The region graph is a fuzzy weighted graph that represents the minimum, 

maximum, and average feature values that an agent could expect to encounter when 

moving between adjacent regions in the environment. The first step in creating the region 

graph is to define the region boundaries. We start with a local region around the agent that 

contains a copy of the action graph to ensure that the next immediate action chosen by the 

agent corresponds to an edge in the region graph. Observed resources are also placed in 

 

Algorithm 5.21 Update Region Graph Edges 

 

UPDATE_REGION_GRAPH_EDGES(ִי , L, B, V ) 

1: K Ŷ max(L) 

2: A Ŷ K ³ K adjacency matrix initalized to 0 

3: E Ŷ empty list of edge features 

4: i Ŷ 0 

5: for  k in 1 to K 

6: U Ŷ n ³ m grid initalized to 0 

7: U [V [k].region] Ŷ 1 

8: U' Ŷ U Ä [0 1 0; 1 1 1; 0 1 0] // Dilate to get neighboring cells 

9: N Ŷ { l | l  ɴL[U' = 1] Ø l Í 0 Ø l Í k}  

10: for  n in 1 to | N | 

11: i Ŷ i + 1 

12: A[k][n] Ŷ i 

13: if B[k] > 0 Ø B[n] > 0 

14: t Ŷ ִיȢὋȢὃ[B[k], B[n]] // Get index of existing edge 

15: E [i] Ŷ ִיȢὋȢὉ[t]  // Save existing edge features 

16: else 

17: R Ŷ U 

18: R[V [n].region] Ŷ 2 

19: E [i] Ŷ COMPUTE_REGION_FEATURES(ִי , R) // Algorithm 5.10 

20: return  A, E 
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single-cell regions so that each vertex in the region graph will contain no more than one 

resource. Observed terrain types and unobserved areas are clustered separately to make 

sure that each region has only one type of terrain. The region graph is then constructed with 

a vertex for each region and an edge connecting adjacent regions. 

To compute the feature values, we begin by calculating the shortest path distance 

between each pair of cells in two bordering regions. We presented an algorithm to compute 

the distance matrices based on the distances within a region to each grid cell on the region 

boundary. From these matrices, we can compute the distance and terrain-based features. 

For the elevation features, we adapted the algorithm for non-uniform edge weights and 

minimax paths. We derived an estimate of the elevation features for unobserved regions 

using the expected feature values at different distances from the region boundary. A 

method for approximating these features without computing the shortest path distances was 

also presented. 

Lastly, we looked at how the region graph is updated when the agent moves and 

discovers new information. The local region is redefined and regions that border newly 

observed grid cells are reclustered. Features between regions that have not changed are 

copied into the new graph and new features are computed for the remaining edges. The 

region graph provides the computational problem for the agent to solve each timestep in 

the form of a least-cost path problem. The next chapter addresses how an agent can solve 

these problems for a given set of objectives and decide a course of action. 
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6 LEAST-COST PATH PROBLEMS 

This chapter shows how a fuzzy weighted graph, such as the region graph computed 

in the previous chapter, can be used to solve least-cost path problems in gridded domains 

and presents a greedy agent algorithm for solving these problems within the CMM 

framework. We begin with a discussion on the issue of selection bias that can arise when 

computing shortest paths in grid worlds. Next, we introduce the multiobjective fuzzy least-

cost path problem and present a method to solve it using a pre-scalarized decomposition 

approach. This is then compared with an evolutionary method using MOEA/D. We show 

several experiments to demonstrate these methods and conclude with a description of a 

greedy algorithm that uses these techniques to solve generic problems in the CMM 

framework. 

6.1 Shortest Paths in Grid Worlds 

The most straightforward pathfinding problem is to determine the shortest path 

between two points in an environment. In the simplest case, where there are no obstacles 

and the agent is permitted to travel freely in Euclidean space, the shortest path is just a 

straight line. However, in grid-based environments, the agent can only move at right angles, 

similar to how one navigates the grid layout of most city blocks. This geometry is 

sometimes called a taxicab geometry, and the associated distance metric can be referred to 

as the taxicab metric, city block distance, or Manhattan distance. Formally, the distance 
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Ὠ ὧȟὧ  between two grid cells ὧ ὧὴȟὴ  and ὧ ὧήȟή  is defined as the ὒ 

norm, 

 Ὠ ὧȟὧ ȿὴ ήȿ ὴ ήȢ (6.1) 

When two grid cells are not in the same row or column, there may be many paths between 

the two cells that all have the same shortest distance. When the transition costs are all 

identical, any path that has the minimum required number of horizontal and vertical steps 

is a shortest path. If the two grid cells are far apart and diagonally separated, then the 

number of equidistant paths can grow to be very large. 

If  all the shortest paths between two grid cells are otherwise equivalent1, they 

should each have an equal likelihood of being selected by the agent. However, selection 

bias can occur if the agent decides each step sequentially by randomly breaking ties 

between cells with the same remaining distance to the goal. To see this, consider the 3x4 

grid world shown in Figure 6.1 (a). There are 10 unique shortest paths between the grid 

cells (1,1) and (3,4). The ὒ distance from cell (3,4) is shown in subfigure (b). To select a 

path, the agent starts at (1,1) and picks one of the adjacent cells with the smallest value. 

Since there are two cells with a distance of 4, the agent picks one uniformly at random. 

This process is repeated until the agent reaches the goal. Following this approach, the agent 

has a πȢυ πȢςυ chance of passing through cell (3,1) and a πȢυ πȢρςυ chance of 

passing through cell (1,4) even though both cells only have a single path out of the 10 

possible paths passing through them. 

 
1 Even when all transitions have the same cost, a perceptive agent might notice that some paths have fewer 

turns or some other desirable criteria. In the CMM framework, these preferences would be modeled as 

additional objectives in addition to shortest distance, leading to a multiobjective problem in which the paths 

are not considered identical. 
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This issue is known as the selection bias (or label bias) problem, and is commonly 

addressed in the domain of conditional random fields (Lafferty, Mccallum, and Pereira 

2001). A decision made early in the sequence can adversely affect the likelihood that 

certain options will be available later. For example, once the agent reaches the cell (3,1), 

 

Figure 6.1  Example of the selection bias problem for choosing paths in grid-world domains. (a) There are 

10 unique shortest paths between grid cells (1,1) and (3,4). (b) The ὒ distance is computed from (3,4). An 

agent at (1,1) picks a (biased) shortest path by repeatedly picking an adjacent cell with the smallest remaining 

distance, breaking ties uniformly at random. (c) The number of unique shortest paths leading to (3,4) is used 

to compute the weighted probabilities for each cell transition. (d) The normalized transition probabilities. 
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there is only a single way to reach the goal in three steps, yet this path will be chosen 25% 

of the time instead of 10%, which would better reflect the true likelihood of this path being 

chosen out of the 10 total paths. 

To resolve this issue, the options at each decision point can be weighted by the total 

number of unique paths from each grid cell to the destination as shown in Figure 6.1 (c). 

These values are calculated at the same time as the grid distance values for each cell using 

the NORMALIZED_GRID_DISTANCE function in Algorithm 6.1. This function is similar to 

the GRID_DISTANCE function in Algorithm 3.6, but includes an additional output N that 

aggregates the number of unique paths from each grid cell to the target cell (i, j). This 

matrix is initialized with zeros on line 3 and will be filled in along with the distance map 

D as cells progressively farther from the target cell are examined. The algorithm sets the 

distance counter d to 0 on line 4 and creates an open set on line 5 containing only the cell 

(i, j). The main loop (lines 7-20) is evaluated for each distance d up to a maximum of dmax 

while there are still cells in the open set. For each distance, a new frontier set is initialized 

(line 8) and the current N matrix is copied as N' (line 9). Each cell (u, v) in the open set is 

then examined (lines 10-18) and assigned the current distance value (line 11). The frontier 

set is updated with all unprocessed neighboring cells (lines 12-14) and the number of 

unique paths is calculated. For the first iteration, N [u, v] is set to 1 (lines 15 and 16), and 

for later iterations, N [u, v] is set to the sum of the N' values of all neighboring cells (line 

18). Since only the neighbors that were added in the previous iteration will have non-zero 

values in N' at the time of calculation, their sum represents the total number of unique paths 

to the target cell. It should be noted that this number can grow large very quickly if the grid 
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has large open spaces. For example, applying Algorithm 6.1 on a 100x100 open grid yields 

2.3x1058 unique paths between the opposite corners! 

 

Having computed the number of paths through each grid cell, the agent can use 

these values to normalize the probability of selecting the next location. Rather than giving 

equal weight to each option, the probability of transitioning from cell ό to cell ὺ is 

computed as ὔὺ ὔόϳ , where ὔό is the number of paths passing through cell ό and 

ὔὺ is the number of paths passing through cell ὺ as computed by Algorithm 6.1. These 

transition probabilities are shown in Figure 6.1 (d). 

 

Algorithm 6.1 Normalized Grid Distance 

 

NORMALIZED_GRID_DISTANCE(W, i, j, dmax) 

1: (n, m) Ŷ size of W 

2: D Ŷ n ³ m matrix initalized to Њ 

3: N Ŷ n ³ m matrix initalized to 0 

4: d Ŷ 0 

5: open Ŷ {( i, j)}  

6: closed Ŷ  ɲ

7: while | open| > 0 Ø d Ò dmax 

8: frontier Ŷ  ɲ

9: N' Ŷ N 

10: for  each (u, v) Í open 

11: D [u, v] Ŷ d 

12: closed Ŷ closed ᷾  (u, v)  

13: B Ŷ {(u-1, v), (u+1, v), (u, v-1), (u, v+1)}  

14: frontier Ŷ frontier  ᷾{( u', v') | (u', v') Í B Ø (u', v') Î closed Ø W [u', v'] = 1}  

15: if  d = 0 

16: N [u, v] Ŷ 1 

17: else 

18: N [u, v] Ŷ В ὔ όȟὺȟ ᶰ  

19: open Ŷ frontier 

20: d Ŷ d + 1 

21: return  D, N 
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 To demonstrate the effect of selection bias, consider the example in Figure 6.2. 

Each of the subfigures shows 20 of the shortest paths sampled from the upper-left corner 

to the lower-right corner of an open grid world. Subfigure (a) shows the paths produced by 

using a uniform transition probability to select each subsequent grid cell. Notice how the 

paths generally follow a 45° angle to the lower-right until reaching the bottom edge and 

then follow the same path to the goal. With this selection strategy, the direction of the path 

is clearly apparent as having originated in the upper-left and terminating in the lower-right. 

It is very unlikely for a path to approach the lower-right corner from above with this 

method. This contrasts with the paths sampled in subfigure (b), where the transition 

probabilities are normalized using Algorithm 6.1. In this approach, the paths tend to lie on 

the true diagonal between the two corners and the direction is symmetric. 

Uniform Transition Probability Normalized Transition Probability 

  
(a) (b) 

  

Dijkstraôs Algorithm on Original Graph Dijkstraôs Algorithm with Noise 

  
(c) (d) 

  
Figure 6.2  Examples of shortest paths chosen between opposite corners of an open grid world. (a) Paths are 

sampled by starting in the upper-left and selecting each transition step with uniform probability. (b) Paths 

are sampled by starting in the upper-left and selecting each transition step according to the normalized 

transition probabilities. (c) Dijkstraôs shortest path algorithm with a deterministic tie-breaking rule. (d) 

Dijkstraôs shortest path algorithm on a graph with a small amount of uniform random noise applied to the 

edge weights. 
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Clearly the normalized transition probabilities lead to a better sampling of the true 

set of shortest paths without selection bias. In practice, however, we may wish to use an 

existing implementation of Dijkstraôs algorithm to compute the shortest path between two 

points1. This is especially true when the environment is represented as a graph rather than 

a grid. Most implementations of Dijkstraôs algorithm will return only a single path from a 

vertex to the source, if a path is returned at all. (Some implementations return only the 

shortest path distances from which a path can be constructed by backtracking.) Figure 6.2 

(c) shows the single path returned by the Matlab implementation of Dijkstraôs algorithm 

when computing the shortest path between the opposite corners of an open world grid. The 

path is constructed using a deterministic rule based on the lexicographic ordering of the 

graph vertices and is not very representative of the distribution of all shortest paths. The 

returned path can be improved by adding a small amount of uniform random noise2 to each 

edge weight before computing the shortest path distances. This makes it highly unlikely 

for any two paths to have the same distance, resulting in a single shortest path returned by 

the algorithm. A sample of these paths are shown in Figure 6.2 (d), where each path is 

found using different noise values. Notice that the path distribution closely matches the 

ideal distribution in Figure 6.2 (b). This approach of adding a small amount of random 

noise when computing shortest paths is used throughout our experiments with the CMM 

framework to produce more natural looking paths when path length is otherwise equivalent. 

 
1 Efficient implementations of Dijkstraôs algorithm will utilize a priority queue data structure such as a 

Fibonacci heap and can make other domain-specific optimizations. 

2 The noise values should be much smaller than the default edge weights, otherwise the shortest path 

algorithm may return a longer path than the true shortest path distance. Unless otherwise stated, we sample 

noise values from a uniform random distribution on the interval (0, 10-14). 
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6.2 The Multiobjective Fuzzy Least-Cost Path Problem 

The fundamental component of any pathfinding algorithm in the CMM framework 

is to find a least-cost path between two locations. This can be modeled as a multiobjective 

fuzzy least-cost path problem (MO-FLCPP) between two vertices in the region graph 

defined in Chapter 5. The region graph Ὃ  is a fuzzy weighted graph in which vertices 

represent regions in the environment and edges between adjacent regions are weighted with 

multiple fuzzy feature values indicating the minimum, maximum, and average costs 

associated with traversing each edge. The set ὖίȟὸ includes all paths from vertex ί to 

vertex ὸ through the graph. The goal of the MO-FLCPP is to find a path ὴᶰὖίȟὸ that 

minimizes the aggregated cost vector ═ὴ ὃ ὴȟȣȟὃ ὴ , where each component 

ὃ ὴ represents the aggregated cost of feature Ὥ along path ὴ. The agent specifies an 

indicator vector ♬ ‎ȟȣȟ‎ , where ‎ π if feature Ὥ should be aggregated by 

summation and ‎ ρ if feature Ὥ should be aggregated using maximization. Recall from 

Section 2.4 that the aggregated value of feature Ὥ is defined as 

 ὃ ὴ
ὊὩ ȟ ‎ π

ÍÁØᴂ
ȟȣȟ
ὊὩ ȟ ‎ ρ

 
 
 
ȟ

 (6.2) 

where ὊὩ  is a triangular fuzzy number Triὥȟὦȟὧ  that represents the cost of feature 

Ὥ for edge Ὦ in the path ὴ ὩȟȣȟὩ . The ÍÁØ operator approximates the maximum of 

a set of triangular fuzzy numbers as a triangular fuzzy number and is defined in Equation 

2.11.  We can find a path that solves the MO-FLCPP using multiobjective optimization 

techniques. 
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6.2.1 Multiobjective Optimization for the MO-FLCPP 

In the jargon of multiobjective optimization from Section 2.5, the MO-FLCPP is 

defined as 

 
ÍÉÎÉÍÉÚÅ═ὴ ὃ ὴȟȣȟὃ ὴ

ÓÕÂÊÅÃÔ ÔÏὴɴ ὖίȟὸȟ
  

where ά ς. If ά ρ, then there is only a single objective and the least-cost path can be 

found using a standard implementation of Dijkstra's algorithm. When there are multiple 

conflicting objectives, the minimum value of one objective cannot be obtained without 

some tradeoff in the other objectives. Nevertheless, some solutions (paths) are clearly 

better than others. We say that a path ὴ dominates path ὴ ὴṊὴ  if and only if 

ὃ ὴ ὃ ὴ  for all Ὥ ρȟȣȟά and there exists a Ὦɴ ρȟȣȟά  such that 

ὃ ὴ ὃ ὴ . A path that dominates another path is at least as good as the other path in 

all objectives and is better in at least one objective. A path that is not dominated by any 

other known solution is said to be Pareto optimal. Formally, the Pareto optimal set ὖὛ is 

defined as 

 ὖὛ ὴɴ ὖίȟὸ ȿ ὴᴂɴ ὖίȟὸ ȿ ὴᴂṊὴ ᶮȢ (6.3) 

The multiobjective cost vectors of the paths in ὖὛ define the Pareto front, 

 ὖὊ ═ὴ ȿ ὴɴ ὖὛȢ (6.4) 

The native units of each objective may be incomparable, making it difficult to assess 

the relative value of each solution. To make the comparison between solutions meaningful, 

the original cost vectors are normalized into a unit hypercube. This ensures that each 

objective is treated equally. For instance, if the distance cost is measured in meters and the 

slope cost is measured as a percentage of some reference angle, the magnitudes of these 
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two dimensions should be normalized before being compared. To normalize the vectors, 

the minimum value of each objective is defined as zero and the maximum value is defined 

by the reference point ◑ᶻ ᾀᶻȟȣȟᾀᶻ . Determining the optimal value of ◑ᶻ is not a trivial 

task and the value that is chosen can greatly affect the resulting decision. Ideally, ◑ᶻ should 

be the nadir vector of the Pareto front, in which each ᾀᶻ is defined as 

 ᾀᶻ ÍÁØ
ᶰ
ὧȟ (6.5) 

where ὃ ὴ Triὥ ȟὦȟὧ . Here, ὖὛ is the current best approximation of the Pareto 

optimal set since the true set may be unknown. The normalized cost vectors are then 

computed as ═ ὴ ὃ ὴȟȣȟὃ ὴ , where 

 ὃ ὴ 4ÒÉ
ὥ

ᾀᶻ
ȟ
ὦ

ᾀᶻ
ȟ
ὧ

ᾀᶻ
 (6.6) 

for each Ὥ ρȟȣȟά. 

6.2.2 Scalarization 

All solutions that are members of the Pareto optimal set would be rational choices 

for the decision-maker. However, the agent must ultimately choose a single path to follow. 

Typically, this decision is made using a scalarization function that reduces the 

multiobjective optimization problem into a single objective optimization problem. Given a 

multidimensional fuzzy cost vector ╧ ὢȟȣȟὢ  where each ὢ is a fuzzy number, and 

an objective weight vector ⱦ ‗ȟȣȟ‗  where ‗ π and В‗ ρ for Ὥ ρȟȣȟά, 

the scalarization function Ὣ╧ȿⱦ reduces the cost vector ╧ to a single fuzzy number. This 
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value can then be used to rank and compare various alternatives, with smaller values being 

preferred. The scalarized MO-FLCPP is defined as 

 
ÍÉÎÉÍÉÚÅὫ═ ὴȿⱦ

ÓÕÂÊÅÃÔ ÔÏὴɴ ὖίȟὸȢ
  

The path ὴ that minimizes the scalarized value of the normalized aggregated cost vector 

═ ὴ is chosen as the preferred solution. The objective weight vector ⱦ represents the 

relative importance of each objective to the decision-maker, with more important 

objectives receiving higher weights. We consider three different scalarization functions: 

weighted sum, Tchebycheff, and ordered weighted average. 

One of the most common scalarization methods is the weighted sum, which 

maintains a linear relationship between the decision-makerôs preferences and the scalarized 

cost value. This is defined as 

 Ὣ×Ó╧ȿⱦ ‗ὢȟ (6.7) 

where the multiplication of a scalar ‗ and a triangular fuzzy number 4ÒÉὥȟὦȟὧ is defined 

as 4ÒÉ‗ὥȟ‗ὦȟ‗ὧ. If the shape of the Pareto front is convex, then the weighted sum can be 

a good choice because every Pareto optimal solution can be made to have the lowest 

scalarized cost by changing the objective weight vector. However, if the shape of the Pareto 

front is non-convex, then there will always be some Pareto optimal solution that can never 

be chosen. For more details, refer to Section 2.5.5. 

A simple alternative to the weighted sum approach is the Tchebycheff method, which 

can be parameterized with different objective weight vectors to make any Pareto optimal 
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solution have the lowest scalarized cost. The Tchebycheff scalarization function is defined 

as 

 ὫÔÅ╧ȿⱦ ÍÁØᴂ 
ȟȣȟ
‗ὢȢ (6.8) 

This method evaluates the quality of a solution as the least satisfied weighted objective 

value. A single high cost for one objective can penalize an otherwise good solution. 

The last scalarization approach we consider is based on the ordered weighted average 

operator (OWA) proposed by Yager (Yager 1988). This method requires the definition of 

an additional scalar weight vector Ᵽ —ȟȣȟ—  where — π and В— ρ for 

Ὥ ρȟȣȟά. Each — represents the weighted contribution of the Ὥ  largest scaled vector 

component. First, the cost vector ╧ is scaled by the objective weight vector ‗ to give the 

scaled cost vector ╨ ὣȟȣȟὣ , where ὣ ‗ὢ 4ÒÉὥȟὦȟὧ  for Ὥ ρȟȣȟά. 

Next, we independently sort all the ὥ, ὦ, and ὧ values and define the lists 

ὥ ȟȣȟὥ , ὦ ȟȣȟὦ , and ὧ ȟȣȟὧ , where ὥ , ὦ , and ὧ , are the Ὥ  

largest values in their respective lists. Once this is done, the OWA scalarization function 

is defined as 

 Ὣ/7!╧ȿⱦȟⱣ —4ÒÉὥ ȟὦ ȟὧ Ȣ (6.9) 

The OWA scalarization method can be made to represent many different functions by 

changing the weight vector Ᵽ. For instance, the OWA operator behaves as the weighted 

sum when —  for all Ὥ ρȟȣȟά. (Although the ordering of solutions in this case is 

the same as the weighted sum, the actual values may be different due to the additional 

scaling.) The Tchebycheff method is equivalent to setting — ρ and — π for all Ὥ ρ. 
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We can implement a form of bounded rationality (Simon 1955) for the decision-maker by 

defining a weight vector of the form —  for Ὥ ρȟȣȟή and — π for all Ὥ ή. This 

represents the case where the decision-maker does not have the necessary computational 

resources to consider all objectives simultaneously and bases the decision on only the ή 

least satisfied objective values. Typically, Ᵽ is fixed for a given decision-maker, so for 

notational conciseness, we omit the Ᵽ parameter of the OWA scalarization function when 

referring to a general scalarization functionȢ 

We use one of these scalarization functions Ὣ╧ȿⱦ to reduce the fuzzy cost vector ╧, 

representing a possible solution to the MO-FLCPP, to a single fuzzy value Ὓ╧ . To 

compare different solutions, the decision-maker uses the weighted centroid approach 

(Section 2.4.2) to defuzzify each alternative and ranks the resulting crisp values, favoring 

solutions with smaller values. The weighted centroid method allows the decision-maker to 

specify a degree of optimism or pessimism, given as the parameter ‚ɴ πȟρ. When ‚ π, 

the decision-maker is extremely optimistic and uses the smallest possible value, whereas 

when ‚ ρ, the decision-maker is extremely pessimistic and uses the largest possible 

value. A value of ‚ πȢυ provides a balanced approach using the centroid of the fuzzy 

number. The crisp defuzzified value is computed as ὅὛ╧ȿ‚ using Equation 2.14. 

6.2.3 Example 

To demonstrate the MO-FLCPP, consider the example graph in Figure 6.3. This 

graph has two features assigned to each edge representing distance and slope. The features 

come from different unrelated domains and are represented as linguistic variables defined 



234 

by the triangular fuzzy numbers in Figure 6.4. One can imagine that this graph represents 

an environment with a tall hill at vertex 3 and various ways of navigating over or around 

the hill to get from vertex 1 to vertex 5. The multiobjective cost function consists of a 

distance feature and a slope feature, where the decision-maker seeks to find a path with the 

shortest total distance and the smallest maximum slope. In this case, the distance feature is 

aggregated using summation, whereas the slope feature uses maximization. There are five 

unique paths between vertices 1 and 5 in the example graph. The aggregated feature values 

of the paths are given in Table 6.1 and are plotted in Figure 6.5. All paths except the yellow 

path (1-3-4-5) are members of the Pareto optimal set. The yellow path is dominated by 

both the red (1-3-5) and green (1-2-3-5) paths. 

 

 

Figure 6.3  An example fuzzy weighted graph with two features per edge, distance and slope, represented as 

triangular fuzzy numbers given in Figure 6.4. There are five unique paths between the vertices 1 and 5 

colored red, yellow, green, blue, and purple. 










































































































































